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time scales is given. Such an integral calculus can be used to develop a theory of partial dynamic
equations on time scales in order to unify and extend the usual partial differential equations and

partial difference equations.
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1. INTRODUCTION

A time scale is an arbitrary nonempty closed subset of the real numbers. For
a general introduction to the calculus of time scales we refer the reader to the text-
books [6, 7]. In [5] a differential calculus for multivariable functions on time scales
was presented by the authors in order to provide an instrument for introducing and
investigating partial dynamic equations on time scales. The present paper continues

[5] and discusses multiple integration on time scales.

In the original papers of B. Aulbach and S. Hilger [3, 10] on single variable time
scales calculus the concept of integral was defined by means of an antiderivative (or
pre-antiderivative) of a function and called the Cauchy integral. Next by S. Sailer
[12] the Darboux definition of the integral was used for integral calculus on time
scales. Further Riemann and Lebesgue definitions of the integral on time scales were
introduced in [4, 7, 8, 9] and a complete, to a considered extent, theory of integration

for single variable time scales was developed.

In [1], C. Ahlbrandt and C. Morian introduced double integrals over rectangles
on time scales as iterated integrals defined by using antiderivatives of single variable
functions, under the assumption that the order of integration in the iterated integral
can be reversed. In the present paper we introduce Darboux and Riemann definitions
of multiple integrals on time scales over arbitrary regions. For simplicity we confine

ourselves to functions of two variables. Also we consider only delta integrals. Nabla
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integrals and mixed integrals involving delta integration with respect to a part of the
variables and nabla integration with respect to the other part of the variables can be

investigated in a similar manner.

The paper is organized as follows. In Section 2 we introduce double Darboux and
Riemann A-integrals over rectangles. We show that the two definitions are equiva-
lent and give several Cauchy criteria for A-integrability. Some basic examples are
provided. Next, in Section 3 we present many properties of double A-integrals over
rectangles, among them integrability of the product and of the composite function,
additivity and linearity of the integral, and the mean value theorem. We also show
that every continuous function is A-integrable and establish a reduction formula for
a double integral to an iterated integral. Finally, in Section 4 we extend Riemann
A-integrability over rectangles to more general sets, so-called Jordan A-measurable
sets. To this end, the concept of A-boundary of a set is introduced. We give two
definitions of the double integral over general sets and then prove their equivalence
for Jordan A-measurable sets. The main properties of the double integral over Jordan
A-measurable sets are presented. Lebesgue’s definition of multiple integrals, line in-
tegrals, and Green’s formula for time scales will be presented in a forthcoming paper

of the authors.

2. DOUBLE RIEMANN INTEGRALS OVER RECTANGLES

Let Ty and Ty be two time scales. For ¢« = 1,2 let o;, p;, and A; denote the
forward jump operator, the backward jump operator, and the delta differentiation
operator, respectively, on T;. Suppose a < b are points in Ty, ¢ < d are points in Ts,
la, b) is the half-closed bounded interval in Ty, and [c¢,d) is the half-closed bounded

interval in Ty. Let us introduce a “rectangle” in Ty x Ty by
R =1la,b) x [c,d) ={(t,s): t €[a,b) s € [c,d)}.
Let
{to,t1,...,ty} Cla,b], where a=ty<t;<...<t,=0b
and
{s0,81,...,8k} Clc,d], where c=sy<s1<...<s,=d.

The numbers n and k& may be arbitrary positive integers. We call the collection of

intervals
Pr={[ti,ti): 1<i<n}

a A-partition of [a,b) and denote the set of all A-partitions of [a,b) by P([a,b)).

Similarly, the collection of intervals

Py={[sj-1,8;): 1< j <k}
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is called a A-partition of [c,d) and the set of all A-partitions of [¢,d) is denoted by
P([c,d)). Let us set

(21) Rz’j = [ti—lyti) X [Sj—lu Sj), where 1 <1 < n, 1< j < k.
We call the collection

a A-partition of R, generated by the A-partitions P, and P, of [a,b) and [c,d),
respectively, and write P = P, x P,. The rectangles R;;, 1 < i < n, 1 < j <k,
are called the subrectangles of the partition P. The set of all A-partitions of R is
denoted by P(R).

Let f: R — R be a bounded function. We set
M =sup{f(t,s): (t,s) € R} and m=inf{f(t,s): (t,s) € R}
and for 1 <1< n, 1 <5 <k,
M;; =sup{f(t,s): (t,s) € R;;} and my;; =inf{f(t,s): (t,s) € R;;}.

The upper Darboux A-sum U(f, P) and the lower Darboux A-sum L(f, P) of f with
respect to P are defined by

n k

U(F,P) =2 3 Misti = tia)(s; = 5-1)
and o
LG P) = 303 e — ) sy — 570)
Note that o
U(,P) < Z Z Mt~ ti1)(s; — 551) = M(b— a)(d — o

and likewise L(f, P) > m(b— a)(d — ¢) so that
(2.3) m(b—a)(d—c) < L(f,P) <U(f,P) < M(b—a)(d—c).

The upper Darbouz A-integral U(f) of f over R and the lower Darboux A-integral
L(f) of f over R are defined by

U(f)y=if{U(f,P): PeP(R)} and L(f)=sup{L(f,P): P€P(R)}.

In view of (2.3), U(f) and L(f) are finite real numbers. We will see in Theorem 2.5
that L(f) < U(f).

Definition 2.1. We say that f is A-integrable (or delta integrable) over R provided
L(f) = U(f). In this case, we write [ [, f(t,5)A1tA,s for this common value. We
call this integral the Darboux A-integral.
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Riemann’s definition of the integral is a little different (see Definition 2.13 below),
but we will show in Theorem 2.14 that the two definitions are equivalent. For this

reason, we will also call the integral defined in Definition 2.1 the Riemann A-integral.

Let P,Q € P(R) and P = P; X P2, Q = Q1 X ()2, where
P, Q1 € P([a,b)) and P, Q2 € P([c,d)).

We say that @ is a refinement of P if ()1 is a refinement of P, and @) is a refinement
of PQ.

Lemma 2.2. Let f be a bounded function on R. If P and Q are A-partitions of R
and Q) is a refinement of P, then

L(f,P) < L(f,Q) < U(f,Q) <U(f, P),

i.e., refining of a partition increases the lower sum and decreases the upper sum.

Proof. The middle inequality is obvious. The proofs of the first and third inequalities
are similar, so we only prove L(f, P) < L(f,Q). An induction argument shows that

we may assume that () has only one more element than P. If P is given by
P - {Rl,RQ,...,RN}

(every partition (2.2) can be labeled in this form, and the order in which those
subrectangles are labeled makes no difference), then there exists some k € {1,..., N}

such that @) is given by

Q={Ry,...,Ri_1,R,, R, Rys1,..., Ry},
where Rj U R} = Rj. Now setting my, = infq qer, f(t,s), m,(:) = inf(; ger, f(t,s),

and m,(f) = inf(; s)ery f(t,s), we have m,(:) > my, m,(f) > my, so that

L(f,Q) = L(f,P) = m{"m(R}) +mPm(R}) — mxm(Ry)
> mypm(Ry) + mym(Ry) — mgm(Ry,) = 0,

where for a given rectangle V = [a, ) x [v,6) C Ty x Ty the “area” of V| i.e.,
(B —a)(6 — ), is denoted by m(V'). Therefore L(f, P) < L(f, Q). O

Definition 2.3. Suppose P = P; x P, and @ = Q1 X Q2, where Py, Q1 € P([a,b))
and Py, Q2 € P([c,d)), are two A-partitions of R = [a,b) x [¢,d). If P, is generated
by a set

{to,t1,...,tn} Cla,b], where a=ty<t;<...<t,=0b
and () is generated by a set

{r0,71,..., 7} Cla,b], where a=7<7 <...<T7,=0,

then by P, + @1 we denote the A-partition of [a,b) generated by the set

{to,tl,...,tn}U{TO,Tl,...,Tp}.
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Similarly we define P, + @2, a A-partition of [¢,d). Then we denote the A-partition
(P1+Q1) X (P2+Q2) Obey P+Q

Obviously P + @ is a refinement of both P and Q.

