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1. Introduction

The pricing of options is a central problem in financial investment. It is of both theoretical and practical importance since
the use of options thrives in the financial market. In option pricing theory, the Black-Scholes equation is one of the most
effective models for pricing options. The equation assumes the existence of perfect capital markets and the security prices
are log normally distributed or, equivalently, the log-returns are normally distributed. To these, one adds the assumptions
that trading in all securities is continuous and that the distribution of the rates of return is stationary. The partial differential
equation of Black-Scholes is written as [4,6,8,9]

U + ax’uy, + bxu, — ru = 0, (1.1)

where
a:U— and b=r -5,
2

r is the risk-free rate, o is the volatility, and § is the dividend yield.
In this work, we investigate the Black-Scholes equation with a view to obtaining the analytical solution to the terminal
value problem consisting of the partial differential equation (1.1) and the terminal condition

u(x, T) =g (1.2)

by using the Adomian decomposition technique [1-3,5,7]. We assume throughout that g has derivatives of all orders. An
advantage of the Adomian decomposition method is that it can provide analytical approximations to a rather wide class of
linear or nonlinear equations without perturbation, closure approximations, or discretization, methods which can result in
massive numerical computation.
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2. Approximate analytical solution

Our main result is an application of [7] in which the Adomian decomposition of the solution for

Zan(x H)Guu(x, t) = Z,Bm(x t)Fmu(x, t) + f(x, ©),

n=0 m=1
Guu(x,0) =gy(x), 0<n<N-1,
where
a" am
Gph=—, 0<n<N and F,=—, 0<m<M,
at" ax™m

is used to represent the solution as

u(x, t) = Y u(x, 0),

k=0

where

(e Bt
uo(x, t) = Gy (dN(X, t)) + ; ”gl(x)

and for k € N,

M N—-1
e (1, ) = [Z G’ (f’”g 2 ) v (“”(X 96 )} Uk, ),

m=1 =0

Here we consider the Black-Scholes equation (1.1), i.e., we have

N=1, M=2 f=0 «a=r, oa=-—1,  Bo=0, Bi=bx, B=ax’.
Applying the above mentioned formulas to the terminal value problem (1.1) and (1.2), we therefore obtain

up(x, t) =gX) (2.1)
and for k € Ny,

. ﬂmo« £) O i (an(x, D)
Uper1(x, t) |:m Gy (%, t)F ) - ;Q (011()(, ) Gn>i| ug(x, t)
1‘

= 0
' [=bxF; — ax’F, + 1Go | uk(x, t)

_bxauk(x, L P uk(x, )

+ rug(x, r)} dr

I
——_—

0x ox2
ie.,
T, 0%ux, 7) dup(x, T)
Up41 (X, t):/ ax + bx —rug(x, 7) | dt. (2.2)
¢ L ax? ax

We now prove the following main result of this work.

Theorem 2.1. The functions defined recursively by (2.1) and (2.2) can be represented explicitly as

m 1 —v
ug(x, t) = |:Z {Z u(i(m) v)! :] " (m)(x):| T - a H* forallk € Ny, (2.3)

V=

where

pm=(@m+ry((m—1)—8ém forallm € Ny. (2.4)
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Proof. For convenience we introduce the notation

U(X):ik: iﬂ k{ m (m)(x) (2.5)
k oim — oy P [T '

m=0 { v=0
Then u; from (2.3) can be written as
(T —)*
k!
We show that this uy, satisfies equations (2.1) and (2.2). Clearly, (2.1) is satisfied as vy(x) = g(x). Now we calculate

T 32 , 9 ,
/ |:ax2 e, T) + bx ukgx 2 — rug(x, ‘L’):| dr
¢ X

U (x, t) = vi(x) for all k € Np.

