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1.  I N T R O D U C T I O N  

The theory of t ime scales, which has recently received a lot of attention, was introduced by 
Hilger in his Ph.D. thesis [1] in order to unify continuous and discrete analysis. Not only can 
this theory of so-called "dynamic equations" unify the theories of differential equations and of 
difference equations, but  also it is able to extend these classical cases to cases "in between", 
e.g., to so-cMled q-difference equations. A time scale T is an arbi t rary closed subset of the reals, 

and the cases when this t ime scale is equal to the reals or to the integers represent the classical 
theories of differential and of difference equations. Many other interesting t ime scales exist, and 
they give rise to plenty of applications, among them the s tudy of population dynamic models (see 
[2]). A book on the subject of time scales by Bohner and Peterson [2] summarizes and organizes 
much of the t ime scale calculus (see also [3]). For the notions used below, we refer to  [2] and to 
the next section, where we recall some of the main tools used in the subsequent sections of this 
paper. 

While oscillation theories for differential equations and for difference equations (see, e.g., [4]) 
are well established, the discrepancies in some of the results in these two theories are not well 
understood. In the last years there has been much research activity concerning the oscillation and 
nonoscillation of solutions of some dynamic equations on t ime scales, and we refer the reader to 
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the papers [5-13]. Following this trend, in this paper we shall provide some sufficient conditions 
for oscillation of second-order nonlinear perturbed dynamic equations of the form 

(a( t ) (xA)~)a+F(t ,x~)=G(t ,x~ ,xa) ,  fortE[a,b], (1.1) 

where 7 is a positive odd integer and a is a positive, real-valued rd-continuous function defined 
on the time scales interval [a, b] (throughout a, b E T with a < b). Since we are interested in 
oscillatory behavior, we suppose that  the time scale under consideration is not bounded above, 
i.e., it is a time scales interval of the form [a, co). By a solution of (1.1) we mean a nontrivial 
real-valued function x satisfying (1.1) for t > a. A solution x of (1.1) is said to be oscillatory 
if it is neither eventually positive nor eventually negative, otherwise it is called nonoscillatory. 
Equation (1.1) is said to be oscillatory if all its solutions are oscillatory. Our attention is restricted 
to those solutions of (1.1) which exist on some half line Its, co) and satisfy sup{lx(t)l : t > to} > 0 
for any to _> tx. 

In this paper, we obtain some oscillation criteria for (1.1). The paper is organized as follows. 
In the next section, we present some basic definitions concerning the calculus on time scales. In 
Section 3, we give some sufficient conditions for oscillation of (1.1) by using elementary calculus 
on time scales. In Section 4, we will use Riccati transformation techniques to give some sufficient 
conditions in terms of the coefficients which guarantee that  every solution of (1.1) is oscillatory 
or converges to zero. To the best of our knowledge, nothing is known regarding the qualitative 
behavior of (1.1) on time scales up to now. 

2. S O M E  P R E L I M I N A R I E S  O N  T I M E  SCALES 

A time scale T is an arbitrary nonempty closed subset of the real numbers ]~. In this paper, we 
only consider time scales that  are unbounded above. On ql" we define the forward jump operator a 
and the graininess # by 

o ( t )  : =  i n f { s  e v :  s > t }  a n d  , ( t )  : =  - t.  

A point t E ~" with a(t)  = t is called right-dense while t is referred to as being right-scattered if 
a(t)  > t. The backward jump operator p and left-dense and left-scattered points are defined in 
a similar way. A function f : T ~ l~ is said to be rd-continuous if it is continuous at each right- 
dense point and if there exists a finite left limit in all left-dense points. The (delta) derivative 
f a  of f is defined by 

f(a(t)) fA(t) = lim 
a ( t )  - s ' seu(t) 

where U(t) = qF \ {a(t)}. 

The derivative and the forward jump operator are related by the useful formula 

f a  = f 4-/zf A, where f a  := f o or. (2 .1 )  

We will also make use of the following product and quotient rules for the derivative of the 
product fg and the quotient f /g  (where gg~ # 0) of two differentiable functions f and g: 

(f g)A = fag + fa g~ and ( f ) A = fAg - fg/'gg~ (2.2) 

By using the product rule from (2.2), the derivative of f(t) = ( t -  a)  m for m E N and a Eb [~ can 
be calculated (see [2, Theorem 1.24]) as 

m--1 

fZx(t) ---- E (~(t) -- cx) v (t - a)m-v-1.  (2.3) 
v=0 



Osci l la t ion  C r i t e r i a  251 

For a, b E T and a differentiable function f ,  the Cauchy integral of f~x is defined by 
b 

f fA(t) At = f(b) - f(a). 

