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Abstract

In this paper we establish some new oscillation criteria for a second order nonlin-
ear delay differential equation of Emden—Fowler type with damping term. These
results extend and improve some of the well-known results in the nondelay case.
Our results in the delay case are new and can be applied to new classes of equa-
tions which are not covered by the known criteria for oscillation. Some selected
examples are provided.
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1. Introduction

In this paper we are concerned with the oscillation of all solutions of the second order
nonlinear delay differential equation with damping term

(az')'(t) + p(t)a’(t) + q(t)|x(g(t))'sgna(g(t)) = 0 for t€ [to,00),  (1.1)
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where

a,p,q,9 € C([tg,0),RT), X >0, tli}rgog(t) =00, a(t) >0, g(t) <t, ¢(t) > 0.
(1.2)
Our attention is restricted to those solutions of (1.1) which exist on some half line
t.,00) and satisfysup{|z(¢)| : t > T} > 0 foranyT > t¢,. We make a standing
hypothesis that (1.1) does possess such solutions. A solution of (1.1) is said to be os-
cillatory if it has arbitrarily large zeros, and otherwise it is called nonoscillatory. An
equation itself is called oscillatory if all its solutions are oscillatory.

Oscillatory and nonoscillatory behavior of solutions for different classes of linear
and nonlinear differential equations of second order of types

2" (t) 4 q(t)|x(t)|*sgnz(t) =0 for t € [ty, 00), (1.3)
(ax")'(t) + q(t)x(t) =0 for t € [ty, 00), (1.4)
(az)'(t) +q(t) f(2(t)) =0 for t € [ty,00), (1.5)
(ax")'(t) + p()x'(t) + q(t) f(z(t)) =0 for ¢ € [tg,o0) (1.6)

has been studied by many authors, we choose to refer to these in [4,9-11, 13,17, 25,
26,28-33,35-50]. Discrete and dynamic versions of these equations have been studied
as well, see e.g., [3,5-8]. The averaging function method is one of the most important
techniques in studying oscillations. Using this technique, many oscillation criteria have
been found which involve the behavior of the integral of the coefficients. In the study
of the oscillatory behavior of the Emden—Fowler equation (1.3), many criteria involve
the behavior of the integral af. In the linear case, i.e., when= 1, six of the more
important oscillation criteria for (1.3) are

lim — / / v)dvds = oo (Wintner [44]) (G)

t—oo t

/ a(t) = (Leighton [35] @)

(1) htmmf // v)dvds > —o0
(i) limsup — // v)dvds = oo
t—o0

lim 1 /t(t —5)"q(s)ds = o0 forsome n e N\ {1} (Kamenev [31]) (Q)

n
t—oo t to

(Hartman [28]) (@)
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(. I
() limsup — [ (t—s)"q(s)ds < o0
t—o0 to

t

(i) lim suptin (t—s)"q(s)ds > A(u) forall wu >t (Yan [48]) (G)

t—o00 to

(i) /too A% (t)dt = co, where A, (t) = max{A(t),0}

( 1 ! h%(t, s)
lim su H(t,s)q(s) — ——%| ds = o0,
D ) /to { (t, s)q(s) 1

whereH : D := {(t,s) : t > s >t} — R is continuous with

H(t,t)=0fort >t, and H(t,s)>0fort>s >t (Philos [40])

and has a continuous and positive partial derivativéonith

_aH(;z"S) = h(t,s)\/H(t,s) forall (t,s)e D,

(whereh : D — R is a continuous function.

(Co)
However, ifq(t) = t% then (1.3) reduces to the well-known Euler equation
u(t) + t%u(t) —0 for t>1. (1.7)

Note that none of the above mentioned oscillation criteria can be applied to (1.7). In fact,

. . . L1 . .
the Euler equation (1.7) is oscillatoryuf > — and nonoscillatory it/ < 1 (see [36]).

