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OSCILLATION OF SYMPLECTIC DYNAMIC SYSTEMS

MARTIN BOHNER! and ONCREJ DCSLY 2
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Abstract

We investigate oscillatory properties of a perturbed symplectic dynamic system on a time
scale that is unbounded above. The unperturbed system is supposed to be nonoscillatory,
and we give conditions on the perturbation matrix, which guarantee that the perturbed
system becomes oscillatory. Examples illustrating the general results are given as well.

1. Introduction

We consider the symplectic dynamic system
2* =8t)z, (1.1)

that is,S is a symplectic and rd-continuous 2 2n matrix-valued function and* is
the delta derivative of (see Section 2 below and [5, 6, 14]), along with its perturbation

22 =St +8t)z (1.2)

which is also supposed to be symplectic. Recall from [12] éhistcalled symplectic
if

STHOT +TSH) +u®)ST(1)JSt) =0 forallteT, (1.3)

whereT is the time scale under consideratiofi, = ( 9 }) and the superscript
stands for the transpose of the matrix indicated. Since we are concerned with the
oscillatory behaviour of the systems (1.1) and (1.2), we assumd tisatnbounded
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above. After a shortintroduction in Section 2 on time scales calculus for those readers
unfamiliar with that topic, we collect in Section 3 the main properties and definitions
connected with symplectic systems. Section 4 is then devoted to the main results of
this paper. Assuming that (1.1) is nonoscillatory, we give conditions that imply that
the perturbed system (1.2) is oscillatory. The concluding Section 5 contains some
examples illustrating the main results of the paper.

Our results are quite general as systems (1.1) contain a variety of important sys-
tems as special cases, for example, linear Hamiltonian differential systems, linear
Hamiltonian difference systems, Sturm-Liouville differential equations (of any order),
Sturm-Liouville difference equations (of any order), self-adjoint matrix differential
systems, self-adjoint matrix difference systems and symplectic difference systems.
Our oscillation criteria presented in Section 4 are new even in many of these special
cases, as will be seen in the last section.

2. Preliminaries about time scales

In this short section we give some preliminaries on time scales for those readers
unfamiliar with the calculusacently developed by Stefan Hilger [14] (see [5, 6]). A
time scal€eT is an arbitrary nonempty closed subset of the reals (unbounded above for
the purpose of this paper), and an associ&tedard jump operatow : T — T and
agraininessu : T — [0, co) is defined by

o) :=inf{seT:s>t} and u() =o(t) —t.

A pointt € T with o (t) =t is called right-dense whileis referred to as being right-

scattered ilb (t) > t. The backward jump operator and left-dense and left-scattered

points are defined in a similar way. A functidn: T — R is said to bed-continuous

denoted byf € C, if it is continuous at each right-dense point and if there exists a

finite left limit in all left-dense points. The (deltdgrivative f 2 of f is defined by
fo(t) — f(s)

fA@) = ISiLn ————— where U) =T\ {o(t)].

t —
seU(t) G(t) S

The derivative and the shift operator are related by the useful formula
fo=f4+uf® where f7:=foo.

We will also make use of the following product and quotient rules for the derivative of
the productf g and the quotient /g (wheregg® # 0) of two differentiable functions$
andg:

B fog— fgo

f A
(fg)* = f2g+ f°g® and (—)
g g g g 97
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Fora, b € T and a differentiable functior, the Cauchy integral of 4 is defined by

b
/ fA) At = f(b) — f(a),

and improper integrals are defined as

o0 t
/ f(s)As:tIim/ f(s) As.

Note that rd-continuous functions possess antiderivatives and hence are integrable.
Hilger’s existence theorem for initial value problems with first-order linear equations
says that, given an rd-continuous and regressive (thatdsu(t)P(t) is invertible

for all t € T) matrix-valued functiorP, there is exactly one solution of tliynamic
systenz® = P(t)z that satisfies a given initial conditiat,) = z,.

ExXAvMPLE 2.1. In casd = R we have

b b
ot)y=t, ut)=0 =1, / f(t) At = f f(t)dt,
a a
and symplectic (differential) systems (1.1) are of the form (pate = 0 in (1.3))
Z =Ht)z, whereJH is symmetric, thatis7H = H'J"

(these are the so-called linear Hamiltonian differential systems). In the case when
T = Z we have (where we denote the forward difference\dyt) = f(t +1) — f(t))

b b—1
o) =t+1, pt)y=1 f{*=Af, /f(t)At:Zf(t),
a t=a

and symplectic difference systems (1.1) are of the form (nétg = 1 in (1.3))
z(t +1) = S)z(t), whereS is symplectic, thatisS' 7S = 7.