The integration by parts formula follows from (2.2) and reads 

b f[  f ff'(t)g(t) At = f(b)g(b) - f(a)g(a)  - ff(t)gA(t) At, 

and infinite integrals are defined as 

~ f ( s )  As= lim [t  t--,~ Ja f ( s )  As. 

Note that  rd-continuous functions possess antiderivatives and, hence, are integrable. 

EXAMPLE 2.1. In case T = 1~, we have 

a(t) = p(t) = t, #(t) =_ O, 

and in case T = Z, we have 

a(t)=tA-1, p ( t )=t -1 ,  

b 

fzx = if,  and f~ f(t) At = f(t) dr, 

b b--1 

#(t) ----- 1, fA = A f ,  and fa f(t) At = E f(t). 
t-----a 

(2.4) 

3. O S C I L L A T I O N  C R I T E R I A  

In this section, we give some oscillation criteria for (1.1). Throughout this paper, we shall 

assume tha t  

(H1) a : T --* R is a positive and rd-continuous function; 

(H2) 7 E N is odd; 
(H3) p, q : T --* R are rd-continuous functions such that  q(t) - p(t) > 0 for all t e qF; 
(H4) f : ~ ~ IR is continuously differentiable and nondecreasing such that  

uf(u) > 0, for all u e ~ \ {0}; 

(Hs) F : T x R ~ IR and G : T x R 2 --* ]R are functions such that  

uF(t,u)>O and uG(t, u, v) > O, f o r a l l u e R \ { 0 } ,  v C R ,  t E T ;  

(H6) F(t, u)/f(u) > q(t) and G(t, u, v)/f(u) < p(t) for all u, v e R \ {0} and all t e T. 

For simplicity, we list the conditions used in the main results as follows (to > a): 

f , ?  At  (3.1) 
(~(t))l/~ = ~ '  

f o  ~ At (a(t))l/.y < c¢, (3.2) 

f t ? [ q ( t  - p(t)] At = (3.3) OO, 

t 1 - p(r)] AT As c¢, lim [q(~-) = (3.4) 
£--*~ 

? [q ( t )  - p(t)] At  > 0, (3.5) 

f t~  { M e ft ~ -p(t)]At} -c~, a(s) a(s) [q(t) As = for all M > 0, (3.6) 

- ~  [q(t) - p(t)] At  - a(s) J As = c~, for all M > 0. (3.7) 
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THEOREM 3.1. Assume (H1)-(H6). Suppose that (3.1) and (3.3) hoId. Then every solution 
o~ (1.1) is oscilUtory on [a, ~). 
PROOF. Let x be a nonoscillatory solution of (1.1), say, x(t) > 0 for t > to for some to _> a. We 
consider only this case, because the proof for the case that  x is eventually negative is similar. 
Prom (1.1), (2.2), and the chain rule [2, Theorem 1.87], we have for t _> to 

( a  ( X A ) ~  zx G(t,  xa(t),xA(t)) F(t, xa(t)) f '(x(~))a(t) (xh(t)) ~+1 
-f--~x ) (t)---- f(xa(t)) f(x#(t)) f(x(t))f(x(cr(t))) 

where ~ is a number in the real interval [t, a(t)]. In view of (H2), (Ha), (H5), and (H6), we have 
for all t > to 

f o x  ] (t) <_p(t)-q(t).  (3.8) 

Because of (H6) and (Ha), from (1.1) we obtain for all t > to 

( a  (x ~)~)  ~ (t) < -f(x(~r(t)))[q(t) - p(t)] < 0, (3.9) 

which implies that  a(xZX) ~ is decreasing on [to, c~). We claim that  xA(t) >_ 0 for all t > tl > to. 
If not, then there exists t2 _> tl such that  a(t)(xh(t)) ~ < oL(t2)(xA(t2)) ~ =: C < 0. Hence, 

cl/'y 
xA(t) < (3.10) 