Lemma 2.4. If f is a bounded function on R and if P and Q) are any two A-partitions
of R, then L(f, P) < U(f,Q), i.e., every lower sum is less than or equal to every upper

sum.

Proof. Since P + @ is a A-partition of R which is a refinement of both P and @, we

can apply Lemma 2.2 to obtain
L(f,P) < L(f,P+Q) <U(f, P+ Q) <U(/,Q),
e, L(f,P)<U(f, Q). O
Theorem 2.5. If f is a bounded function on R, then L(f) < U(f).
Proof. Fix P € P(R). By Lemma 2.4, L(f, P) is a lower bound for the set

{U(f,Q): Qe P(R)}.

Therefore L(f, P) must be less than or equal to the greatest lower bound (infimum)
of this set. That is,

(2.4) L(f,P) <U(f).
Now (2.4) shows that U(f) is an upper bound for the set
{L(f.P): P €P(R)}
so that U(f) > L(f). O
Tt follows that
L(f,P) < L(f) <U(f) <U(f,Q) forall P,Q¢€P(R).
In particular
(2.5) L(f,P) < L(f) <U(f) <U(f,P) forall PcP(R).
From (2.5) we get the following result.

Theorem 2.6. If L(f,P) = U(f,P) for some P € P(R), then the function f is

A-integrable over R and
[ [ 1e.9)aiuses = Lig.p) = (7P
R

The next theorem gives a “Cauchy criterion” for integrability.
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Theorem 2.7. A bounded function f on R is A-integrable if and only if for each
e > 0 there exists P € P(R) such that

Proof. Suppose that f is A-integrable and consider ¢ > 0. By the definitions of

supremum and infimum, there exist H, () € P(R) satisfying

L(f.H) > L(f) =5 and U(f,Q) <U(f)+5.

Let now P = H + @ (for the definition of P + @ see Definition 2.3) which is a
refinement of both H and (). Therefore we can apply Lemma 2.2 to obtain

U(f.P)= LU, P) S U(£,Q) = L(f H) < U +5 = (LN = 5) = U(H = L(F) +=.

Since f is A-integrable, U(f) = L(f) so that (2.6) holds.

Conversely, suppose that for each ¢ > 0 the inequality (2.6) holds for some
P € P(R). Then we have

U(f) <U(f,P) =U(f, P) = L(f, P) + L(f, P) < e+ L(f, P) < e + L(f).

Since £ > 0 is arbitrary, it follows that U(f) < L(f), and in view of Theorem 2.5 we
conclude that U(f) = L(f), i.e., f is A-integrable. ]

We need the following auxiliary result. The proof can be found in [7, 9].

Lemma 2.8. For every § > 0 there exists at least one partition Py € P([a,b)) gener-
ated by a set

{to,t1,...,ta} Cla,b], where a=ty<t;<...<t,=Db
such that for each i € {1,2,...,n} either
ti—tio1 <9

or

t; —t;_1 > 0 and p1<tz) =1;_1.

Definition 2.9. We denote by Ps([a, b)) the set of all P, € P([a,b)) that possess the
property indicated in Lemma 2.8. Similarly we define Ps([c,d)). Further, by Ps(R)
we denote the set of all P € P(R) such that

P =P x P, where P;€Ps(a,b)) and P € Ps([c,d)).

Lemma 2.10. Let P° € P(R) be given by P° = P x PY in which P{ € P([a,b)) is

generated by a set

AY = {tg,1],.... 10} Cla,bl, where a=1ty<t]<...<t)=b
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and Py € P([c,d)) is generated by a set
Ay ={s0,s),....s)} Cle,d], where c=s)<s]<..<s)=d.

Then for each P € Ps(R) we have

L(f,P°+P)— L(f,P) < (M —m)D(n+1—2)0
and

U(f,P)—U(f,P°+ P) < (M —m)D(n+1—2)3,
where the sum P° + P of the two partitions P°, P € P(R) is defined according to

Definiton 2.3, m and M are the infimum and supremum of f on R, respectively, and

D = max{b—a,d — c}.

Proof. Suppose the partition P is given by P = P, x P, in which P, € P([a,b)) is
generated by a set

Ay ={to,t1,...,t,} Cla,b], where a=ty<t;<...<t,=0b
and P, € P([c,d)) is generated by a set

Ay = {50,51,-..,8} Cle,d], where c=sy<s <...<s,=d.

Let @ = P°+ P = Q1 x Q2, where Q1 € P([a,b)) and Q2 € P([¢,d)) are generated
by the sets
B1 :A(I)UAl and B2 :AgUAQ,

respectively. First we consider two particular cases.

(i) If By has one more point, say t', than A; and By = Ay, then t' € (t;_1, tx) for some
ke{l,2,...,p}, where t, — tp_1 < 6. Indeed, if t; — t;_1 > §, then by the condition
P € Ps(R) we have p;(ty) =t and therefore (t4_1,t;) = (0. Now denoting by my;,

m%), and m,(é) the infima of f on

Riy = [tee1 i) % [sj-1,55), Ry = [teei,t) x [s5-1,85), Ry = [t tn) % [sj-1,55),
respectively, we have
(1) (2)

1 2
My 2 Mgy My > My, m](gj)_mk'SM_m7 m](gj)_mkjSM_m7

and m(Ry;) = m(R(l)) + m(R( )), so that

£

L(f,Q) - {millm(B) + mm(RE) — mim(Ry;) §

=1

= Y { ) —muym(REY) + () — migym(BE) |

.

< (M =m) Y {m(rY) +m(rY)
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im (Ri;) = i (tk — te—1)(sj — 8j-1)
= (M —m)(ty —tr_1)(d—c) < (M —m)Dé.

(ii) If By = A; and B, has one more point than As, then in a similar way as in the

case (i) we again get

L(f,Q) — L(f,P) < (M — m)Do.

Since B; has at most n — 1 points that are not in A; and By has at most [ — 1 points

that are not in A, an induction argument based on the cases (i) and (ii) shows that

L(f,Q) — L(f,P) < (M —m)D(n+1— 2)é.

The proof for the other inequality is similar. O]
The following is another Cauchy criterion for integrability.