Note that while these two examples nicely exhibit thefication feature of time
scales calculus. Thextensionfeature of this calculus can be seen from using an
arbitrary nonempty closed subset of the reals as the time scale, for example, the set of
all nonnegative integer powers of a numiger 1 (note tha (t) = gt in this case,

and dynamic equations on such time scales are cgdlditference equations), a union

of closed intervals, the Cantor set, the set of all squares (or roots or etdeof
nonnegative integers, the set of all integer multiples of a nurnbel0, the set of all
harmonic numbers, and many more.
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3. Basic properties of symplectic systems

In this section we recall some basic facts concerning symplectic dynamic systems
(1.1). As mentioned in the previous section, a symplectic dynamic system is a first-
order linear dynamic system whose coefficient matrix satisfies (1.3). This identity
implies that the matrix + «(t)S(t) is symplectic for each e T, that is,

(I +uS'TA+u8) =T

holds onT. This last identity is equivalent tol + uS)7 (1 + uS)" = 7, so
a symplectic dynamic system can be also characterised as a system (1.1) whose
coefficient matrix satisfies

SOT +TSTM) +u®OSHIS (1) =0 forall t eT. (3.1)

If we write S = (& §) with n x n matrix-valued functions\, B, C andD, then (1.3)
and (3.1) read

C-CT+u(ATC-C'A)=0, C-C"+u(CD'—DC") =0,
B"—-B+u(B"D—-D"B) =0, B"—B+u(AB" —BA") =0, (3.2)
AT+ D+u(ATD-C'™B)=0, A+D"+u(AD" —BC") =0.

Next, if Z andZ are two 21 x n matrix-valued solutions of (1.1), then" 7Z is a
constann x n matrix (this is a so-called Wronskian-type identity). A solutiéns
said to be aonjoined basisf rank Z = nandZ".7 Z = 0. Oscillatory properties of
(1.1) are defined using the concept of focal points. nAx2n matrix-valued solution
Z of (1.1) haso focal pointin the intervalZ = (a, b] C T if X(t) is invertible at all
dense points € 7 and if

KerX°(t) c KerX(t) and X(t)(X°(t))'B(t) >0

on Z* (here, T denotes the Moore-Penrose generalised inverse). The system (1.1)
is calleddisconjugateon Z if the solutionZ = () given by the initial condition

X(@) = 0 andU (a) = | (the so-called principal solution of (1.1) a} has no focal
points inZ. System (1.1) is calledonoscillatoryif there existsT € T such that it

is disconjugate onT, T,] for everyT; > T, and it is said to bescillatory in the
opposite case.

In our treatment we will also need the concept of the principal and nonprincipal
solution of (1.1) abo as introduced in [11] and studied in [3]. System (1.1) is said to
beeventually controllabléf the trivial solutionz = (}) = (§) is the only solution for
which x = 0 eventually. If (1.1) is eventually controllable and nonoscillatory, then
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the first componenX of any conjoined basig& = (} ) is eventually nonsingular, and
for everyT € T there exists; > T such that the matrix

t
/ (X)) M)B()(XT) (z) At
g

is positive definite whenevdr > t;. Among all conjoined bases of an eventually
controllable and nonoscillatory symplectic dynamic system one can distinguish the
so-calledprincipal solutionat oo, which is the conjoined basig = (Ej) with the
property that

tIim XT)Xt) =0 (3.3)

for any conjoined basiZ = () for which the (constant) matrig".7 Z is nonsin-

gular. Any conjoined basiZ = (Z}) for which Z7.7 Z is a nonsingular matrix is
called anonprincipal solutioratco. Note that the principal solution ab is uniquely

determined up to a right multiplicative constant nonsingualas n matrix factor, and
that (3.3) is equivalent to

t -1
tIL”Jo (/ (X)) Y0)B() (X)) (1) Af) =0. (3.4)

When investigating oscillatory properties of (1.1), a fundamerti® is played by

the so-called Reid roundabout theorem, which relates oscillatory properties of (1.1)
to solvability of a certain associateddeati-type equation and to positivity of the
guadratic functional

b

F(z;a,b) = / Z' (M {ST(MK + KS@) + n(n)S (1HKS (1)} z(r) At
a

with £ = (93), over the class of pairs = ({) such thatKz* = KS(t)z and

x(a) = x(b) = 0. This roundabout theorem for (1.1) was established in the recent

paper [16]. Here we use only a part of this roundabout theorem, which is formulated

in the next proposition (in a slightly modified form; compare with [12] or [16]).

ProOPOSITION3.1. Suppose that for evefly € T there exists a paiz = (}}) such
thatx ¢ Crld[T, 00),U € Cy[T, 00) piecewisex”® = A(t)x+ B(t)u, suppx C [T, o00)
(thatis,x(T) = O and there exist3; > T such thatx(t) = O0fort > T;) and

F(zT,00) = /sz O {STOK + KS(1) + n(@)ST(1)KS (1)} 2(r) At

T

< 0.

Then(1.1)is oscillatory.
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Note also that fot§ = (é B) andz = (}) the functional¥ (z; a, b) takes the form

. “Lx\T (CTU + 1A uC™B X
f(x,u,a,b):/a {(u) ( LBTC (I+,uD)TB> (u) (1) At.