( ~ ( t ) ) ~ / ~  

Integrating (3.10) from t2 to t provides 

ft. t AS (3.1) z(t) < x(t2) + C 1/7 (3.11) 
- ~, (a(~))~/~ ~ - ~ ,  as t - ~  ~ ,  

while the left-hand side of (3.11), i.e., x(t), is eventually positive. This contradiction implies that  
xA(t) >_ 0 for all t > t~. Then, integrating (3.8) from tl to t gives 

a ( t )  (xA( t ) )  "Y < a ( t l )  (xA(t~))  ~ _ [q(s) - p(s)]  A s  (a.a~ - c o  (3.12) 
f ( x ( t ) )  - f ( x ( t l ) )  

as t --+ c~, while the left-hand side of (3.12) is always nonnegative, a contradiction. Therefore, 
every solution of (1.1) oscillates. The proof is complete. | 

EXAMPLE 3.2. If "IF = R, then a(t) -- t and it(t) - 0. Then (3.1) and (3.3) become (the 
Leighton-Wintner-type criteria) 

(c~(t))V'Y = ~ and [q(t) - p(t)] d t  = ~ .  

If T = Z, then a(t) = t + 1 and #(t) = 1. Then (3.1) and (3.3) become (the discrete analogue of 
Leighton-Wintner-type criteria) 

t=t E o (a(t))W'~ = ~ and E [q(t) - p(t)] = c<D. 
t=tO 

EXAMPLE 3.3. Let "~" C [1, oc) be any time scale that  is unbounded above. Some of the examples 
included are T = [1, c¢), "117 = N, and T = {2 k : k E No}. On T, we consider the perturbed 
nonlinear dynamic equation 

( I  1 ) (x#) '  (3.13) (txA)A + X~ + ~ + t2(x#)2 = 2t((x#) a + 1)((X~X) 2 + 1)" 
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Let 

and 

1 1 
a(t )  = t, ~ = 1, f ( u )  = u, p(t) = ~ ,  q(t) = -~, 

) F(t ,  u) = u + -~ + t2u 2 , G(t,  u, v) = 2t(u 4 + 1)(v 2 + 1)" 

Then (3.13) is in the form (1.1) and Conditions (HI), (H2), (H4), and (Hb) are clearly satisfied. 
In [14, Theorem 5.11], it was shown that  for an unbounded time scale T C [1, co) with a E T, we 
have 

~ c~. (3.14) 
1 
-- A t 
t 

Hence~ (3.1) is satisfied, and because of q(t) - p(t) -~ I/(2t) > 0 and (3.14), (H3) and (3.3) are 
satisfied as well. Finally, (H6) follows from 

F(t, u) 1 1 t2u2 1 
:(u------)- - t + -~ + >- t- = q(t) 

and 
G ( t , u , v )  u 4 1 u 4 1 

f ( u )  = 2t(u 4 + 1)(v 2 + 1) <- 2t u 4 + 1 <- 2-t = p(t) .  

It follows from Theorem 3.1 that  all solutions of (3.13) are oscillatory on [1, oo)i Note that  the 
same statement is also true for the equation 

) + x~ + ~ + t2(xZ)2 = 2t((x~) 4 + 1)((XA) 2 + 1)" 

THEOREM 3.4. Assume (H~)-(H6). Suppose that  (3.1) and (3.4) hold. Then any bounded 
solution of (1.1) is osciI1atory on [a, oo). 

P R o o f .  Suppose that  x is a bounded nonoscillatory solution of (1.1), say, x( t )  > 0 for t > to 
for some to _> a. As in the proof of Theorem 3.1, since (3.1) holds, we have xA( t )  >_ 0 for all 
t _> t~ h to and the inequality in (3.12) holds. Since the left-hand side of (3.12) is nonnegative, 
we find 

i ~(t~) ( ~ ( t ~ ) )  ~ [q(~) - p(s)] ZXs < 
- : ( z ( t l ) )  ' 

and therefore, for t >_ tl ,  

/ ~[q(s)  ~ < ~ ( t ) ( ~ ( t ) )  ~ 
p(s)] (3.15) 

- f ( x ( t ) )  

Integrating (3.15) from tl to t, we get 

/ i {  1 f~ ~ A t }  1/~ < / 1  (3.16) - ~  [q(~) - p ( ~ ) ]  As ' ~ ( s )ZXs  
- (/(x(s))):/-," 