Theorem 2.11. A bounded function f on R is A-integrable if and only if for each
e > 0 there exists 6 > 0 such that

(2.7) P e Ps(R) implies U(f,P)—L(f,P)<e

Proof. Theorem 2.7 shows that the e- condition (2.7) implies A-integrability. Con-
versely, suppose that f is A-integrable over R. Let € > 0 and select P € P(R) such
that

€

U(f’PO) _L(f7PO) <
Suppose P? is given by P° = P? x PJ in which P € P([a,b)) is generated by a set

(\]

{t0.1},...,t0} Cla,b], where a=t)<t]<...<t) =0
and PY € P([c,d)) is generated by a set
{s0,8Y,....8)} Cle,d], where c=s)<s]<..<s)=d
Let (without loss of generality f is not identically constant)
€

0= h D= b—a,d—
T D —m)D’ where max{b—a,d — c}

and m and M are the infimum and supremum of f on R, respectively. Then for any
P € Ps(R) we have, by Lemma 2.10,

L(f,P°+P) - L(f,P) < (M —m)D(n+1-2)§

— (M —m)D(n+1—2) c

Adn+1)(M —m)D

 (n+l-2)e _ €
T 4



MULTIPLE INTEGRATION ON TIME SCALES 9

By Lemma 2.2 we have L(f, PO) < L(f, PY+ P), and so
L(f,P") — L(f, P) < Z and similarly U(f, P) — U(f, P") < Z
Hence
0 0 9 3 IS
U(f.P) = L(f.P) <U(f,F) = L, P") + 5 < 5 + 5 ==
Thus we have verified (2.7). ]

Theorem 2.12. For every bounded function f on R the Darbour A-sums L(f, P)
and U(f, P) evaluated for P € Ps(R) have limits as 6 — 0, uniformly with respect to
P, and

lim L(f,P) = L(f) and (lsiir(l)U(f,P) =U(f).

6—0

Proof. Let us prove the statement for lower Darboux A-sums (the proof for upper
Darboux A-sums is analogous). Fix an € > 0 and choose a partition P° € P(R) such
that

L(f,P°) > L(f) —e, thatis, L(f)— L(f,P°) <e.
Let PY be described as in Lemma 2.10. Then for any P € Ps(R) we have, by Lemma
2.10,
L(f,P°'+ P)— L(f,P) < (M —m)D(n+1 — 2)4.
Since P° + P is a refinement of P° we have L(f, P°) < L(f, P°+ P) by Lemma 2.2.
Thus

L(f)—e < L(f, P°) < L(f,P'+P) < L(f) and hence L(f, P°+P)—L(f, P°) <e.
Therefore

[L(f) = L(f, P)| < |L(f) = L(f, P°)| + |L(f, P°) = L(f, P’ + P)|
+|L(f, P’ + P) — L(f, P)|
< e+e+(M—-m)D(n+1-2)0.
Taking 0 = ¢/[(M — m)D(n + | — 2)] (since the case when f is constant is obvious,

we may assume that M —m # 0), we get |L(f) — L(f, P)| < 3e. This completes the
proof. O

We now give Riemann’s definition of integrability.

Definition 2.13. Let f be a bounded function on R and P € P(R) be given by
(2.1), (2.2). In each “rectangle” R;; with 1 <i <mn, 1 <j <k, choose an arbitrary
point (&;;,7;;) and form the sum

k

(2.8) =33 F&qmii)(ti — tia)(s; — 55-1)-

i=1 j=1
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We call S a Riemann A-sum of f corresponding to P € P(R). We say that f is
Riemann A-integrable over R if there exists a number I with the following property:
For each £ > 0 there exists § > 0 such that

|IS—1I]<e¢

for every Riemann A-sum S of f corresponding to any P € Ps(R) independent of
the way in which we choose (&;;,7;;) € R;; for 1 <i <mn, 1 < j < k. The number /

is the Riemann A-integral of f over R, and we write I = limgs_,¢.S.

It is easy to see that the number I from Definition 2.13 is unique if it exists. Hence
the Riemann A-integral is well defined. Note also that in the Riemann definition of
the integral we need not assume the boundedness of f in advance. However, it easily
follows that the Riemann integrability of a function f over R implies its boundedness
on R.

Theorem 2.14. A bounded function f on R is Riemann A-integrable if and only if

it is Darboux A-integrable, in which case the values of the integrals are equal.

Proof. Suppose first that f is Darboux A-integrable over R in the sense of Definition
2.1. Let ¢ > 0 and § > 0 be chosen so that (2.7) of Theorem 2.11 holds. We show
that

(2.9) ‘5— / /R F(t, )ALt A

for every Riemann A-sum (2.8) associated with some P € Ps(R). Clearly we have
L(f,P) < S <U(f,P) and so (2.9) follows from the inequalities

<e€

U(f,P)<L(f,P)"‘gSL(f)+€:/Lf<t,S)A1tA2$+€
and
L(f,P)>U(f,P)—82U(f)—5://Rf(t,s)AltAQS—a.

This proves (2.9) and hence f is Riemann A-integrable and I = [ [, f(t,s)A1tAgs.

Now suppose that f is Riemann A-integrable in the sense of Definition 2.13.
Select any P € Ps(R) of the type (2.1), (2.2) and for each i € {1,2,...,n} and
Jj € {1,2,...,k} choose (&;,mi;) € Rij so that f(&;,m;) < my; +¢. The Riemann
A-sum S for this choice of points (&;;, 7;;) satisfies

S<L(f,P)+elb—a)(d—c) aswellas |S—1|<e.
It follows that

L(fy>L(f,P)>S—¢cb—a)({d—c)>1—c—e(b—a)(d—c).
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Since € > 0 is arbitrary, we conclude that L(f) > I. A similar argument shows that
U(f) < 1. Since L(f) < U(f), we obtain

This shows that f is Darboux A-integrable and [ [, f(t,s)AtAys = I. O

In our definition of [ [, f(t,5)A1tAys with R = [a,b) X [c,d) we assumed that
a < b and ¢ < d. We extend the definition to the case a < b and ¢ < d by setting

(2.10) // f(t,s)A1tAys =0 if a=0b or c=d.
R

Theorem 2.15. Assume a,b € T; with a < b and ¢,d € Ty with ¢ < d. FEvery

constant function
f(t,s)=A for (t,s) € R=][a,b)x [c,d)
is A-integrable over R and
(2.11) //Rf(t, At Ays = A(b— a)(d — ).
Proof. Let a < b and ¢ < d. Consider a partition P of R = [a,b) X [¢,d) of the type
(2.1), (2.2). Since
M =m;; =A forall 1<i<n, 1<j5<k,

we have
and Theorem 2.6 shows that f is A-integrable and that (2.11) holds. For a = b or

¢ =d, (2.11) follows by (2.10). Note that every Riemann A-sum of f associated with
P is also equal to A(b— a)(d — ¢). O

Theorem 2.16. Let t° € T, and s° € Ty. Every function f : T; x Ty — R is
A-integrable over R(t°,s°) = [t o1 (%)) x [s°, 02(sY)), and

(2.12) //R(to | )85 = ()l S0 ).

Proof. Tf py(t°) = 0 or us(s?) = 0, then (2.12) is obvious as both sides of (2.12) are
equal to zero in this case. If uy(t%) > 0 and po(s) > 0, then a single partition of
R(t9,5%) is P = {[t° o1(t°)) x [s°, 02(s?))}, and since

(1%, 01(8)) x [s°, oa(s”)) = {(¢°, ")},

we have

U(f,P) = (01(t") = 1°) (02(s”) = 8°) f(t°,8°) = (1) pua(s°) f(1°, °) = L(f, P).
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Therefore, Theorem 2.6 shows that f is A-integrable over R(t°, s%) and (2.12) holds.