Butler [9] proved that the Wintner criterion (Lis sufficient for the oscillation of (1.3)

in the superlinear case, i.e., when- 1. In the sublinear case, .. < A < 1, Kamenev
[29] relaxed condition (Q to (C) (ii). In [42], Willett showed that the condition ($

(ii) is not sufficient for the oscillation of (1.3) whexn> 1. However, if (G) holds, then
(2.3) with A > 1 is oscillatory (see Wong [45]). Butler [9] proved that in the sublinear
case the condition

L o L o ©)
liminf—/ /qsdsdt<limsup—/ /qs dsdt C
T—o0 T to to T—o00 T to to !

is a sufficient condition for the oscillation of (1.3). Wong [47] proved that for the sub-

linear case )

1 T t
lim sup —/ [/ q(s)ds} dt = o0 (Cx)
T—o0 T to to
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implies oscillation of (1.3). Recently Li and Yan [38] proved that for the superlinear

case, if
t

1
hmsupt— (t—s) q(s)ds = oo forsome o« > 1,

t—o0

(Cy)

t—o00

hmmf—/ (t — 5)%q(s)ds > —co forsome 3 >1,

then every solution of (1.3) oscillates. Coles [10,11], Kamenev [29,30] and Willett [43]
extended the criteria in the linear case by considering weighted averages of the integral
of ¢ of the form

1 t T
At to, 0,q) = ft s /to o(T) /t0 q(s)drdt,

whereg is positive and locally integrable, but not integrable [@noco), and proved that
the condition
tlir& A(ta th ¢7 Q) =0 (Clo)

is a sufficient condition for the oscillation of (1.3) when> 1 (for the definition of
locally integrable functions see Willett [43]). Leighton [35] considered (1.4) and proved

that if o gt 00

then every solution oscillates. Willett [43] used the transformation

o (/too %) - and u(t) =7 'y(t)

and established a new version of Leighton’s criterion and obtained the following oscil-
lation criteria: If

/t:o ao(lt) < oo and /t:op(t) (/too %)th — 00, (Co)

then every solution of (1.4) oscillates. Note that the oscillation criteria given by Leighton
and Willett cannot be applied to the equation

%(tzu’(t)) +pu(t) =0 for t>0, (1.8)

wherey is a positive constant. Yu [50], Li [36], Kong [33], Li and Yeh [37] used the
generalized Riccati technique and gave several sufficient conditions for oscillation of
(1.4), which can be applied to (1.8). In fact Li [36] proved that every solution of (1.8)

oscillates ifu > 7
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In the study of the differential equation (1.5), many criteria for oscillation exist
which involve the behavior of the integral @f however the common restrictions,

namelyq(t) > 0, f'(u) > 0 and/ = oo on the functions;, f anda are re-

guired. As examples of this study we C|te the papers of Bhatia [4], Grace and Lalli [17],
Graef, Rankin and Spikes [25] and Graef and Spikes [26].

Presence of the damping term in (1.6) requires modification of approaches to the
study of the oscillatory properties of solutions. A number of oscillation criteria for
(1.6) can be found, for example, in the papers by Grace [13-15], Grace and Lalli [16—
24], Kirane and Rogovchenkov [32], Li, Zhang, and Fe [39], Saker, Pang and Agarwal
[41], Yeh [49]; however the common restrictigii(u) > k > 0 is required, which is
not applicable to the differential equation (1.1) because of the above restriction on the
function f.

Considerably less is known about the oscillation of the nonlinear delay differential
equation of Emden—Fowler type (1.1) wheft) = ¢. Grace and Lalli [24] and Grace
[14] used the averaging technique that was used in [23], and extended the condition
(Cyo) to (1.1). The results of Grace and Lalli [24] and Grace [14] are formulated as
follows:

Let ®(¢,ty) denote the class of positive and locally integrable functions, but not in-
tegrable, which contains all the bounded functionstfort,. Let p € C*([to, 00), RT),
¢ € @, and for anyl’ > t,, define

ot T) = / B(s)ds, () = ——— . A(t) = a(t)(t) — p(t)o(t).

and

A7) = s [ 000) [ plwatududs

Theorem 1.1. (see [14, 24]) et g(t) = t. Suppose there exist functiogse ®(t, ;)
andp € C'([ty, 00), R™) such that

v(t) >0 and +/(¢t) <0 for &> to,

hggf/ o(s)g(s)ds > —o0, /

and

o Sl T
/ (s, T) )ds =oo forsome T >t, and pe (0,1).
T V<3>T)
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thm Ad)(t, T) = 00, (C15)
then every solution of (1.1) oscillates for all> 1.