In view of (H4), we find that  f ( x ( t ) )  > f ( x ( t l ) )  for all t >__ tl .  Hence, it follows from (3.16) that  

ft{  // 
1 ~ - ~  [q(~) - P(~)]zx~//~ < 1 (:(x(s)))~/. 

t ~ ( s ) A s  

< 1 (f(~(t~)))l/~ 
x(t) - ~(t l)  
(:(x(tl)))l/~ 

By (3.4), the left-hand side of the above inequality tends to oo as t ~ 0% while the right-hand side 
is bounded, a contradiction. Therefore, every bounded solution of (1.1) oscillates on [a, oo). | 
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THEOREM 3.5. Assume (H1)-(H6). Suppose that (3.2) and (3.5)-(3.7) hold. Then every solution 
of (1.1) is oscillatory or converges to zero on [a, c o ) .  

PROOF. Suppose that  x is a nonoscillatory solution of (1.1) that  does not converge to zero, say, 
x(t) > 0 for t _> to for some to _> a. From (3.9), we have that  a(xZX) ~ is a decreasing function on 
[to, oo) and x ~ is monotone and of one sign. 

CASE 1. Suppose that  xZX(t) _> 0 for all t _> tl >_ t0. As in the proof of Theorem 3.1, we get the 
inequality in (3.12). Let 

M = 
f (x( t l ) )  

Then it follows from the inequality in (3.12) that  for all t > tl 

(xa(t)) ~ M 1 f~ 
f(x(t))  <- a(t~ a(t) Jr1 [q(s) - p(s)] As. (3.17) 

Integrating (3.17) from tl to t, we obtain 

< [ q ( . )  - ; ( 7 ) ]  
f(x(S)) - -  ) ol(s) 

(3.18) 

By (3.6), the right-hand side of (3.18) tends to - c ~  as t --* co, whereas the left-hand side is 
nonnegative, a contradiction. 

CASE 2. Suppose that  xz~(t) < 0 f o r a l l t  > tl _> to. Hence, x( t ) - - .  N > O a s t  ~ co, and 
by (H4), f (x(t))  > f ( g )  > 0 for all t > tl .  From (3.17), it follows that  

Hence, 

{ 1 / t  I M }  (xA(t)) "y <_ - ~ [q(T) --p(T)]AT-- ~(t) f(x(t))  

<_- f (N)  ~(t) [q(T)--P(T)]AT--~(t) " 
1 

{ 1 / t  I M }  1/~ xZX(t) < - ( f ( N ) ) I / 7  ~(t) [q(T)--p(~-)]AT"- ~ . 

Integrating (3.19) from tl to t, we have 

(3.19) 

x(t) <_ x(tl) - ( f (N))  1/~ ~ [q(~-) - p ( r ) ] A 7  a(s)  As. (3.20) 

By (3.7), the right-hand side of (3.20) tends to - o o  as t -~ c~, but this contradicts the fact that 
x(t) is positive. This contradiction completes the proof. | 

THEOREM 3.6. Assume (H1)-(H6). Suppose that (3.2), (3.3), and 

[q(s) - p(s)]As At = c~ (3.21) 

hold. Then every solution of (1.1) is oscillatory or converges to zero on [a, oo). 

PROOF. Let x be a nonoscillatory solution of (1.1), say, x(t) > 0 for t _> to for some to >_ a. As 
in the proof of Theorem 3.1, we see that  x zx is either eventually positive or eventually negative. 
If x ~ is eventually positive, we can derive a contradiction as in the proof of Theorem 3.1, since 
(3.3) holds. If xZ~(t) is eventually negative, then limt_.oo x(t) --: N exists. We prove that  N = 0. 



Oscillation Criteria 255 

If not, then N > 0, from which by (H4) we have f(x(~(t))) > f (N)  > 0 for all t > t l .  Hence, it 

follows from (1.1) and (H6) that  

( a  (x A)'y) a (t) + [q(t) - p(t)]f(g) < O. (3.22) 

Define the function u = a(xA) "~. Then from (3.22), for t > tl ,  we obtain 

u~(t) <_ - [q( t )  - p(t)]f(N). 