Note that the Riemann A-sum associated with the above partition is also equal to
pua (82) (%) f (20, 8°). D

Theorem 2.17. Let a,b € Ty with a < b and ¢, d € Ty with ¢ < d. Then we have the
following.
(i) If Ty = Ty = R, then a bounded function f on R = [a,b) X [c,d) is A-integrable

if and only if f is Riemann integrable on R in the classical sense, and in this

/ /R fit.s)Butas = [ /R F(t, 5)dds,

where the integral on the right is the ordinary Riemann integral.
(i) If Ty = Ty = Z, then every function f defined on R = [a,b)x[c, d) is A-integrable

over R, and

case

b—1d—1
k.l if a<b and c<d
(213) // f(t, S)AltAQS == kZ:a l:z:c f( ) f
R 0 if a=b or c=d.

Proof. Clearly, the above given Definition 2.1 and Definition 2.13 of the A-integral
coincide in case T; = Ty = R with the usual Darboux and Riemann definitions of
the integral, respectively (see e.g., [2, 11]). Notice that the classical definitions of
Darboux’s and Riemann’s integral do not depend on whether the subrectangles of
the partition are taken closed, half-closed, or open. Moreover, if Ty = Ty = R, then
Ps(R) consists of all partitions of R with norm (mesh) less than or equal to §v/2. So
part (i) is valid.

To prove part (ii), let @ < b and ¢ < d. Then b = a + p and d = ¢ + ¢ for some
p,q € N. Consider the partition P* of R = [a,b) X [c,d) given by (2.1), (2.2) with
n=p, k=g, and

to=a,ti=a+1, ..., t,=a+p and sy=c sy =c+1, ..., s,=c+q.
Then R;; contains the single point (¢;_1, sj_1):

Rij = [tic1,ti) X [sj-1,8;) = {(ti=1,8j-1)} forall 1<i<p, 1<j<q.

Therefore
P q
U(f, P") :ZZM@(E—E’* —5j-1) ZZf i—155j-1)
=1 j5=1 =1 j=1
and
P q P q
f P* :Z m’L] — i 1 — Sj— 1 f(t’ifhsjfl)

=1 j=1 =1 j=1
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so that
b—1 d—1
U(f, P*) = L(f, P") ZZf i1, 5j-1) f(k,1).
i=1 j=1 k=a l=c
Hence Theorem 2.6 shows that f is A-integrable over R = [a,b) X [c,d) and (2.13)
holds for a < b and ¢ < d. If a = b or ¢ = d, then relation (2.10) shows the validity
of (2.13). O

Remark 2.18. In the two variable time scales case four types of integrals can be
defined:

(i) AA-integral over [a, b) X [¢, d), which is introduced by using partitions consisting
of subrectangles of the form [«, 5) X [7,0);
(il) VV-integral over (a,b] x (c,d], which is defined by using subrectangles of the

form (a, B] x (7, ];
(iii) AV-integral over [a,b) X (c,d], which is defined by using subrectangles of the

form [a, B) % (v, 4];
(iv) VA-integral over (a,b] X [¢,d), which is defined by using subrectangles of the

form (o, 8] x [7,0).

For brevity the first integral is called simply as A-integral, and in this paper we are
dealing solely with such A-integrals. However, the presented theory can be easily

adapted to study any of the four types of integrals described above.

3. PROPERTIES OF DOUBLE INTEGRALS OVER RECTANGLES

In this section we use the same notations as those in the preceding section. For

given time scales T; and Ts, the set
Tl XTQ :{(t,S) : tGTl, SETz}

is a complete metric space with the metric d defined by

dlz,y) =/t —t)2+ (s—s)2 for xz=(ts),y=t,s) T xTy,
and also with the equivalent metric
d(z,y) = max {|t — t'|,|s — §'|}.

A function f : Ty x Ty — R is said to be continuous at x € Ty x Ty if for every € > 0
there exists § > 0 such that

[f(@) = fly)l <e
for all points y € Ty x Ty satisfying d(z,y) < d.
If x is an isolated point of Ty x Ty, then our definition implies that every function

f: Ty x Ty — R is continuous at x. For, no matter which ¢ > 0 we choose, we can
pick § > 0 so that the only point y € Ty x Ty for which d(z,y) < § is y = x; then
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|f(z) — f(y)] = 0 < e. In particular, every function f : Z x Z — R is continuous at

each point of Z x Z.

Theorem 3.1. Every continuous function on K = |a,b] x [c,d] is A-integrable over
R =a,b) x [¢,d).

Proof. In order to apply Theorem 2.7, let ¢ > 0. Since f is continuous, it is uniformly
continuous on the compact subset K of T; x Ty. Therefore there exists 6 > 0 such
that

(3.1) (t,s),(t',s') € R and max{|t—1t]|s—5} <o

imply [f(t,s) — f(', )] < 3(bfa+1§(dfc+1)'

Consider any P € Ps(R) given by (2.1), (2.2) and let R;; = [ti_1, p1(t:)] X [s;-1, p2(s;)]
and

(3.2) M, = sup {f(t, s): (t,s) € R”} and 7;; = inf {f(t,s) : (t,8) € R”}
Then, since R;; C Ri]’, we have

mwng]SM”S]\;[” for all 1§Z§7’L,1§j§k’

Therefore, taking into account that f assumes its maximum and minimum on each

compact rectangle Ry, it follows from (3.1) that

n k
U(f,P) = L(f,P) = D> (My;—mij)(t; — ti1)(s; — s5-1)

i=1 j=1

< Z Z(sz — ;) (6 — tim1) (85 — 55-1)

i=1 j=1

— Z Z — ;) (ti — tic1) (85 — 55-1)

t*tz 1<6S]78] 1<5

* Z Z — ) (ti — ti1) (85 — sj-1)

ti—ti— 1>55j—sj 1<6

* Z Z — ) (ti — tic1) (85 — 85-1)

ti—t;1<0 s;—8;_ 1>5

+ Y gt (s - i)

ti—ti— 1>68]78] 1>6

n

- 3(b—a+ d—c+1 Zz(ti_tifl)@j — $j-1)

zlj—l

e(b—a)(d—c)
T b—atr)d—c+D) = °
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where we used the fact that if ¢; —¢;,_y > 9§, then pi(¢;) = t,_1 and if s; — s;_1 > 6,
then po(s;) = sj_1, and hence
~ €
M —m; <
IS 3 —at )(d—c+1)
in the first three sums, and Mij —m;; = 0 in the fourth sum. Thus U(f, P)—L(f, P) <
¢ so that Theorem 2.7 yields that f is A-integrable. O

In the following theorem we say as usual that a function ¢ : [a, ] C R — R
satisfies a Lipschitz condition if there exists a constant B > 0 (the Lipschitz constant)
such that

lp(u) — ()] < Blu—v| forall w,ve€E |a,f].

Theorem 3.2. Let f be bounded and A-integrable over R = [a,b) X [¢,d) and let M
and m be its supremum and infimum over R, respectively. Let, further, ¢ : [m, M| —
R be a function satisfying a Lipschitz condition. Then the composite function h = po f

1s A-integrable over R.

Proof. Let € > 0. By Theorem 2.7 there exists P € P(R) given by (2.1), (2.2) such
that

U(f.P) - L(f.P) < %.

where B is a Lipschitz constant for ¢. Let M;; and m;; be the supremum and infimum
of f on Ryj, respectively, and let M} and mj; be the corresponding numbers for h.

