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Abstract
We obtain some oscillation criteria forlstions to the nonlinear dynamic equation
*A4 4 q(Ox A + p(O(f 0x7) =0,

on time scales. In particular, no explicit sign assumptions are made with respect to the coefficients
p(), q(t). We illustrate the results by several examples, including a superlinear Emden—Fowler dy-
namic equation.

0 2004 Elsevier Inc. All rights reserved.

Keywords:Dynamic equation; Oscillation; Time scales

1. Introduction

Consider the second order nonlinear dynamic equation

28 4 q)x?” + pt)(f 0x) =0, (1.1)
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wherep andg are real-valued, right-dense continuous functions on a time §tal&,
with supT = co. We also assume throughout thatR — R is continuously differentiable
and satisfies

f'x)>0 and xf(x)>0 forx#£Q. (1.2)

In contrast to most results dealing with second order nonlinear oscillation, we do not make
any explicit sign assumptions gnandg.

For completeness, we recall the followingncepts related to the notion of time scales.
A time scal€T is an arbitrary nonempty closed subset of the real numReaad, since
oscillation of solutions is our primary concern, we make the blanket assumption that
supT = co. We assume throughout tHthas the topology that it inherits from the standard
topology on the real numbels Theforward andbackward jump operatorare defined by

o(t) :=inf{s € T: s > t}, p(t):=supseT, s <t}

where inf := supT and sup = inf T, where@ denotes the empty set. A poine T,
t > infT, is said to beleft-denseif p(r) = ¢, right-denseif ¢ < supT and o () = ¢,
left-scatteredf p(¢) <t andright-scatteredf o (z) > ¢. A functiong: T — R is said to
be right-dense continuougd-continuous) provideg is continuous at right-dense points
and at left-dense points i, left-hand limits exist and are finite. The set of all such rd-
continuous functions is denoted la¥y(T). The graininess function for a time scal€el
is defined byu(¢) := o (t) — ¢, and for any functiory : T — R the notationf° (+) denotes
o).

The assumption (1.2) allows to be of superlinear or sublinear growth, say

f(x)=x¥, y > 0(quotient of odd positive integers (1.3)

In several papers [4,13], (1.1) has been studied with 0 and assuming the nonlinearity
has the property

‘f(x)
X

This essentially says that the equation is, in some sense, not too far from being linear.
In the papers [10] and [11] (see also [8]) it was shown that one may relate oscillation and
boundedness of solutions of the nonlinear equation (1.1) to a related linear equation, which
in the casey () = 0 reduces to

>K forx+#0. (1.4)

x24 £ ap)x® =0, (1.5)

where ) > 0, for which many oscillation criteria are known (see, e.g., [3,4,7,9,12]). In
particular, analogues of the results due to Erbe [6] and others for the continuosed®e
were extended. However, in the papers [10] and [11] it was assumed that the nonlinearity
has the property

J(x)

f’(x) 2 T fOI‘x 5& O (16)

We shall show by means of an example that this condition can be relaxed.
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Throughout this paper, we shall restrict attention to solutions of (1.1) which exist on
some interval of the forniT, oo), whereT, € T may depend on the particular solution. In
Section 2 we present some preliminary results on the chain rule, integration by parts, and
an auxiliary lemma. Section 3 contains the main results on oscillation and several examples
are given in Section 4 as well as a comparison with some previous results.

2. Preliminary results

On an arbitrary time scal&, the usual chain rule from calculus is no longer valid (see
Bohner and Peterson [3, p. 31]). One form of the extended chain rule, due to S. Keller [15]
and generalized to measure chains by C. Pétzsche [17], is as follows. (See also Bohner and
Peterson [3, p. 32].)

Lemma2.1. Assumeg : T — R is delta differentiable off. Assume further thaf : R — R
is continuously differentiable. Thefio g: T — R is delta differentiable and satisfies

1
(fog)?(t) = { / f(g® +hu<r>gﬂ(r))dh}gﬂ(r>. (2.1)
0

We shall also need the following integration by parts formula (cf. [3, Theorem 1.77]),
which is a simple consequence of the product rule and which we formulate as follows.