Hence, for t > t l ,  we have 

u(t) <_ u(tl) - f (N)  / i[q(s)  - p(s)] As < - f ( N )  / i [q(s  ) - p(s)] As, (3.23) 

where u(tl) = a(tl)(xA(tl)) ~ < 0. From (3.23), we find 

/~ £ (~-~s)/; -;(~)] A~) 1/~ (3~) xA(s) As < - ( f ( N ) )  1/~ [q(r) As - c o  
1 

as t ~ co, and so x(t)  -~ - c o  as t -~ c~, a contradiction to the fact tha t  x(t) > 0 for t > to. 

Thus, N = 0 and then x(t) --* 0 as t ~ c~. | 

THEOREM 3.7. Assume (H1)-(H6). Suppose that (3.2), (3.6), and (3.21) hold. Then every 

solution of (1.1) is oscillatory or converges to zero on [a, c~). 

PROOF. Again suppose that  x is a nonoscillatory solution of (1.1), say, x(t) > 0 for t > to for some 
to _> a. Since (3.2) holds, we can see from the proof of Theorem 3.4 tha t  x A is either eventually 
positive or eventually negative. If x A is eventually positive, we can derive a contradiction as in 

Case 1 of the proof of Theorem 3.5, since (3.6) holds. If x i ( t )  is eventually negative, we can 

prove as in Theorem 3.6 that  x(t) converges to zero, and this completes the proof. | 

4 .  O S C I L L A T I O N  C R I T E R I A  B Y  R I C C A T I  T E C H N I Q U E S  

By means of Riccati transformation techniques, we establish some new oscillation criteria 

for (1.1) in terms of the coefficients. 
Throughout  this section we shall assume besides (H1)-(H6) that  

(Hr) there exists K > 0 such that  f(u) >_ Ku for all u E R. 

THEOREM 4.1. Assume (1tl)-(tt7). Suppose that (3.1) holds. Furthermore, assume that there 
exists a differentiable function z such that for all constants M > O, 

K[q(s)-p(s)](z~(s)) 2 (a(s))l/~ (z~(s)) 2 As c~. (4.1) 
t-~oo Ja M I - 1 / ~  

Then every solution of (1.1) is oscillatory on [a, oc). 
PROOF. Suppose that  x is a solution of (1.1) with x(t) ~ 0 for all t and make the Riccati 
substitution 

w = z  ~ ( ~ ) ~  (4.2 / 
X 

We use the rules (2.2) to find 

{( } 
X 

= _ z ~ z ~  ( x ~ ) "  _ (z~)~ [~ (~)']~ (~)~+1 
X X cr X X  a X 

{ F ( t ,  xa) G( t ,x~ ,xA)  } (za)2a(xA)'r+l a(xA)~ _ z Z z A a ( x A ) X  
= ( z ~ ) 2  x ~ z ~  + z ~ z  

X X  cr 3S X 
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We put 
x A z A 

r = -- and s -= --, 
x z 

and recall [2] the definitions ®r = -r/(l + #r), r @ = (-r)(@r), and r @ s = (r - s)/(l + #s). 

Then 

Za (xA)2 ZA XA 

Z XgC a Z a X Z X 

Altogether, we have shown now that  

z ~ x A = z + ~z  ~ r® + ( e s ) r  - sr 
z 

= r@ + # s t ®  - sr + (Os)r  

= r~ + ~ ( ~  - ~) + (e~)~ 

= r ~  + ~(e~) + (e~)~ 

= ( r  e s )  @ - s @ 

=(~e~)~ (z~)~ 
z z  ~ 

- w  A = (z~) 2 { F(t,x ax ~) c (t,~, x~) } (x~)~_~ s)® • ~ +~z~ (~e -~(z~) ~ (~)~-~. 

Hence, if x x  ~ > 0, we can estimate (apply (H1)-(HT)) 

- w  A > K ( z a ) 2 ( q - p ) - a ( z a )  2 (xA)  ~-1 " (4.3) 

Using these preliminaries, we now may start the actual proof of the theorem. Assume that  x is a 
solution of (1.1) which is positive on [to, cx~) for some to _> a (a similar proof applies to the case 
that  x is eventually negative). Define 

y = a ( X A )  ~ • (4.4) 

Then for t > to, x (a ( t ) )  > O, f ( x ~ ( t ) )  > O, and 

yA( t )  = a (t, z Z ( t ) , x A ( t ) )  - F ( t , x ° ( t ) )  < f ( x ~ ( t ) ) ~ ( t )  - q(t)] < O, 

and therefore, y is strictly decreasing on [to, c~). If there exists t l  ~ to with y( t l )  =: c < 0, then 

a(s) (xa(s))~ = y(s) < y(t~) = c, for all s > t l ,  

and so 
c 

(xA(s))V ~ ~(s----)' for all  s > t 1. 