Theorem 1.2. (see [14, 24]).et the assumptions of Theorem 1.1 hold, and let the
differentiable functiorp be defined by

p(t) = exp </t: %ds) for ¢ >t,.

Then every solution of (1.1) oscillates for alk> 0.

For the oscillation of other various functional differential equations, we refer the
reader to the monographs [1,2,12,27, 34].

In this paper we are interested in extending and improving Theorems 1.1 and 1.2
to a broad class of second order nonlinear delay differential equations of the form (1.1)
by using a technique similar to that exploited by Grace [15], Philos [40], Saker, Pang
and Agarwal [41] and Yan [48] to derive some new oscillation criteria for (1.1). Our
criteria cover new classes of equations to which the above known results do not apply.
Throughout this paper, we assume that the coefficients are all positive functions. The
problem wherp andq take different signs still is open due to the delay. The relevance
of our theorems becomes clear due to a number of selected examples. It is interesting to
study the second order Emden—Fowler delay differential equation because it has several
physical applications, see, e.g., [46].

2. Main Results

In this section we extend and improve Theorems 1.1 and 1.2 to (1.1) with delay, establish
some new oscillation criteria for oscillation of (1.1), and present some Kamenev-type
and Philos-type theorems for oscillation. It will be convenient to make the following
notations for the remainder of this paper. In the sequel, when we write a functional
inequality we will assume that it holds for all sufficient large values of

Let ®(t,¢y) denote the class of positive and locally integrable functions, but not in-
tegrable, which contains all the bounded functionstfort,. Let p € C*([ty, 00), RT),
¢ € O(t,ty), and for anyl” > ¢, let
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and

A1) = s [ 900) [ platuauds

T

Theorem 2.1. Assume (1.2) and suppose there exists C* ([ty, o), R") such that

sz (MDY <o <o o iz @D
o0 o0 1 S
/to p(s)q(s)ds = oo, /to 5)a) /to p(T)q(T)drds = oc. (2.2)
If
tlim Ayt tg) =00 forsome ¢ € O(t,t), (2.3)

then every solutior of (1.1) oscillates or satisfiegt) — 0 ast — oo forall A > 1.

Proof. Letx be a nonoscillatory solution of (1.1), and, without loss of generality, we
assume that(t) > 0 andxz(g(t)) > 0 for ¢ > ¢,. Define the function

_ a2t
w(t) = p(t) a(0) for t>t. (2.4)
Then it follows from (1.1) that fot > t;
"y z'(1) @ ()2 (g(1))
w'(t) = —p(t)q(t) + v(t)xx(g(t)) — Aa(t)p(t)g (ﬂm- (2.5)

Now note that (1.1) and(t) > 0 imply for ¢ > ¢,

(ax)'(t) + p(t)2'(t) <0, e, % {exp (/tlt %ds) a(t):c’(t)} < 0.

exp (/tj %dg) a(t)x'(t)

is eventually decreasing and hence eventually of one sign, and ther&fioris eventu-
ally of one sign. This allows us to consider the following two possible cases.

Thus

Case i’ > 0 on|t;, o) for somet; > t,. Sincez’(t) > 0 andg(t) < ¢, we have
x(t) > x(g(t)) for t>t;. (2.6)

Also from (1.1) sincer/(t) > 0, we have(az’)'(t) < 0 for ¢t > ¢; so that the function
ax’ is nonincreasing, and hence

a(t)x'(t) < a(g(t))x'(g(t)) for t>t. (2.7)
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Combining (2.5) and (2.7), we get for> ¢,

, PO Apg) (o) Y’
w'(0) < ~plt)alt) + (1) () e

2 (g(1)) a(g(t)

wherej = At 1. Also by using (2.6), (2.7) and the fact thétt) > 0 for ¢t > ¢, (2.8)
implies that fort > t;

L 2Male(®) #'(g())g'(t) _ Aa*(B)p(t)g' () (9@"(15))2
a(t)g'(t) — a(g(t)) a(g(t)) '