0x2
T . (T _ ‘L’)k , (T _ ‘L’)k (T _ ‘L’)k
= [ [axzvk (X)T + bek(X)T — rUk(x)k!] dr
7 / (T - t)k-H
= [ax*v{ (%) + bxv(x) — rve(x)] NCEETE
(T _ t)k+1
= ka(X)W = Upr1(X, 1),

where we used (3.1) from Lemma 3.1 in the next section. O

3. Auxiliary results

In this section we complete the proof of Theorem 2.1 by proving a series of identities that are collected in the following
lemmas. Throughout, we use the convention that “empty” sums are equal to zero while “empty” products are equal to
one.

Lemma 3.1. The functions vy as defined in (2.5) satisfy the recursion
ax’ vy (x) + bxv,(x) — rvg(x) = v (x)  forallk € No. (3.1)

Proof. For convenience we introduce the notation

=3y DTk (32)

=5 vi(m —v)!
Then vy from (2.5) can be written as
2k
(%) = Z yPxmg™ (x)  forall k € No.
m=0
Now
2k
U,Q(X) — Z J/rilk) [mxmflg(m) (X) + xmg(m+1)(x)]
m=0
and
2k
U,Q/(X) — Z Vr;k) [m(m _ l)xmfzg(m) (X) + memflg(m+1)(x) + Xmg(m+2) (X)]
m=0

so that

ax’vy (x) + bxvj,(x) — rv(x)

2%
=Y v¥ {lam(m — 1) + bm — r]x"g™ (x) + [2am + b]x™ g™V (x) + ax™2g ") (x) |
m=0
2k 2k+1 2k+-2
=Y fam(m—1) + bm — rlyPx"g™ (x) + Y [2a(m — 1) + b] 3,1 ¥"g™ 0 + Y ay, P x"g™ (x)

m=0 m=1 m=2
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2k+2
k+1
=)y X () = v (),
m=0

where we used first (3.3) and then (3.4) from the subsequent Lemma 3.2. O

Lemma 3.2. The functions y,E,k) as defined in (3.2) satisfy
YO =0 ifm<0 or m>2k (3.3)
and the recursion

[am(m — 1) + bm — ] y® + [2a(m — 1) + bl y© | + ay ¥, = D, (3.4)

Proof. We first show the recursion (3.4). Note that

(k+1) __ = (=D" k+1 _ L (=1 k
Y = ; m/’u = VZ:O mpvpv
and
Pm—py=m—v)lalm+v —1)+b] andso pyn — pm_1 = [2a(m — 1) + b].
Thus we may calculate

[am(m — 1) +bm — r] ¥ + [2a(m — 1) + b] y(k)l + ay,ffi) y D
m m—1
=1V K (=1 k
= _— — Pv] — _— a
Zv,(m 1P lom =il ;U!(m_l_v), P 1om — om— 1]+Zv,(m v),pu

=Y ————pt[pn — P = (M=) (pm — pn—1) + (M — V)(m — v — 1)a]
< v !

so that the recursion (3.4) holds. Now we show (3.3). By the definition (3.2) it is clear that y(k) = 0 whenever m < 0. Note
that

-~ (=™ 1 q~(m _ 1 ifm=0
0 __ o_ - _1\ym—v _ _ m __
Ym™ = ; vi(m— v)!'ov T m! ; ( v > =D =1-1"= 0 otherwise. (3.5)

Because of the recursion (3.4), y,ff) = 0forallm > 3, y(z) = Oforallm > 5 and in general y(") = Oforallm > 2k + 1. This

shows (3.3) and completes the proof. O

4. Examples
We start with the following lemma.

Lemma 4.1. Let s € R. The functions ynﬁk) as defined in (3.2) satisfy

2%
Zs(s—l)- (s—m+1)y(") = ;‘ forallk € Ny, (4.1)

m=0
where

=(as+r)(s—1) — ds. (4.2)

Proof. We show (4.1) by induction. First, (4.1) holds for k = O as y(o) =1= p,? due to (3.5). Now, assuming that (4.1) holds
for k € Ny, we use first (3.4), shift the indices in the last two sums, and then use (3.3) to obtain