Therefore, 

x a ( s )  _ 

Integrating from t1 to t > tl provides 

cl/7 
(~(.))v~' for all s > t : .  

for all t > t l  so that  

- (~(~))~/-~ 

Z ]  As (3.1) 
z(t)  < z(t~) + c ~/~ > -oo ,  

- (~(s))l/~ 
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contradicting the positivity o fx  on [to, co). Therefore, y(t) > 0 for all t _> to, and hence, xA(t) > 0 
for all t > to. Now, since y is positive and decreasing on [to, co), we find 0 < y(t) < y(to) for all 
t >_ to. Let M -- 1/y(to). Then 

1 . _ _ .  1 xA(t)  < and hence, (xA(t)) ~-1 <_ 
(a( t )M)l /~  ' (a ( t )M) l -1 /~  

for all t > to. Using this in (4.3), we obtain 

- w  A >_ K ( z ~ ) 2 ( q - p )  M , _ I / ,  (zA) 2 . (4.5) 

Integrating (4.5) from to to t _> to provides (note that  w(t) > 0 for all t _> to by (4.2)) 

w(t0) > K(z~(s))2[q(s) - ; ( s ) ]  (~(s) ) l /~  (z~(~))  ~ A~ (41! co, 
- M l - 1 / ~  

which is impossible. The proof is therefore complete. | 

We remark that  in case 7 = 1, M 1-1/~ = 1 so that  (4.1) is independent from the number M. 
Similar remarks also hold for the results that  follow. 

COROLLARY 4.2. Assume (H1)-(HT ). Suppose that  (3.1) holds. Furthermore, assume that  there 
exists a positive differentiable function 5 such that for all constants M > O, 

Then every solution of (1.1) is oscillatory on [a, co). 

PROOF. Define z = v'~ and note that  

5 A Z A -- 
v q + v ~  ~ 

If (4.6) holds for 5, then (4.1) holds for  z = v ~ .  Thus, the claim follows from Theorem 4.1. | 

From Theorem 4.1 and Corollary 4.2, we can obtain different conditions for oscillation of 
all solutions of (1.1) by different choices of 5(t). For instance, let 5(t) - 1 or 5(t) = t. By 
Corollary 4.2, we then have the following two results. 

COROLLARY 4.3. Assume (H1)-(HT). Suppose that (3.1) ho/ds. I f  

l imsup [q(s) - p(s)l As = co, (4.7) 
t--*Oo 

then every solution of  (1.1) is osciIlatory on [a, co). 

COROLLARY 4.4. Assume (H1)-(HT). Suppose that (3.1) holds. /'f for all constants M > O, 

limsupt_,¢¢ Ja f tK[q(B)--P(S)](T(")-- i 1-1fir (V~-[-~-~) 
J 

then every solution of  (1.1) is oscillatory on [a, co). 

EXAMPLE 4.5. Again let T C [1, co) be a time scale which is unbounded above. 
consider the perturbed nonlinear dynamic equation 

x AA-bx a 1 + ~ - b  (x~) 2 = (x~)3 (4.9) 
2to(t) ( ( ~ ) :  + (~a) :  + 1 )  

On T, we 
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Let 

and 

1 1 
a(t) - 1, 7 = 1, f (u )  = u, K = 1, p(t) = 2ta(t) '  q(t) = ta( t ) '  

( t~( t )  1 } u3 F ( t , u ) = u  + ~  + u  s , G ( t , u , v ) =  2ta(t)(u 2 + v  2+1)"  

Then (4.9) is in the form (1.1) and Conditions (H1), (H2), (H4), (Hs), (HT), and (3.1) are clearly 
satisfied. Because of q(t) - p(t) = 1/(2ta(t)) > 0, (Ha) is satisfied as well. Next, (He) follows 
from 

F( t ,u )  1 1 1 
f (u )  - ta(t---~ + -~ + u2 > ta(t----) = q(t) 

and 
G(t, u, v) u 2 

/ ( ~ )  2to(t)(~2 + v~ + 1) 

Finally, (4.8) follows from the estimate 

÷ 

1 
< 2ta(t---'~ = p(t). 