Lemma2.2.Leta, b e T and assumg?4, g2 € Crg. Then
b b
/ Fle®)g?0) ar=[fg0)], ~ / fA0g) At (2.2)

We also introduce the following condition.
We say that a functiop: T — R satisfies condition (A) if thedllowing condition holds:

t
Iitm inf / g(s)As >0and#0 (2.3)
—>00
T

for all largeT . It can be shown that (2.3) implies eith‘)%?o g(s) As = o0 or that

o] t

/g(S) As:ﬂgo/g(sms

T T

exists and satisfief” g(s) As > 0 for all largeT .
We state the following lemma which gives another simple consequence of condition (A).
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Lemma 2.3. Suppose that satisfies conditiofA). Then given anyp there existgy > Ty
so that
13

/g(s) As >0 forallr > T1. (2.4)

I

Proof. Indeed, if no sucly > Ty exists, then for an§’ > Ty fixed but arbitrary, we define

t
Th=T.(T) := sup{t >T: /q(s) As < 0,.
T

If 71 = oo, then choosing,, — oo such thatf}” q(s) As < 0 for all n, we obtain a con-

tradiction to (2.3). Hence, we must ha¥g < co which impliesf}lq(s) As > 0 for all
t>T1. O

3. Main results

We recall that a solution of Eq. (1.1) is said to @&cillatory on [a, co) in case it is
neither eventually positive nor eventually negative. Otherwise, the solution is said to be
nonoscillatory Equation (1.1) is said to be oscillatory in case all of its solutions are oscil-
latory. We have the following lemma whichescribes the behavior of a nonoscillatory
solution of (1.1) for the case when (2.3) holds. In the statement of the lemma we let
the functionr(¢) (see [3]) be given in terms of the generalized exponential function by
r(t) :=eq4(t,10). If ¢ € R* (i.e.,q is positively regressive), it follows tha{r) > O for all
t > tp and furthermore, may be characteri as the unique solution of the IMP = g (1)x,
x(to) = 1.

Note that after multiplying by (¢), (1.1) may be written as

(r)x)? + pa(t)(f 0x?) =0, (3.1)
wherep1(t) :=r(t)p(2).

Lemma 3.1. Let x be a nonoscillatory solution ofl.1) and assume thap1(¢) satisfies
condition(A), (1.2) holds,g € R*, and

o0

/ 1
— At =00.
r(t)

T
Then there exist®; > T such that

x()x2(@) >0 fort>Ti.
Proof. Suppose that is a nonoscillatory solution of (1.1) and without loss of general-

ity, assumex(¢) > 0 for r > Tp. Since p1(¢) satisfies condition (A), we may assume by
Lemma 2.3 thafly > Ty is sufficiently large so that
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13
/pl(s) As >0 forallt > Ty. (3.2
I

Let us assume, for the sake of contradiction, i) is not strictly positive for all large.
First consider the case wherf'(r) < 0 for all larger. Then without loss of generality
x4(t) <0 forallr > Ty > To. An integration of (3.1) for > T; gives

t

r(t)xA(t)—i-/pl(s)f(xa(s)) As = r(T)x?(T1) < 0. (3.3)

i
Now by the integration by parts formula (2.2) we have

t

[ (o) as
T
t t s
=f(X(t))/p1(S) As — (fOX)A(S)/pl(u)Au As. (3.4)
T T T

By the chain rule (2.1) we have (wihz) = x(¢))
1
(f o)1)= { / f(x@) +hu(t)xA(t))dh}xA(t) <0,
0

since f'(u) > 0 for allu # 0 andx?(r) < 0. Hence, it follows that

t s
/(f 0x)4(s) / p1(u) AuAs <0 (3.5)
Ty Ty

and so from (3.4) we have

1 1

f 1) f(x7(9)) As > f(x(0)) / pi(s) As > 0. (3.6)

T1 T1
Consequently, from (3.3) we have
rxA() <r(Tox®(T) <0, 1>Ti, (3.7)
and now dividing by (z) and integrating (3.7) yields
t
K0 < x(T) (T (1) [ a5 —o (3.8)

I
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which is a contradiction. Hence? (1) is not negative for all large and since we are as-
sumingx 4 (r) is not positive for all large, it follows thatx 4 (1) must change sign infinitely
often.