2k+2 2k+2
Doss—1 e s—mA Dy =D s =1 (s—m+ 1) [amm — 1) + bm — r] P
m=0 m=0
2k+1 2k+1
+ Y o ss—1) e (s—m)[2am+bly P + Y s(s—1) -+ (s —m— Day®

m=—1 m=-—2
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= Zs(s — 1) (s —m+ 1) [pm + (s — m)2am + b) + (s — m)(s — m — 1)a] ¥

=) s(s—1) - (s —m+ DpsyP

= pyos = pt!

and hence (4.1) holds for k + 1 as well. This completes the proof. O

We now consider the special case g(x) = x* for s € R. An application of Theorem 2.1 together with Lemma 4.1
immediately yields the following result.

Theorem 4.2. Let g(x) = X° for s € R. The functions defined recursively by (2.1) and (2.2) can be represented explicitly as

T — )
up(x, t) = (%(’7‘))2(5 forall k € Ny, (4.3)
!

where p; is given in (4.2).

Remark 4.3. Theorem 4.2 can also be obtained directly using (3.1). Moreover, the Adomian solution is given by

oo
ux, t) = Z ue(x, t) = x’ers =0, (4.4)
k=0

and this solution can also be obtained by separation of variables. Let u(x, t) = ¢(x)¥ (t) be a solution of (1.1) and (1.2). Then
neither of the two sides of the equation

!/ t " /
VO el W @
Y(t) Px) Px)
can depend on t or on x and therefore can be put equal to a constant A. We obtain (¢ # 0)
_ () g(x) g"(x) g'x)
£) = e, =89 _ &Y and o xS = 5, 45
Y(t) =ce P(x) VT = el and ax 200 + Xg(x) (4.5)

and hence (4.4) appears again if g(x) = x°. Of course, for other functions g, e.g., g(x) = €%, the last equation in (4.5) is not
satisfied for any A. Then separation of variables will not work. However, our Theorem 2.1 will work.

Remark 4.4. The method and technique presented in this work can be easily applied to the case of Eq. (1.1) for
nonhomogeneous boundary value problems of the form

U + ax’Uy, + bxuy, — ru = f(t, ),

where f is a known function which can be computed by integral approximation. The details are left to the reader.

Acknowledgement

The first author was supported by NSF Grant #0624127.

References

[1] George Adomian, Stochastic systems, in: Mathematics in Science and Engineering, vol. 169, Academic Press Inc., Orlando, FL, 1983.

[2] George Adomian, A review of the decomposition method in applied mathematics, J. Math. Anal. Appl. 135 (2) (1988) 501-544.

[3] George Adomian, Randolph Rach, Transformation of series, Appl. Math. Lett. 4 (4) (1991) 69-71.

[4] E. Ahmed, H.A. Abdusalam, On modified Black-Scholes equation, Chaos Solitons Fractals 22 (3) (2004) 583-587.

[5] S.A.El-Wakil, M.A. Abdou, A. Elhanbaly, Adomian decomposition method for solving the diffusion-convection-reaction equations, Appl. Math. Comput.
177 (2) (2006) 729-736.

[6] L.Jodar, P. Sevilla-Peris, J.C. Cortés, R. Sala, A new direct method for solving the Black-Scholes equation, Appl. Math. Lett. 18 (1) (2005) 29-32.

[7] D. Lesnic, The decomposition method for linear, one-dimensional, time-dependent partial differential equations, Int. J. Math. Math. Sci. (2006) pages
Art. ID 42389, 29.

[8] Marianito R. Rodrigo, Rogemar S. Mamon, An alternative approach to solving the Black-Scholes equation with time-varying parameters, Appl. Math.
Lett. 19 (4) (2006) 398-402.

[9] Joseph Stampfli, Victor Goodman, The mathematics of finance, in: Brooks/Cole Series in Advanced Mathematics, Brooks/Cole, Pacific Grove, CA, 2001,
Modeling and hedging.



	On analytical solutions of the Black--Scholes equation
	Introduction
	Approximate analytical solution
	Auxiliary results
	Examples
	Acknowledgement
	References