Integrating this inequality fromy, to ¢ provides

- t s)q(s)ds " (s)alg(s) '(9(s))g'(s) s
w(t) < wit) = [ peats+ [ LD Ty
[P (s)p(s)g' () ((2'(s) ) .
/tl a(g(s)) (3;6(3)) ds. (2.9)

By the second mean value theorem for integrals (observe/thatg)/(ag’) is nonneg-
ative and decreasing by (2.1)), fop t, there existg € [¢;,¢] so that

/t v(s)alg(s)) 2'(g(s))g'(s) 4 V(t)alg(tr)) /C 2'(9(3))9'(s)

als)g(s) 2gls) alt)g(h) (g(5))
_t)alg(t)) [ M
a a(t1)g'(t1) /(g(tl)) d
= O Tt )~ )]
< (Aﬁtlgzgfl(;;,)()tl)x“(gﬁfl)) = K. (2.10)

Thus, fort > ¢, we find from (2.9) that

t " Aa?(s)p(s)g'(s) (@'(s) ) .
w(t)+/tl p(s)q(s)ds+/tl a(9(?) (xé(s)) ds < K+w(t) = L, (2.11)
and hence, since(t) > 0, we have
()9 () (2N o [ oseteds
[ () o< [ ontons <
Thus forN := L/ > 0, we have

[ (F) v o
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By the Schwarz inequality

[l < (L) (1= () )
(s)

Hence

and therefore

2170 ()| < M{l + (/ttﬁ(s)d«?)é} forall ¢ >t,

where M := max{|z'~*(;)|, (1 — §)V/N}. Furthermore, agim g(t) = oo, we can
assume that there exists> ¢, such thay(t) > T for all t > T'. Hence

{ o) 2
1210 (g(t))| < M1+ (/ n(s)ds) forall t>T.

Substitution of this inequality into (2.8) and using the definition of the fundtiam, T°)
yields

/ /V(t) )‘W(taT) 2
w'(t) < —p(t)q(t) + p(t)a(t)w(t) Sy (t) for t>T. (2.12)
Now, by integrating, we easily obtain
w(t) +/T %uﬂ(s)ds < w(T) —/T p(s)g(s)ds. (2.13)

Multiplying (2.13) by ¢(t) and integrating fromI" to ¢ provides

0< /T gb(s)w(s)ds%—% /T 4(s) /T W, Ty (u)duds < a(t, T)w(T)—Ay(t, T)].

Using the condition (2.3), we see that the right-hand side of the last inequality tends to
—oo ast — oo, a contradiction.
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Case Il:2’ < 0 on|t;,c0) for somet; > ¢,. In this case we havtﬁm z(t)=c>
assert that = 0. If not, thenz(g(t)) > ¢ > 0 fort > t, > t,. Thenz*(g(t)) > ¢* for
t > t5. Define the function: by
u(t) = p(t)a(t)x'(t) for > t,.
Differentiatingu and using (1.1) provides
() < —p(t)g(t) — pH)p(t)a'(t) Tor ¢ > 1.

Hence for allt > t,, we have

uwswm—&/mm@w—/mmmw@w

to t2

By the second mean value theorem for integrals (observepthegt nhonnegative and
decreasing by (2.1)), for anty> ¢, there existg € [to, t] with

¢

/p@ﬂ@%f®ﬁwﬂWMWQ/Oﬁﬁmwép®m%ﬂ%)

to to
So, for everyt > t,

mwsc—&/p@awm

to

whereC' = u(ty) + p(t2)p(te)z(t2). Therefore, from condition (2.2), we can choose
ts > to such that for alt > ¢35

A

c t t C)\ t
ut) <5 [ ooutsas—c [ pslatsas ==F [ poats)as

- 2 to to
i.e.,
i [ ot
() < —————— [ p(s)g(s)ds.
0= =5 e J "
Integrating the last inequality and using (2.2), we gmﬁ x(t) = —oo, Which is a
contradiction. Ther = 0 and henc?im x(t) = 0.