Make the “Riccati-like” substitution

r(0xA (1)
_ > To. 3.9
O (39

We may suppose thdy > Tp is sufficiently large so that

w(t) =

¢
liminf / p1(s) As >0
—>00

T

holds and is such that(771) > 0 (i.e.,x?(T1) < 0).
Differentiatingw and using the chain rule (2.1) gives

1
w(t) = p1(t) + wz(t)M {/ F(x (@) + hu (x4 (1)) dh}
0

r(t) f(x9(1))
zpi@), t=T,
and this yields
t
w(t) >w(T1)+/p1(s) As, t=T1. (3.10)
i

Now taking the liminf of both sides of (3.10) we have singgr) satisfies condition (A),
that

liminfw(@) > w(T1) > 0,
—>00

which implies thatc# (r) < O for all larger, which is a contradiction to the assumption that
x4 (1) changes sign infinitely often.o

We may now prove our first oscillation result for (1.1).

Theorem 3.2. Assume thap1(¢) satisfies conditiogad), (1.2) holds,g € R, and

o0 1 o0
/%Atzfpl(s)As=oo.
T T

Then all solutions of1.1) are oscillatory.

Proof. Let us suppose thatis a solution of (1.1) and to be specific, suppose tiat > 0
for larger, since the other case is similar. In view of the Lemma 2.3, we may then suppose
also thatc?(r) > 0 fort > T > Tp. Multiplying (3.1) by

_
f (o (@)



M. Bohner et al. / J. Math. Anal. Appl. 301 (2005) 491-507 497

and integrating by parts (Lemma 2.2) fop T gives

t

A - A
rix”® _ / r(s)xA(s)(f—lx> (s) As + / pi(s) As
T T

S (x()
A
S (x(T))
fort > T. We note from the chain rule (Lemma 2.1) and quotient rule that
13 t
ag (L) __/ A (fo)A(s)
T/ T (s)(fox> () ar= J TS O F e )
t 1
:—/r(s)xA(s) /f/(x(s)—i—hpb(s)xA(s))dh () As
] , S x(s)) f(x(o(s)))
<0 (3.12)
since f'(x) > 0, x # 0. Consequently, from (3.11) and (3.12) we have
13
r(0)x(1) / r(T)x*(T)
— As < —————. 3.13
Fonw T POV STETSm (3:13)

T

But now the left side of (3.13) is unbounded and the right side is bounded. This contradic-
tion proves the theorem.o

Theorem 3.2 extends an old result of Fite [14] for the linear second order differential
equationt” + p(t)x = 0 which says that all solutions oscillate if

o]

/p(t) dt = o0.

This result was subsequently extended by a number of authors to the nonlinear ordinary
differential equation and to certain nonlinear dynamic equations on time scales. In the case
T = R, Waltman [18] obtained the Fite result and in the time scales case, this result (the
Leighton—Wintner result [16,19]) may be found in [2] (for the cage) > 0) and in [10]
and [11] with no explicit sign assumption Qi{z).

Our next oscillation result extends a resof Atkinson [1] for the nonlinear second
order differential equation.

Theorem 3.3. Assume thapi(r) satisfies conditiofA), (1.2) holds,g(¢) > 0 (so that
g € R") and that

o]

1
— At = 0.
[

T
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Suppose also that
t

1
limsup— / o (s)p1(s) As = +o0,
t—oo (1)
T
and that the following nonlinearity condition holds

+o0
du

<
f)

(3.14)
+1
Then all solutions of1.1) are oscillatory.

Proof. We may assume, without loss of generality (as in the proof of Theorem 3.2), that
x(¢) is a solution of (1.1) withx (r) > 0, andx?(¢) > O forall > T > 0. We define

t
H(t) .= ,
O=Fcm

then multiplying the first term of (3.1) b¥ (o (t)) and integrating gives

t
/H(U(s))(rxA)A(s) As
T

t
=H®)r)x? () — H(T)r(T)x*(T) —/r(s)xA(s)HA(s) As
T

= H(O)rt)x?(t) — H(T)r(T)x*(T)

1
—s(fox)?
_/r(s)xA(s)<f(x(S)) s(f ox) (S))As
T

Fx() f(x(a(s)))
= H(O)rt)x? (1) — H(T)r(T)x*(T)

! A ! A A
re)x=(s) o H()rs)x7($)(f o X)7(s) ,

) Fxo(s) f(x(o(5)))
T T
Now
FH(s)r(s)xA(5)(f o)A (s) N
f(x(0(5))