Since ¢ satisfies a Lipschitz condition with Lipschitz constant B, we find that

ht,s) = h(t',s") < |h(t,s) = h(t',s)] = [p(f(t,s)) —p(f(t,5))]
< B|f(t,s) = f(t',s)] < B(My—my)

holds for all (t,s), (', s") € Ri;. Hence M;; —mj; < B(M;; —mj;) because there exist
two sequences {(t,,s,)} and {(t,,s;)} of points in Ry; such that

h(ty,sp) — M;; and  h(t,,s,) — m;; as p— oo.

Consequently,

n k

Uh,P) = L(h,P) = Y > (M —mi)(t; —tim1)(s; — 85-1)

i=1 j=1

< BY > (My—my)(t; —tia)(s; —s;-1) = BU(f,P) = L(f,P)] < e

i=1 j=1

Therefore h is A-integrable by Theorem 2.7. O

Theorem 3.3. Let f be a bounded function that is A-integrable over R = |a, b) x|[c, d).
Further, let ', b € [a,b] with ' <V and ¢,d" € [c,d] with ¢ < d'. Then f is A-
integrable over R' = [a', V) x [¢,d').
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Proof. Let e > 0 and P € P(R) be such that U(f, P)—L(f, P) <e. Let P = P, X P;,
where P, € P([a,b)) and P, € P([c,d)). Suppose P; is generated by the set

{to,t1,...,ta} Cla,b], where a=ty<t;<...<t,=0b
and P, is generated by the set
{s0,81,...,8k} Clc,d], where c=sy5<s1<...<s,=d.
Let P be the A-partition of [a,b) generated by the set
{to,t1,. .., tp} U{d, 0’}
and P} be the A-partition of [c, d) generated by the set
{s0,81,...,s.t U{,d'}.

Let P = P x P;. then P’ is a refinement of P and by Lemma 2.2 we also have
U(f,P")— L(f,P') <e. Now consider P” € P(R') consisting of all subrectangles of
P’ belonging to R'. If U and L are upper and lower A-sums of f on R’ associated
with the partition P”, then

U-L<U(f,P)—L(f,P)<e
and hence f is A-integrable over R’ by Theorem 2.7. O

The majority of the properties of Riemann one-fold A-integrals over a half-closed
interval [a, b) as given in [7, 8] can be carried accordingly over to the Riemann double
A-integral over a rectangle R = [a, b) X [c,d). Let us present here without proof only

the following six theorems.

Theorem 3.4 (Linearity). Let f and g be bounded A-integrable functions on R =
la,b) X [c,d), and let o, B € R. Then af + (g is also A-integrable on R and

// laf(t,s)+ By(t,s)] AltAgs—a//ftsAltAzs—i-ﬁ// (t,8)A1tAys.

Theorem 3.5. If f and g are bounded A-integrable functions on R, then so is their
product fg.

Theorem 3.6 (Additivity). Let the rectangle R = [a,b) X [c,d) be the union of two
disjoint rectangles of the forms Ry = a1, b1) X [c1,d1) and Ry = [ag, by) X [co,dy). If
f is a bounded A-integrable function on each of Ry and Rs, then f is A-integrable on
R and

//f(t,s)AltAgs:/ f(t,s)AltA25+/ f(t,s)A1tAgs.
R Ry Ro
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Theorem 3.7. If f and g are bounded A-integrable functions on R satisfying the
inequality f(t,s) < g(t,s) for all (t,s) € R, then

//Rf(t7S>A1tA28§//Rg(tws)AltAQS.

Theorem 3.8. If f is a bounded A-integrable function on R, then so is |f| and

‘//Rf(t,s)AltAgs S//R|f(t,s)|A1tA2s,

Theorem 3.9 (Mean Value Theorem). Let f and g be bounded A-integrable functions

on R, and let g be nonnegative (or nonpositive) on R. Let us set

m=inf {f(¢t,s): (t,s) € R} and M =sup{f(t,s): (t,s) € R}.

Then there exists a real number A € [m, M| such that

//Rf(t, s)g(t,s)AltAgs:A//Rg(t’ ) Ayt Ags.

An effective way for evaluating multiple integrals is to reduce them to iterated

(successive) integrations with respect to each of the variables.

Theorem 3.10. Let f be bounded and A-integrable over R = [a,b) X [c,d) and suppose
that the single integral

(3.3) I(t) = / F(t,5)Ags

exists for each t € [a,b). Then the iterated integral

b b d
/I(t)Alt:/ Alt/ f(t,s)Ags
exists and the equality

(3.4) / /R F(t5) At Ags — / "Art / Ut 5 A

holds.

Proof. Let P € P(R) be given by (2.1), (2.2). Obviously,
(35) mi; S f(t, S) S Mij on Rij;

where m;; and M;; are the infimum and supremum of f on R;;, respectively. Choose
any point & € [t;_1,t;) and set t = & in (3.5), then integrate (3.5) with respect to s

from s;_; to s;. We obtain

(3.6) mi;(s; — sj-1) < /.j (&, 5)Aas < M;i(s; — sj-1)-
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Note that the integral in (3.6) exists because the existence of the integral in (3.6) is
assumed over the entire interval [c,d). Multiplying (3.6) by ¢; — ¢;_; and summing

then with respect to ¢« and 7, where 1 <7 <n and 1 < j <k, we obtain
(3.7) L(f,P) <> I(&)(t; — tie) S U(f.P).
i=1

By the hypothesis the function f is A-integrable over R. Therefore taking into account
Theorem 2.11 and the inequalities

L(f, P) S // f(t, S)AltAQS S U(f, P),

for arbitrary ¢ > 0 we can find § > 0 such that P € Ps(R) implies

—//Rf(t,s)AltAgs <% and ‘ (f.P) - //ftsAtAQS

For such partitions P we get from (3.7)

V(b — 1) — / /R F(t5) At Ays

This means, by the Riemann definition of the single integral, that the function I(t)

<_

< E.

is A-integrable from a to b and

/a 1A = / /R F(t, ) At Ags.

Thus we have established the existence of the iterated integral and the equality (3.4).
(]

Remark 3.11. It is evident from the proof of Theorem 3.10 that we can interchange
the roles of ¢ and s, that is, we may assume the existence of the double integral and

the existence of the single integral

b
(3.8) K(s):/ f(t, 8)Aqt

for each s € [¢,d). Then the theorem will state the existence of the iterated integral

d d b
/K(S)Ags:/ Ags/ f(t, s)Aqt
and the equality

(3.9) / / F(t,8) At Ags = / dAQS / ’ F(t, s)Art.

Remark 3.12. If together with the double integral [ [, f(t,s)A1tAzs there exist
both single integrals (3.3) and (3.8), then the formulas (3.4) and (3.9) will hold

simultaneously, i.e.,

/abAlt/cdf(t’s)AQS:/CdA23/abf(taS)A1t=//Rf(t,s)AltAgs.



MULTIPLE INTEGRATION ON TIME SCALES 19

Remark 3.13. If the function f is continuous on [a,b] X [¢, d], then the existence of
all the above mentioned integrals is guaranteed. In this case any of the formulas (3.4)

and (3.9) may be used to calculate the double integral.

4. DOUBLE INTEGRATION OVER MORE GENERAL SETS

So far the double Riemann A-integral [ [ r f(t,8)A1tAzs has been defined only
for rectangles of the form R = [a,b) X [¢,d) C T; x Ty. In this section we extend
the definition to more general sets in Ty x Ty, called Jordan A-measurable sets. The
definition makes use of the A-boundary of a set £ C Ty x Ts.