The case where is eventually negative is dealt with similarly. We conclude that every
solution z of (1.1) oscillates or satisfies(t) — 0 ast — oo. This completes the
proof. |

Theorem 2.2. Assume (1.2) and suppogealefined by

p(t) = exp (/tt %ds) for t>tg (2.14)
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satisfies (2.2), (2.3), and
(ap’ +p*)(t) <0 forall t>t,. (2.15)
Then every solution of (1.1) oscillates or satisfiegt) — 0 ast — oo for all A > 0.

Proof. Clearly,p € C*([to, 00),R"). From the definition op, it follows that~(t) = 0

for t > to. Thus the first two conditions in (2.1) are satisfied. The last condition in (2.1)
is satisfied due to (2.15). By Theorem 2.1, the claim holds fok all 1. However, the
part of the proof (2.10) of Theorem 2.1, wheye> 1 was used, is not needed anymore
due toy(t) = 0 for all ¢ > ¢4, and thus the claim holds for all > 0. [ ]

Remark 2.3. Theorems 2.1 and 2.2 extend and improve Theorems 1.1 and 1.2.
The following examples illustrate our main results.

Example 2.4. Let A > 1 and consider the delay differential equation

% (%x’(t)) + 2t1\/%a:’(t) + % (2 +2i08t) A(t/2)sena(t/2) =0 for £> 7.

(2.16)
1 1 t 1 1 2+ cost
Herea(t) = o, plt) = 5.z 0(0) = .9(0) = 5 > 0.a(t) = (275 ) and
to = g We choose(t) =t ando(t) = % Then
2t R Y(®alg(t) 2 R
a(t,m/2) = ln? 7@—2—\/1—5207 wg® VE p<t)p<t)_2_\/¥’
| st = [ 2;%@2 Vi Vh

t 1 S
/tOM/ plralryirds > | \/_(\/’—\/_) 5= 1 —2/Iol + 1o,

to

and

Atz oy [LE- v =0 g

to

Hence all conditions of Theorem 2.1 are satisfied, and thus every solutbii2.16)
oscillates or satisfies(t) — 0 ast — oo, forall A > 1. Note that none of the oscillation
criteria mentioned in Section 1 can be applied to (2.16).

Example 2.5. Consider the differential equation

x”(t)—l—%x’(t)—klx(t):o for ¢>1. (2.17)

t2
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Herea(t) = 1, p(t) = % g(t) =t,¢(t) =1>0,q(t) = -, andt, = 1. We choose
_ "pls) L) 1
p(t) = exp (/1 a—S)ds) =tand¢(t) = —. Then

1 _
t)=0 t.1)=Int, at)=-. W(t.1)= —
=0, alt)=Int, ()=, Wt1) =

and

t
v(t,1) = for t>ty=1.

[\

Now we can easily prove that farc (0, 1)

tah(s 1 £ 9 (In 5)" ‘1
/a(s, )ds:/ (Ins) d3:2/—(1ns)“2ds7ﬁ>oo as t— oo.
2 2 2

v(s, 1) s(In s)? s

. 1 .
Hence Theorem 1.2 cannot be applied to (2.17) whén = 7 But one can easily

prove by Theorem 2.2 that every solutiorof (2.17) oscillates or satisfiegt) — 0 as
t — oo. One such solution of (2.17) ist) = sin(Int).

The following theorems improve the above results.

Theorem 2.6. Assume (1.2) and let be such that (2.1) and (2.2) hold. If for some
T >ty and for allM > 0

. : M? (s) N
hrtriigp /to (p(S)q(s) 4 (a(s)p(s) )\W(S,T)) ) ds = 0o, (2.18)

then every solution: of (1.1) oscillates or satisfiegt) — 0 ast — oo forall A > 1.