F HO A [ [
_ S)r(s)x S , A
=] Tewon (O/f (xh(s))dh>x (s) As > 0,

since f/(x) > 0, where
xp(s) :=x(s) + hu(s)xA(s) > 0.
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Therefore, we get
t
/ H (o (5))(rx®)2(s) As

Fr(s)xA(s)

Ay ATy — | ————=
> H()r(O)x (1) — H(T)r(T)x*(T) J Fae®)

From Eqg. (3.1) we have after a multiplication (o (r)) and an integration
t
/H(cr(s))(rxA)A(s) As—l—/a(s)pl(s)As:O
T T
and so by (3.15) we have after rearranging

t

H@)r)x2@) + / o (s)pi(s) As

T

[ r(s)xAGs)

< H(Mr(Dx(T - 7
(Drmx( )+T @)

Now sincer?(t) = q(t)e,(t, t0) > 0, andx(¢) > 0, it follows that

’ roxte) / x4 (s)
J f(x(cr(s))) s f(x(cr(s)))

We now define the function

G(u) ::/ f:(Ls) ds (uo =x(T) > O),
ug

so thatG’ (u) = 1/f(u). Then by the chain rule (2.1),

1
G(x(®)) h)x2@) > /;dh x2()
f( h(t)) " f(x (o))

sincex;, (1) < x(o (t)), and therefore
1 o 1
fQn@®) ™ fx@@))
Consequently, we have

x4 ()
(G0)* > 7 T

499

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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Now sincex4(s) > 0, we have
lim x(t) ;=L < 0.
t—o0

Therefore,

x(t) L
. . du du
t|l>moo G(x(1) = tILngo =) o= L1 < oo. (3.22)

uo uo

On the other hand, we also have

t
/(G(x(s)))A As = G(x(1) = G(x(T))
T
and so from (3.18), (3.21), and (3.22) we have

F r($)xA(s)

——— As < Lo,
J T ssrla

whereLy := —G(x(T)) 4+ L1. Now using this in (3.17) we get

t

A
H()x? (1) + 1 o (s)pa(s) As < H(D)r(D)x"(T) t Lo,
r(t) r(t)
T
Hence
A A A
tx2(t) Tr(T)x?(T) - Tx4(T) (3.23)

t
1
+ m/a(s)]’l(s) As — Lo <
T

fx(0) r(t) f((1)) ~ f&(T))

(sincer(t) = r(T)).
But now if we take the limsup on both sides of (3.23), we see that the left side is not
bounded above and this is a contradiction. This proves the theorem.

If g(t) =0, then Eq. (1.1) becomes

22 4 p)(f 0x°) =0. (3.24)

In this case we have the following

Corollary 3.4. Suppose thatl.2) and (3.14) hold,
t
limsup | o(s)p(s) As =400
t—00

T
and thatp satisfies conditiofA). Then all solutions 0§3.24) are oscillatory.
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This corollary extends the differential equations result of Atkinson [1] which says that

o
/tp(t)dt =00
implies that all solutions of the equation
"+ p)x? =0

are oscillatory, wherg(z) > 0 and is continuous ofa, +00). Notice that no explicit sign
assumptions omp(¢) are necessary in Corollary 3.4. The extension of the Atkinson result
to time scales was also obtained in [10,11], and, for the p&se> 0, in [2].

If we do not assume the nonlinearity condition (3.14) in the previous theorem, then we
can conclude that all bounded sobris are oscillatory. That is, we have

Corollary 3.5. Assume thap1(¢) satisfies conditiofA), (1.2) holds,q () > 0 and that

]

/ 1
— At =00.
r(t)

T
Suppose also that

t

lim Supi/cr(s)pl(s) As = +00.
t—o0 T(t) g

Then all bounded solutions ¢1.1) are oscillatory.

We next want to show how a generalized Riccati transformation may be used to establish
some additional new oscillation criteria. This idea was also used in [5] and [2]. We shall
first introduce the following condition:

We say that a functiog : T — R satisfies condition (B) if for each > 0 there exists
m > 0 such thag (x) > m providedx > k. This condition says that(x) is bounded away
from O if x is.

The following lemma may be found in [2].

Lemma 3.6. If z andx are differentiable oIl andx(¢) £ 0on T, then

Z2 A z Aq2
SR ON
X X

We shall also need the following result.