Definition 4.1. Let £ C T; x Ty. A point x = (¢,s) € Ty x Ty is called a boundary
point of E if every open (two-dimensional) ball B(x;r) = {y € Ty x Ty : d(z,y) < r}
of radius r and center x contains at least one point of F and at least one point of
(Ty; x Tg) \ E. The set of all boundary points of E is called the boundary of E and is
denoted by OF.

Definition 4.2. Let £ C Ty xTy. A point x = (t,s) € Ty x Ty is called a A-boundary
point of E' if every rectangle of the form V = [¢t,t') x [s,s") C Ty x Ty with ¢ € Ty,
t' >t and s’ € Ty, s’ > s, contains at least one point of £ and at least one point of
(Ty x Ty) \ E. The set of all A-boundary points of E is called the A-boundary of E
and is denoted by O E.

For i = 1,2 let us introduce the set TY as follows: If T; has a finite maximum
t*, then TY = T; \ {t*}, otherwise T? = T;. Briefly we will write TY = T; \ {max T;}.
Evidently, for every point ¢ € T? there exists an interval of the form [a, 8) C T; (with
a,f € T; and o < [3) that contains the point ¢.

Definition 4.3. A point (¢°,s%) € T) x T9 is called A-dense if every rectangle of the
form V = [t9,t) x [s°,s) C Ty x Ty with t € Ty, t > t% and s € Ty, s > s°, contains at
least one point of Ty x Ty distinct from (¢°, s°). Otherwise the point (¢°, s°) is called
A-scattered.

Note that in the single variable case A-dense points are precisely the right-dense
points, and A-scattered points are precisely the right-scattered points. Also, a point
(9, 5%) € TY x T9 is A-dense if and only if at least one of tY and s° is right-dense in
T, and Ts, respectively.

Obviously, each A-boundary point of F is a boundary point of E, but the converse
is not necessarily true. Also, each A-boundary point of E must belong to T9 x T

and must be a A-dense point in Ty x Ts.

Example 4.4. (i) For arbitrary time scales T; and Ty, the rectangle of the form
E =la,b) x [¢,d) C Ty x Ty, where a,b € Ty, a < b and ¢,d € Ty, ¢ < d, has no
A-boundary point, i.e., A E = 0.
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(ii)) If Ty = Ty = Z, then any set £ C Z X Z has no boundary as well as no
A-boundary points.
(iii) Let Ty = Ty = R and a,b,¢,d € R with a < b and ¢ < d. Let us set

Ey =a,b) x [¢,d), E;=(a,b] x(c,d], and FE3=[a,b] X [c,d].

Then all three rectangles Fy, F», and F3 have the boundary consisting of the
union of all four sides of the rectangle. Moreover, da F; is empty, Oa Es consists
of the union of all four sides of the rectangle E,, and da FE3 consists of the union
of the right and upper sides of FEj.

(iv) Let T; = Ty = [0,1] U {2}, where [0,1] is the real number interval, and let
E =10,1)x[0,1). Then the boundary OF of E consists of the union of the right
and upper sides of the rectangle E/ whereas dpaF = ().

(v) Let Ty = T, = [0,1] U {HLH :n € N}, where [0,1] is the real number interval,
and let £ = [0,1] x [0,1]. Then the boundary OF as well as the A-boundary
OaFE of E conincide with the union of the right and upper sides of F.

Definition 4.5. Let £ C T? x T9 be a bounded set and let 9 E be its boundary. Let
R = [a,b) X [¢,d) be a rectangle in T; x Ty such that EUIAE C R. Further, let P(R)
denote the set of all A-partitions of R of type (2.1), (2.2). For every P € P(R) define
J«(E, P) to be the sum of the areas of those subrectangles of P which are entirely
contained in E, and let J*(E, P) be the sum of the areas of those subrectangles of P

each of which contains at least one point of £ U daFE. The numbers
J«(E)=sup{J.(E,P): PeP(R)} and J*(F)=inf{J*(E,P): Pe€P(R)}

are called the (two-dimensional) inner and outer Jordan A-measure of E, respectively.
The set E is said to be Jordan A-measurable if J,(E) = J*(FE), in which case this

common value is called the Jordan A-measure of E, denoted by J(E).

It is easy to verify that J.(E) and J*(E) depend only on E and not on the
rectangle R which contains F U OaE. Also, 0 < J.(F) < J*(E). If E has Jordan

A-measure zero, then J,(F) = J*(E) = 0. Hence we have the following statement.

Lemma 4.6. A bounded set E C TY x TS has Jordan A-measure zero if and only if
for every € > 0, the set E can be covered by a finite collection of rectangles of type

Vi =laj, B;) X [v5,0;) C Ty xTy, j=1,...,n, the sum of whose areas is less than ¢:
E C U V; and Zm(Vj) <e.
j=1 J=1

It follows that if E is a set of Jordan A-measure zero, then so is any set £ C E.

Lemma 4.7. The union of a finite number of bounded subsets Ey, ..., E, C TY x T

each of which has Jordan A-measure zero is in turn a set of Jordan A-measure zero.



MULTIPLE INTEGRATION ON TIME SCALES 21

Proof. Given ¢ > 0, we can construct for each k € {1,...,m} a finite covering

{Vj(k) };Lil of E; by rectangles of the needed type, the sum of whose areas is less than
g/2k:

EkCEjVj(k) and Z ( ><— for all ke {l,...,m}.
j=1

The union of all these coverings is itself a finite covering of £ = U}, E, by rectangles,
and the sum of the areas of all rectangles is less than > .-, &/2F = . Since ¢ > 0

was arbitrary, the set E' is of Jordan A-measure zero. O

The empty set is regarded as a Jordan A-measurable set and its Jordan A-

measure is understood as being zero.

Lemma 4.8. For each point 2° = (t°,s°) € TY x TY, the single point set {z°} is

Jordan A-measurable, and its Jordan A-measure is given by
T ({a"}) = (21(t) = ) (0a(s") — ) = p (O)pa(s").

Proof. Tf t° < ,(t°) and s° < g4(s°), then {z°} = [t° 01(t°)) x [s, 02(5°)). Therefore

{z°} is Jordan A-measurable with

J ({2°}) = m ([t°, 01(t%)) x [, 02(s"))) = (01(t7) — °) (02(s°) — &°),

which is the desired result. Further consider the cases when at least one of t* and s is
right-dense. To illustrate the proof, suppose t° = o1(t°) and s° < 75(s°). In this case
there exists a point t € T, sufficiently close to t° and such that ¢t > t°. Therefore the
rectangle [t°, 1) X [s", 09(s”)) covers the point 2° and has a sufficiently small area. This
means that the single point set {2} has Jordan A-measure zero in the considered
case. On the other hand, in this case we also have (o1(t°) — t°)(09(s%) — s°) = 0 as

oy (%) =Y. O
The following lemma is an immediate consequence of Lemma 4.8.

Lemma 4.9. Every A-dense point of TV x TS has Jordan A-measure zero.

Theorem 4.10. Let E C TY x T be a bounded set and OAE denote its A-boundary.

Then we have
J(OAFE) = J(E) — J.(E).

Hence E is Jordan A-measurable iff its A-boundary OAF has Jordan A-measure zero.