-> 2s ( v ~ + v ~ )  ~ As 

A s  

=-1 f ~  _15s (3.14), ~ .  
4 Ja s 

By Corollary 4.4, every solution of (4.9) oscillates. We remark that the same statement is also 
true for the equation 

+ V + (xa)2 = tc~(t) ((x~) 2 + (xA) 2 + 1)' 

provided d > 0 and c > d + 1/4. 

THEOREM 4.6. Assume (H1)-(HT). Suppose that (3.1) holds. Furthermore, assume that  there 
exists a differentiable function z such that for all constants M > O, 

limsup 1 ~ t { } t-~oo t-~ ( t -  s) m K[q(s) -p(s)]  (z~(s)) 2 - (c~(s))l/TMl_l/x (z~(s))  2 As = c¢, (4.10) 

where m 6 N is odd. Then every solution of  (1.1) is oscillatory on [a, oc). 

PROOF. We proceed as in the proof of Theorem 4.1. We may assume that (1.1) has a nonoscil- 
latory solution x such that x(t) > 0, x~(t )  >_ O, (a(xA)X)~(t) _< 0 for t _ to. Define w by (4.2) 
as before, then we have w(t) > 0 and (4.5) holds. Then from (4.5) we have, using integration by 
parts (2.4) and (2.3), 

j i ( t - - s ) m  {K(za(s ) )2[q( s ) -p ( s ) ]  (a(s))I/~MI_U ~ (zA(s) )2}  As  

<_ - ( t - - s ) m ~ A ( ~ ) A s  

= ( t  - t o ) r o w ( t o )  - (-1) m+l ( a ( t )  - s )  ~" ( t  - s ) ' ~ - ~ ' - ~ w ( a ( s ) ) A s  

v=O 

< (t - to)~w(to).  
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Hence, 

t.-.~ N ( t - s )  ~ K(z~'(s))2[q(s)-p(s)] (a(s))l/~(zA(s))2Ml_l/~ As<w(to),_ 

which contradicts (4.10). | 

Note tha t  when z(t) - 1, then (4.10) reduces to 

litmsu p (t - s)m[q(s) -- p(s)] As = c~, (4.11) 

which can be considered as an extension of Kamenev-type oscillation criteria for second-order 
differential equations. When 'If' = IR, then (4.11) becomes 

lira sup 1 f t t--.oc t m ( t - s ) m [ q ( s ) - p ( s ) ] d s = ° ° '  

and when • = Z, then (4.11) becomes 

t--1 

l imsup 1 E (  t _ s)m[q(s) _ p(s)] = oo. 
t--*oo t m 

8 ~ a  

Next, we give some sufficient conditions when (3.1) does not hold, which guarantee that  every 
solution of (1.1) oscillates or converges to zero in [a, oo). 

THEOREM 4.7. Assume (H1)-(HT). Suppose that (3.2) and (3.21) hold. Assume there exists 
a differentiable function z such that (4.1) holds for all constants M > O. Then every solution 
of (1.1) is oscillatory or converges to zero in [a, oo). 

PROOF. We proceed as in Theorem 4.1 and assume that  (1.1) has a nonoscillatory solution such 
that  x(t) > 0 for t > to > a. From the proof of Theorem 4.1, we see that  there exist two possible 
cases of the sign of x z~ it). The proof when x z~ is eventually positive is similar to the proof of 
Theorem 4.1, and hence, is omitted. Now suppose that  xA(t)  < 0 for t >_ tl.  Then x is decreasing 
and limt-.oo x(t)  -= b >_ O. We assert that  b -- 0. If not, then x(a( t ) )  > b > 0 for t _> t2 > El. 
Then there exists t3 > t2 such that  f ( x (g ( t ) ) )  > Kb for t >_ t3. Define the function y by (4.4). 
Then from (4.1), for t :> Ca, we obtain 

yA(t)  < -[q(t)  - p(t)] f(x(a(t)))  <_ -Kb[q( t )  - p(t)]. 