Lemma 3.7. Suppose that is a solution of(1.1) and x(r)x?(t) > 0 for all r > T, and
assume and f o x are differentiable functions off with x f (x) # 0, x # 0. If we define

ZZ}’XA

wi= ,

fox
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thenw satisfies

—w? = pi(z

0)2_rxA(zA)z+’xA(fOX)(fox")[< z )AT
(fox)4 (fox)? fox '

Proof. Letx, z, andw be as in the statement of this theorem. Then we have

A (2> _ _( 22 )C'WA)A _ <_2>
fox fox fox
2 \4 A 2 \4
— 2o _ (%2 A _ 2o _ X IAVY
= p1(z%) (fox) rx” = p1(z°) (fox)A[(f x) <fox> }
Now using Lemma 3.6 with replaced byf o x, we get
Z2 A z A2
(fox)A(fox> =(zA)2—(fox)(fox)"[(fox> }

Therefore, using this we have

A A o A2
A ae XAy rAfen)(fon) [z
W= i) — e T [(fox> }

which proves the lemma.n

We can now state and prove the followinguét which replaces #hnonlinear assump-
tion (3.14) by the assumption thgt satisfies condition (B).

Theorem 3.8. Assume thatl.2) holds, f’ satisfies conditioriB), and p; satisfies condi-
tion (A). Assume further that

o]

1
/—At:oo
r(t)

T
and that there exists a differentiable functipsuch that for allK > 0,

t

limsup [pl(z(’)2 — Kr(zA)z] As = +00. (3.25)
11— 00

Then all solutions of1.1) oscillate.

Proof. If not, then there is a solutian such thatx () > 0 for s > Ty for some sufficiently
large To. Then by Lemma 3.1 there isA > To such thatv4(r) > 0 for r > T1. As in
Lemma 3.7, let

ZZ}’XA

wi=
fox
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and note thatv(z) > 0 fort > T1 and from Lemma 3.7,

A, AN\2 A o A2
A_ o2 TX7@7D)S rxf(fox)(fox) b4
—w” = p1(z7) Fox)a + Foma [(fox) i|
A A\2
> p1(z°)% — r();(ii)l (sincex? > 0).

Therefore,

t

- / w?(s) As = —w(t) + w(Ty)

T
t

>/p1(S)(z"(S))2As—

T T

F rxd(zA(s))2

3.26
(f 0x)2(s) (3.20)

Now from the Keller chain rule (Theorem 2.1),

1
(fox)d= ( f f/(xh(t))dh>xA(t),
0

where
X (1) = x(1) + hp()x2 (1) > x(t) = x(Th)

sincex?(t) > 0. Sincef’ satisfies condition (B) correspondingko= x(T1) > 0, there is
anm > 0 such that

f(xn(@®) =>m forallt>T1.

Therefore
A 1 1
(f;Ax) =/f/(xh(t))dh >m/dh=m.
0 0
Hence
x4 1

—— < —, t2>2T1.
= (fox)d " m !
It follows that

t

t
r(S)xA(s)(ZA(S))Z 1 ) ,
_/ (f OX)A(S) AS> _E/r(s)(z (S)) AS,

T i

and so we have from (3.26) that
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13
w(Ty) =2 —w(t) +w(T) = —/wA(s) As

i
t t

1
>/p1(s)(z“(s))2As— Z/r(s)(zA(s))zAs

Tl T]_
t
1
=/[p1(s)(z“(5))2— Kr(s)(zA(s))Z] As (K = E)
4

which leads (using (3.25)) to a contradiction and the proof is complete.

Note that if f (x) = x, then f’ satisfies the condition (B) so Theorem 3.8 applies to the
linear case as well, in contrast to Theorem 3.3.

4. Examplesand remarks

Remark 4.1. In the paper [10] the nonlinearity was assumed to satisfy (1.4) (in [11], (1.4)
was assumed to hold for all largg. In the paper [2] the casg(x) = x¥, y > 1, was
considered which also satisfies (1.4) for.al 0. It is not difficult to give an example of

a function which satisfies the nonlinearity condition (3.14) wifi{x) > 0 andf’(x) > 0

for x # 0, but which does not satisfy (1.4). To see this, defirfer x > 0 by f(0) =0 and
forx >0,andn=0,1,2,...,

F) = x2+f(2n), 2n<x<2n+1,
“lr@+ D)+ G- @n+), 2i+1<x<2;m+2

We then definef (—x) = — f(x) for x > 0. Then itis easy to show that

N

X

f(x)>? forx >3,

and we have

1
f/(X)ZZn——i—Z f0r2n+1<x<2n+2

Hence, liminf_ « f'(x) = 0 so condition (B) does not hold, but (3.14) does. Hence,

[ % < 00, i.e., (3.14) holds, but (1.4) does not hold.