Proof. Let R = [a,b) x [c,d) be a rectangle in Ty x Ty containing £ U dxE. Then it
is not difficult to see that for every P € P(R) we have

J*(OAE, P) = J*(E,P) — J.(E, P).
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Therefore J*(OaF, P) > J*(F) — J.(F) and hence J*(OAE) > J*(E) — J.(E). To
obtain the reverse inequality, let € > 0 be given and choose H, Q) € P(R) so that

J(E, H) > J.(E) - g and  J*(E,Q) < J*(E) + %

Let P = H+@ so that P is a refinement of both H and @ (for the definition of H+Q
see Definition 2.3). Since refinement increases the inner sums J, and decreases the

outer sums J*, we find
J(OAE) < J(0aE,P) = J(E,P)— J.(E,P)
< JY(E,Q)—J.(E,H) < J(F)— J.(E) +e¢.

(E)
Since € > 0 is arbitrary, we conclude that J*(OaF) < J*(F) — J.(E). Therefore
J*(OaF) = J*(E) — J.(E) and the theorem is proved. O

Note that every rectangle R = [a, b) X [¢,d) C Ty x Ty, where a,b € Ty, a < b and
c,d € Ty, ¢ < d, is Jordan A-measurable with Jordan A-measure J(R) = (b—a)(d—c).
Indeed, it is easily seen that the A-boundary of R is empty (see Example 4.4 (i)),
and therefore it has Jordan A-measure zero.

Also note that, for an arbitrary set £ C T) x T9, a boundary point of F may have
nonzero Jordan A-measure whereas A-boundary points of E (being A-dense points)
have always Jordan A-measure zero. In fact, in Example 4.4 (iv), the point (1,1) is

a boundary point of E, and the Jordan A-measure of that point is equal to 1.

The following lemma can be checked directly by using Definition 4.2.

Lemma 4.11. For arbitrary sets Fy, Es C Ty X To, we have the following relations:
(i) OA(Ey U Ey) C OaEy U OaEs;
(11) 6A(E1 N Ez) C 8AE1 U 8AE2;

(iii) Oa(F1 \ Ey) C OAEy UOAE,.

Hence, in view of Theorem 4.10 and Lemma 4.7, we get the following result.

Lemma 4.12. The union and intersection of a finite number of Jordan A-measurable
sets 1s Jordan A-measurable. Also, the difference of two Jordan A-measurable sets is

Jordan A-measurable.

Now we want to define and compute double A-integrals over Jordan A-measurable

sets.

Definition 4.13. Let f be defined and bounded on a bounded Jordan A-measurable
set E C T xTY. Let R = [a,b) X [c,d) C Ty x Ty be a rectangle containing £ and
put K = [a,b] X [c,d]. Define F' on K as follows:

ft,s) if (t.s) e E

4D Fite) = 0 if (t,5)€K\E.
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Then f is said to be Riemann A-integrable over E if F'is Riemann A-integrable over

R in the sense of Section 2, and we write

//Ef(t’S)AltAQS://RF(t,S)AltAQS,

Remark 4.14. Considering Riemann A-sums which approximate | [, F/(t, s)A1tAys,
it is easy to see that the integral [ fE f(t,s)A1tAys does not depend on the choice of

the rectangle R used to enclose E.

Let us also give another definition of the Riemann double A-integral over arbi-
trary bounded Jordan A-measurable sets. Let the function f be defined and bounded
on a bounded Jordan A-measurable set £ C T X TS. Let R = [a,b) X [¢,d) C Ty x Ty
be a rectangle such that £ C R. To define the double A-integral of f over E, we
begin with a A-partition P € P(R) of type (2.1), (2.2). Some of the subrectangles of
P will lie entirely within E, some will be outside of £, and some will lie partly within
and partly outside £. We consider the collection P' = {Ry, Ry, ..., Ry} of all those
subrectangles in P that lie completely within the set E. This collection P’ is called
the inner A-partition of the set E, determined by the partition P of the rectangle R.
Using the inner A-partition P’ of the set E, we can proceed in much the same way as
in Section 2. By choosing an arbitrary point (§;, ;) in the ¢th subrectangle R; of P’
for i € {1,...,k}, we obtain a selection for the inner A-partition P’. Let us denote

by m(R;) the area of R;. Then this selection gives the sum

k

S=> " f(& m)m(Ry).

i=1

We call S a Riemann A-sum of f corresponding to the partition P € P(R).

Definition 4.15. We say that f is Riemann A-integrable over E C T{ x T9 if there
exists a number [ with the property that for each ¢ > 0 there exists a number
d > 0 such that |S — I| < e for every Riemann A-sum S of f corresponding to any
inner A-partition P’ = {Ry, Ry, ..., Ry} of E, determined by a partition P € P(R)
independent of the way in which we choose (§;,7;) € R; for 1 < i < k. The number

I is called the Riemann double A-integral of f over E, and we write I = limg ¢ S.

Remark 4.16. If E is a rectangle of the form [a,b) X [¢,d) C Ty x Ty and we choose
R = F (so that an inner A-partition of F is simply a A-partition of R), then the
preceding definition reduces to our earlier definition (Definition 2.13) of a double

A-integral over a rectangle.

Now we want to prove the equivalence of Definition 4.13 and Definition 4.15. To

this end, we first prove two auxiliary results.
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Lemma 4.17. Let E C TY x TS be a bounded set and let OAE denote its A-boundary.
Let R = [a,b) x [¢,d) C Ty x Ty be a rectangle that contains EUOAE. Neaxt, for every
P € Ps(R), let J.(E, P) and J*(E, P) be defined as in Definition 4.5. Then

lim J.(E,P) = J.(E) and lim J*(E,P) = J*(E).

6—0

Proof. Define the functions ¢g; : R — R and g3 : R — R by

1 if(t,s) e E 1 if(t,s) e EUOAE
g1(t,s) = and ¢o(t,s) =
0 if(t,s)e R\ E 0 if(t,s) € R\ (FEUOAE).

Then it is easily seen that
Jo(E, P) = L(g1, P), J(E) = L(g1), J(E,P)=Ul(g,P), J(E)=U(g)
On the other hand, by Theorem 2.12 we have
lim L(gi, P) = L(gy) and 1 Ulgs, P) = Ulgo).
This completes the proof. 0

Lemma 4.18. Let T C TV x TY be a set of Jordan A-measure zero. Moreover, let
R =[a,b) x [c,d) C Ty x Ty be a rectangle in Ty x Ty that contains T'. Then for each
e > 0 there exists 6 > 0 such that for every partition P € Ps(R) the sum of areas of

subrectangles of P which have a common point with I" is less than €.

Proof. 1t is sufficient to apply Lemma 4.17 to the set £ = I' and take into account
that the assumption implies J*(I") = 0. O

Theorem 4.19. Let E C TY x TY be a bounded and Jordan A-measurable set and
let f be a bounded function on E. Then Definition 4.13 and Definition 4.15 of the

Riemann A-integrability of f over E are equivalent to each other.

Proof. Suppose R = [a,b) X [¢,d) C Ty x Ty contains F and let K = [a,b] X [c,d].
Define F' on K by the formula (4.1). Let P be a A-partition of R into subrectangles
Rij (1 <i<mn,1<j<k)defined by (2.1), (2.2). For every selection (&;,7n;;) € Ri;
we have

n ok

(42) DD F(&mm(Rig) = D f(Gqm)m(By) + Y F(&mig)m(Rij),
(

i=1 j=1 i,j)€EA (i.j)eB

where

Now the statement of the theorem follows from (4.2) because, by Lemma 4.18, the
second sum on the right-hand side can be made sufficiently small for P € Ps(R) as

0 — 0, since Op F has Jordan A-measure zero. O
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Theorem 4.20. Let E C T9 x T9 be a bounded and Jordan A-measurable set. Then
the integral f fE 1A tA\ys exists and we have

—//].AltAQS
E

Proof. Suppose R = [a,b) X [¢,d) C Ty x Ty contains F and let K = [a, b] X [¢, d]. Set

1 if (t,s) e E

F(t,s) =
0 if (ts)eK\E.