Hence, for t > t3, we have 

y(t)  _< y(t3)  - Kb  [q(s) - p ( s ) ] A s  < - K b  [q(s) - p(s)]  A s ,  
Jr3 t3 

where y(t3) : oi(t3)(xA(t3)) 7 < 0. Integrating the last inequality from t3 to t, we have 

x a,ls) As  <__ -- (Kb)1/~ ~(s) [q(v) - p(T)] A7 As. 

By (3.21), we get 
x ( t )  ~ - c ~ ,  as t - ~  ~ ,  

a contradiction to the fact tha t  x(t) > 0 for t > to. Thus, b : 0 and x(t) --~ 0 as t ~ oo. | 

As in the proof of Theorem 4.7, we can prove the following theorem. 

THEOREM 4.8. Assume (H1)-(HT). Suppose that  (3.2) and (3.21) hold. Assume there ex/sts 
a differentiable function z such that (4.10) holds for all constants M > O. Then every solution 
of (1.1) is oscillatory or converges to zero in In, 0o). 



260 M. BOHNER AND S. H. SAKER 

REFERENCES 
1. S. Hilger, Analysis on measure chains--A unified approach to continuous and discrete calculus, Results Math. 

18, 18-56, (1990). 
2. M. Bohner and A. Peterson, Dynamic Equations on Time Scales: An Introduction with Applications, 

Birkh/iuser, Boston, (2001). 
3. M. Bohner and A. Peterson, Advances in Dynamic Equations on Time Scales, Birkh~user, Boston, (2003). 
4. R.P. Agarwal, S.R. Grace and D. O'Regan, Oscillation Theory for Difference and Functional Differential 

Equations, Kluwer Academic, Dordrecht, (2000). 
5. E. Akin, L. Erbe, B. Kaymakqalan and A. Peterson, Oscillation results for a dynamic equation on a time 

scale, J. Differ. Equations Appl. 7 (6), 793-810, (2001). 
6. M. Bohner, O. Do~l~ and W. Kratz, An oscillation theorem for discrete eigenvalue problems, Rocky Mountain 

d. Math. 33 (4), 1233-1260, (2003). 
7. M. Bohner and S.H. Saker, Oscillation of second order nonlinear dynamic equations on time scales, Rocky 

Mountain J. Math. 34 (4), 1239-1254, (2004). 
8. O. Do.~l:~ and S. Hilger, A necessary and sufficient condition for oscillation of the Sturm-Liouville dynamic 

equation on time scales, Dynamic Equations on Time Scales, (Edited by R.P. Agarwal, M. Bohner and 
D. O'Regan), a Special Issue of J. Comput. Appl. Math. 141 (1/2), 147-158, (2002). 

9. L. Erbe and A. Peterson, Positive solutions for a nonlinear differential equation on a measure chain, Mathl. 
Gomput. Modelling 32 (5/6), 571-585, (2000). 

10. L. Erbe and A. Peterson, Riccati equations on a measure chain, In Proceedings of Dynamic Systems and 
Applications, Atlanta, GA, 1999, Volume 3, (Edited by G.S. Ladde, N.G. Medhin and M. Sambandham), pp. 
193-199, Dynamic Publishers, Atlanta, GA, (2001). 

11. L. Erbe and A. Peterson. Oscillation criteria for second order matrix dynamic equations on a time scale, 
Dynamic Equations on Time Scales, (Edited by R.P. Agarwal, M. Bohner and D. O'Regan), a Special Issue 
of J. Comput. Appl. Math. 141 (1/2), 169-185, (2002). 

12. L. Erbe, A. Peterson and S.H. Saker, Oscillation criteria for second,order nonlinear dynamic equations on 
time scales, J. London Math. Soc. 67 (3), 701-714, (2003). 

13. G.Sh. Guseinov and B. Kaymak~alan, On a disconjugacy criterion for second order dynamic equations on 
time scales, Dynamic Equations on Time Scales, (Edited by R.P. Agarwal, M. Bohner and D. O'Regan), a 
Special Issue of d. Comput. Appl. Math. 141 (1/2), 187-196, (2002). 

14. M. Bohner and G.Sh. Guseinov, Improper integrals on time scales, Dynam. Systems Appl. 12 (1/2), 45-66, 
(2003). 