Example4.2. We letg(r) =0 and

B(=1)
t):= , teT=N,
p() P + p €
whereg, A > 0, 0< o < 1. We note that
o

So(s) A kk+D)  an gen,

t =
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in the sense that for any9¢ < 1 there existgv > 1 such that

o
1_8<”a2 1 <1+£

o kk+1) S o«
k=n

foralln > N. Also, we have

[
S
t

Therefore, ifA /o > B, thenp(¢) satisfies condition (A). Also, as above, one can show that

00 Ak
— Z( D gi
k% nv

k=n

¢ ¢
—oo =lim inf/a(s)p(s) As <limsup | o(s)p(s) As = o0 (4.2)
=00 1—00
a a

providedi < 8(1— «). Hence, if
Ba<i<p(l—oa),

and if (1.2) and (3.14) hold, then all solutions of
X444 p()(foxT)=0

are oscillatory ofN by Corollary 3.4. Note that this includes the superlinear case, but does
not treat the linear and sublineaase. It turns out that one can also apply Theorem 3.8 to
this example as well iff’ satisfies condition (B), say instead & 14). However none of

the references can be applied since in all of thegg is assumed to be positive.

Example4.3. Let T = ¢, 4 > 1, and consider the-difference equation

xA4 4 p(t)(f 0x%) =0, (4.2)
where f satisfies the nonlinearity condition (3.14). Assume thatd < 2, let
g 1-1
- qa+l+ 1’

and assume further that> 0 and O< ma < A. Define

1 n n
p(t) :=t—a()\+ﬁ(—1) ), t=q"€T.

Then we have

00 o (1)

00 o] 00 2 1 k
f pe)As=) f P& As =) pliop) =) %(q - Dq"
tn k=n g k=n k=n

=@—-D) (A +B=D" g

k=n

C@=D¢" B(=1)"
- qn(afl) qo:fl -1 qa+l —-1)
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Notice that this last expression is nonnegative since

r_g¥ -1

— > =m

,3 qa+l +1

Hence,p(r) satisfies condition (A). Consider next

ty n

k+1)\ _1k
/cr(s)p(s)As:Z" (;f( D 4 - ngt

1 k=1

=q(g -1 ) g% +B(-D").

k=1
It follows that limsup_, fl’ o (s)p(s) As = o0, and so all solutions are oscillatory on
T = ¢™o by Corollary 3.4. Note also that if @ » < 8, we have

In

n— oo

In
—oo =lim inf/a(s)p(s) As <limsup | o(s)p(s) As = co.
n—o0
1

Again we notice thap(r) is not eventually of one sign in this example so the criteria in the
references do not apply.

Example 4.4. As a final example for the case wh@ris the real intervall, co), suppose
f satisfies (1.2), and the nonlinearity condition (3.14). Let

_ A B sint
p([) = tlta 1o

9

wherea, a, B are all positive numbers and satisfy
Ba <X, O<a<l (4.3)

Then one can show thjlf>o p(s)ds > 0 for all larger. Moreover, we also have

t
limsup | sp(s)ds =+o0,

t—0o0
a

sincex > 0. If, in addition,A < 8(1 — @), then we also have
t

|iminf/sp(s) ds = —o0.
—00

a

Therefore if (4.3) holds, then all solutions of the nonlinear differential equation-
p(®) f(x) =0 are oscillatory oril, co) by Corollary 3.4. This may also be deduced from
Theorem 3.8 by choosingt) = /7.
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A Bsint

p(t) == ) + 0

’

then as above () satisfies condition (A) ifh, 8, a1, a2 are positive numbers satisfying
0 <o <a2 <1 with A/ag > B if a1 = a. Moreover, lim Sup_)ooflt sp(s)ds = +o0,
sincea; < a2 < 1 and so oscillation af” + p(z) f (x) is a consequence of Corollary 3.4
(or Theorem 3.8), where we again assufgatisfies (1.2), (3.14).
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