Further, let P be a A-partition of R into subrectangles defined by (2.1), (2.2), and
let A and B be defined as in (4.3). If (¢, j) € A, then we have F'(;;,7;;) = 1, and so
(4.2) with f =1 becomes

(4.4) >3 F(&jmig)m(Ri) = J(E,P) + Y F(&j,mj)m(Ry;).

i=1 j=1 (i.j)€B
Now if P € Ps(R) and § — 0, then by Lemma 4.17 and the Jordan A-measurability
of E, the first term on the right-hand side of (4.4) tends to J(E) while the second
term tends to zero by Lemma 4.18 since da E has Jordan A-measure zero. Therefore
it follows from (4.4) that 1 is integrable over £ and [ [, 1A1tAys = J(E). O

Example 4.21. Let T; = Ty = Z and consider any bounded set £ C Ty xTy = Z X Z.
Then OAE = () and therefore E is Jordan A-measurable. For any function f : £ — R
we have (see Definition 4.13 and Theorem 2.17 (ii))

//fts AtAgs = Z f(t,s).
(t,s)eE
The Jordan A-measure of E coincides with the number of points of E.
Theorem 4.22 (Additivity). Let Ey, By C T x TY be bounded Jordan A-measurable
sets such that J(E1 N Ey) =0, and let E = Ey U E,. Assume f: E — R is a bounded
function which is A-integrable over each of Ey and Es. Then f is A-integrable over

E, and we have

(4.5) / [E (£, 5)ArtAgs — / BRI / RIS

Proof. Suppose R = [a,b) X [¢,d) C Ty x Ty contains E and let K = [a,b] x [c,d].
Define F as in (4.1). Let P = {Ry, Ra,..., Rx} be a A-partition of R and form a

Riemann A-sum .
i=1

If S; denotes the part of the sum arising from those subrectangles containing only

points of Fy, and if S5 is similarly defined by FEs,, then we can write

S(F,P) =51+ S+ Ss,
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where S3 contains those terms coming from subrectangles which contain points of
E; N Ey. Then |Ss] can be made arbitrarily small when P is sufficiently fine, Sy ap-
proximates the integral [ [ f(t,s)A1tAgs, and Sy approximates fng f(t, s)AtAgs.

The equation (4.5) is an easy consequence of these remarks. O

Remark 4.23. It can be shown that the converse of Theorem 4.22 is also true: A-
integrability of f over E implies A-integrability of f over each of F; and F», and the
equation (4.5) holds.

The following properties of the Riemann A-integral over a Jordan A-measurable
set, given in Theorems 4.24 — 4.28, follow by using Definition 4.13 and Theorems 3.4,
3.7-3.9. We assume F is an arbitrary bounded Jordan A-measurable set in T x T9,

and the considered functions are assumed to be bounded.

Theorem 4.24 (Linearity). Let f and g be A-integrable over E, and let o, 3 € R.
Then of + Bg is also A-integrable over E and

//E[Oéf(t,s)+5g(t,s)]A1tAgs:a//Ef(t,s)AltAgs+ﬁ//Eg(t’S)A1tA25_

Theorem 4.25. If f and g are A-integrable over E, then so is their product fgq.

Theorem 4.26. If f and g are A-integrable over E satisfying f(t,s) < g(t, s) for all

(t,s) € E, then
//Ef(t,s)AltAQSg//Eg(t,s)Almﬁ_

Theorem 4.27. If f is A-integrable over E, then so is |f| and

’//Ef(t’smlmﬁ S//E!f(t,s)mlmzs.

Theorem 4.28 (Mean Value Theorem). Let f and g be A-integrable over E, and let

g be nonnegative (or nonpositive) on E. Let us set

=inf{f(t,s): (t,s) € E} and M =sup{f(t,s): (t,s) € E}.

Then there ezists a real number A € [m, M| such that

//fts (t,s)A1tAys = A // (t,s)A1tAgs.

For sets £ C Ty x Ty whose structure is relatively simple, Theorem 3.10 can be
used to obtain formulas for evaluating double integrals by iterated integration. In

order to present one of such formulas, we first give the following lemma.

Lemma 4.29. Let [a,b] C TY and ¢ : [a,b] — TS be a continuous function. Let T be
the set (graph of p) in Ty x Ty given by

D={(t, o) : t€la,b)}.
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Then the subset I of I consisting of all A-dense points of I' has Jordan A-measure

zero in Ty x Ty.

Proof. Since ¢ is continous on the compact interval [a, b], it is uniformly continuous
on [a,b]. Therefore, for each & > 0, there exists § > 0 such that

€
b—a
Take a partition P € Ps([a, b)) determined by a =ty < t; < ... <ty = b. For each
ie{l,... k}, let us set

t,t' €la,b] and [t —t'| <o imply |p(t) — p(t)] <

d; =min{p(t): t € [t;i_1,t;]} and D; =max{p(t): t € [ti_1,t]}.
Denote
]:{Ze{l,,k}tz—tl_lgé} and I/:{iE{l,...,k}lti—ti_1>(5}.

Consider rectangles R; C Ty x Ty (i = 1,..., k) defined by R; = [t;_1,t;) x [d;, D;).
Obviously, all A-dense points of I' may lie only in rectangles R; for ¢« € I. On the
other hand,

S m(R) =Y (ti—tia)(Di—d) < < Y (i ti) < 5 - ~(b—a) ==

el icl icl

Since € > 0 is arbitrary, this completes the proof. O

Theorem 4.30. Let [a,b] C T and let ¢ : [a,b] — T and v : [a,b] — TS be two
continuous functions such that p(t) < (t) for allt € [a,b]. Let E be the bounded set
in Ty x Ty given by

E={(t,s) €Ty xTy: a<t<b, pt)<s<(t)}.
Then E is Jordan A-measurable, and if f : E — R is A-integrable over E and if the

single integral
P(t)
/ f(t,s)Ags
©(t)

exists for each t € [a,b), then the iterated integral

b ¥(t)
/ Alt/ f(t,s)Ags
a ©(t)

b P(t)
//f(t,S)AltAQS:/ Alt f(t,S)AQS.
E a ©(t)

Proof. 1t follows by using Lemma 4.29 that J(0aE) = 0 and hence E is Jordan A-
measurable. Choose an interval [c,d] C T such that the rectangle R = [a,b) X [c,d)

exists and we have
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contains E. Define the function F' as in (4.1). For the function F, all conditions of

Theorem 3.10 are satisfied because

d 0 (1) d
/ F(t,s)Ays = / F(t, S)A28+/ F(t, S)A23+/ F(t,s)Ass
c c e(t) ¥(t)
¥(t)
= f(t,S)AQS.

»(t)

Therefore we have

b d b ¥(t)
// F(t, S)AltAQS = / Alt/ F(t, S)AQS = / Alt f(t, S)AQS.
R a c a o(t)

On the other hand, by Definition 4.13,

/ /E F(t5) At Ays — / /R F(t, 5)AtAgs

so that the theorem is proved. O
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