Proof. Letz be an eventually positive solution of (1.1), say¢) > 0 andx(g(t)) >
0 fort > t;. The case where is eventually negative is dealt with similarly and is
omitted. As in the proof of Theorem 2.1, we can check thats a fixed sign eventually.
Condition (2.3) is not needed in the casét) < 0 eventually, and therefore this case
leads to a contradiction as in Case Il of the proof of Theorem 2.1. Now we consider the
caser/(t) > 0 fort > t;. Again, definingw as in (2.4), we obtain (2.12) as condition
(2.3) was not used in this part of the proof of Theorem 2.1. Define

M? 7(t)

Q(t) = p(t)a(t) — 4 2RO T

Then from (2.12), we have

V(t) w(t) o )‘W(t7 T) wQ(t) . %2 72(t)
p(t)a(t) M? 4 a?(t)p?() AW (t,T)

_ () oM (0 2
_ ( 1), 2 (a(tw) AWW))) 0. (219)

w'(t) + Q) <
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Then integrating the inequality (2.19) fromto ¢ provides

! M? (s) ;
/T (p(s)q(s) - (a(s)p(s> AW(&T)) ) ds <w(T) —w(t) <w(T),

which contradicts (2.18) and completes the proof. [ |

Next, we present some oscillation results for (1.1) by using integral average condi-
tions of the Kamenev-type (&

Theorem 2.7. Letn € Ny. Assume (1.2) and let be such that (2.1) and (2.2) hold. If
for someT” >ty and for allA/ > 0

lim suptln (t—s)" (p(s)q(s) — MTQ (a(s)p(s)V(?W(sz)> ) ds = 0o, (2.20)

t—o0 to
then every solution: of (1.1) oscillates or satisfieg¢) — 0 ast — oo forall A > 1.

Proof. Proceeding just as in the proof of Theorem 2.3, we arrive at the inequality
(2.19). Then

0 > / (t—s)"[w'(s) + Q(s)]ds

to
t

- n/ (t — )" tw(s)ds — w(ty)(t — to)™ + / (t—9)"Q(s)ds

to to

> / (t — 5)"Q(s)ds — wlto)(t — to)"

to

so that . .
5 [ = 9raas < (5)
tr S, t
which contradicts (2.20) and completes the proof. [ |

Theorem 2.8. Letn € Ny. Assume (1.2) and suppogelefined by (2.14) satisfies (2.2)
and (2.15). If

t

lim suptln (t—35)"p(s)q(s)ds = 0, (2.21)

t—o00 to

then every solution: of (1.1) oscillates or satisfiegt) — 0 ast — oo for all A > 0.

Proof. As in the proof of Theorem 2.2, it follows thatt) = 0 for ¢ > ¢, and that
(2.1) is automatically satisfied. Moreover, (2.20) reduces to (2.21). By Theorem 2.7,
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the claim holds for alh > 1. However, as in the last part of the proof of Theorem 2.2,
it follows that the claim actually holds for all > 0. [ |

Next we present some new oscillation results for (1.1) by using integral average con-
ditions of the Philos-type (§. Following Philos [40], we introduce a class of functions
R. Let

Do ={(t,s): t>s>ty} and D={(t,s): t>s>ty}.
The functionH € C'(D, R) is said to belong to the clagg if
() H(t,t) =0fort > ty, H(t,s) > 00on Dy;

(I H has a continuous and nonpositive partial derivativelgrwith respect to the
second variable such that

_OH(ts) _ )\ H(t,s) forall (t,s) e Dy.

" 9s

Theorem 2.9. Assume (1.2). SupposE € R and letp be such that (2.1) and (2.2)
hold. If for someT” > t, and for allAM > 0

' t M2Q2(t, 8) _
11Itriiljp i) /to [H(t, s)p(s)q(s) — W T) ds = o0, (2.22)
where
Qt.5) = hit,s) ~ ) JH(E.5)

p(s)a(s)

then every solution: of (1.1) oscillates or satisfiegt) — 0 ast — oo forall A > 1.

Proof. Proceeding just as in the proof of Theorem 2.1, we arrive at (2.12). In order to
simplify notation, we denote

g ) W (s.7)
71(s) 9)a(s) and Wi(s) = Tz
Then from (2.12) for alt > T', we have
0 > / H(t,5) [0/(5) + p(s)a(s) — (s)w(s) + Wi(s)w?(s)] ds

= _H(t,to)w(t0)+/ h(t,s)\/ H(t,s)w(s)ds

[ (0.5 [s)als) = (sh(e) + Wa(s)ut(s)] ds
= / H(t,s)p(s)q(s)ds — H(t,to)w(to)

+/ { H{(t, s) [h(t’ s) = mn(s) H(t“g)} w(s) + H(t, S)Wl(s)wz(S)} ds

to
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_ / H(t, $)p(s)a(s)ds — H(t,to)w(to)
y {l (NI
' 1Q%(t,s)
> /to {H(t, s)p(s)q(s) — 1) }ds—H(t,to)w(to)
so that . . Lo
i L {0t - 5 pas < vl
which contradicts (2.22) and completes the proof. [ |

Theorem 2.10. Assume (1.2). Letd € R and suppose defined by (2.14) satisfies
(2.2) and (2.15). If for som&' > ¢, and for allM > 0

_ 1 ! M?R*(t, s) B
h?isogp At /to {H(t, s)p(s)q(s) — m} ds = o0, (2.23)

then every solutior of (1.1) oscillates or satisfiegt) — 0 ast — oo for all A > 0.

Proof. The proof follows immediately as in the proof of Theorem 2.8 by noting that
(2.22) reduces to (2.23) whertt) = 0. [ |

The next two results follow easily from Theorem 2.9 and Theorem 2.10.

Theorem 2.11. If the assumptions of Theorem 2.9 hold except that (2.22) is replaced
by

lim sup

t—oo

1 LAt
/ H(t,s)p(s)q(s)ds = oo and lim sup T / I?/(( 7;))ds < 00,
» L0 S,

t—o00

then every solution: of (1.1) oscillates or satisfiegt) — 0 ast — oo forall A > 1.

Theorem 2.12. If the assumptions of Theorem 2.10 hold except that (2.23) is replaced
by

lim sup

t—oo

1 " Rh%(t, s)
H(t,s) ds = oo and lim su "ds < oo,
/ (s) ol H(t,1g) Jyy W(s,T)

then every solution: of (1.1) oscillates or satisfieg¢) — 0 ast — oo for all A > 0.

The following two oscillation criteria treat the case when it is not possible to verify
easily conditions (2.22) and (2.23).
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Theorem 2.13. Assume that all the assumptions of Theorem 2.9 hold except (2.22).
Further, letH € R and assume that

0 < inf [lim inf < o0. (2.24)

s>to t—oo H(t,to)

9]

Lety € C([ty, >0),R) be such that fot > ¢, andT" > t,

t 2 t, . .
%(;))d“oo’ h?iiilp/to U (s)Wals)ds = 00, (2.25)

lim sup
t—o0 H(t7t0) t

0

and

whereQ(t, s) is as in Theorem 2.9 and, (¢) = max{(t),0}. Then every solution
of (1.1) oscillates or satisfiegt) — 0 ast — oo forall A > 1.

Proof. We proceed as in the proof of Theorem 2.9, and the remainder of the proof is
similar to that of [41, Theorem 5.2] and hence is omitted. |

Theorem 2.14. Assume that all the assumptions of Theorem 2.9 hold except (2.22). Let
H € R and assume that (2.24) holds. Suppose there exists a fugictiofi([ty, ), R)
such that fort > ¢, andT" > t, (2.25) holds,

h?iilolp H(tl, o) /to H(t, s)p(s)q(s)ds < oo,
and
lim su / t (H(t )p(s)q(s) — Q2<t’5)) ds > (T
ol H(t 1) )y, P AWy(s)) = ’

whereQ(t, s) is as in Theorem 2.9 and, (¢) = max{«(¢),0}. Then every solution
of (1.1) oscillates or satisfieqt) — 0 ast — oo forall A > 1.

Proof. The proofis similar to that of [41, Theorem 5.2] and hence is omitted. W

Remark 2.15. For the choiceH (t,s) = (t — s)" andh(t,s) = n(t — s)™ ?/2, the
Philos-type condition reduces to the Kamenev-type condition. Other choidésirof

clude P
H(t,s) = (m f) and h(t,s) = — (m f)

S S S
or more generally,
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t

wheren € N\ {1} andf € C([ty, ), R") satisfiestlim % = oo, and
T Jtg u

H(t,s) = (¢! —e)" and h(t,s) = ne* (¢! — )"/,
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