We conclude this section with a result concerning a certain transformation of
(1.1); see [12]. LeH,K : T — R"™" be G,-matrices such thaltl is nonsingular
andHTK = KTH, that is, the matrixk = (i 7, ) is symplectic. Consider the
transformatiorz = R zof the symplectic dynamic system (1.1), which transforms (1.1)

into the system

Ol >|
O| ;|

2 =8tz with S= ( ) , (3.5)

which is again symplectic, and the matricksB, C andD are given by the formulas

(H)"'(H* — AH + BK)

(Ha)—lB(HT)—l

(K)T(H* — AH — BK) — (H?)"(K* = CH — DK)
(HA _D'H° —_ BT Ka)T(HT)fl'

A
B
C
D

Consequently, |(L>,<) is a solution of (1.1) such that is nonsingular, settingd = X
andK = U, we haveA = 0 andC = 0 (this is obvious) and = 0 (this follows
from the fact that (3.5) is again symplectic, that is, (3.2) hold&pB, C andD).

4. Oscillation criteria

Throughout we assume that the perturbation mairirom (1.2) is of the form

= 0 0
S=(wo S um owe): (4.1)

Let us briefly explain why we choos® of the form (4.1). First we require that the
admissibility equation for the quadratic functional corresponding to (X2}, =

K(S + &)z, is independent of, that is,KSz = 0 and hences = (2 2). This
requirementis perhaps not strictly necessary, but it is reasonable from the application
point of view as we will see in the last section. Another requirement is that the

perturbed system (1.2) is again a symplectic dynamic system, that is, (1.3) and (3.1)
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must hold. This means that

CT(l 4+ uA) = (I +uATC,

(I + uACT = uBDT,

uDTB = uBTD, (4.2)
C( +uD") — (I + uD)CT = w(DCT —CD"),

DT(I +uA) = uBTC.

If w = 0, then obviouslyD = 0 andC = W is a symmetric matrix. Now suppose
w # 0. Then the fact that + uS is symplectic implies

(0 +uA +uD) —u?BC" =1 and rankl + nA, uB) =n.

Hence, sincél + uA)uB" = uB(l + AT,

nBT
Ker(l + nA, uB) =1Im (—(I —HLA)T)'

Now, the second identity in the first line of (4.2) implies that

¢ BT
~ ] €lm H ,
-D —(I + AT
that is, there exists amx n matrix W such that
DT =uB™W and CT = + pA W.

Substituting this into (4.2), we find th&Y must be symmetric, and then all identities
in (4.2) are satisfied.

Now we are ready to present our oscillation criteria for systems (1.2). We first
give conditions that imply, assuming nonoscillation of (1.1), that the perturbed system

(1.2) is oscillatory.

THEOREM4.1. Suppose thafl.1) is nonoscillatory and eventually controllable,
and let(}) be its principal solution ato. If

Wt) <0 forlargeteT (4.3)
and if there exists a paif%) : T — R such that

XeCy UGeCq X*=X)'BXDH™0, (4.4)
and
/ (AT (XHBXT) M+ XT(X)TW XK} (1) At = —o0, (4.5)

then(1.2)is oscillatory.
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PrROOF. Consider the transformatian= Rz of (1.2) with R = ( x5):). This
transformation preserves the oscillatory behaviour of (1.2) and transforms (1.2) into

0 B
NA _ hd - ~
z _<W MWB) % (4.6)

whereB = (X?)"1B(XT)~* andW = (X?)TW X°. To prove that (4.6) is oscillatory
(and hence that (1.2) is oscillatorgccording to Propdison 3.1 it suffices to construct
for everyT € T a pairz = () such thatx® = Bu, x € CL, u € Cq piecewise
on[T, co), suppx C [T, o) andf(x, u) < 0, where

~ <[/mx\"/ W uwWB X
.7:(X, U) =/r {(U) (,ugTW §+H«2§TW§> (U)} (T) AT
= /Oo {UTBu+ (X + uBW) W(x + uBw} (1) At
T
= /m{uT§u+(x")TV_\/x"}(r) At.
T

Define the pair};) by

Q ift<T
y () if telT,t]
<u> =1() if teltt)]
(7)) if telt,ts]
Q) if t>t,

whereT e T is arbitrary,t; > t, > t; > T wil be specified later anﬂxui) and (;‘;)
are solutions ok® = Bu satisfyingx,(T) = 0, X;(t) = X(ty), %»(t,) = X(t,) and
X(t3) = 0, that is,

ty -1
X1(1) =< B(r)m> (/ §(‘L’)A‘L’> X(ty),
T
uq(t) =< B(‘L’)A‘L’) X(ty),
ts -1
xz(t)_< B(r)m> (/ §(‘L’)A‘L’> X(ty),
to

-1
U(t) = — (/ B(‘L’)A‘L’) X ().
tz
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Note that controllability of (1.1) implies thaﬁ B(r)Ar is really invertible ift is
sufficiently large. Then

Fx,u) = /
g

t3
+/ (Ul Bus + 0) "W ) (¢) At

t2

ty -1 ts
< X" (ty) ( / §(r)Ar> X(ty) + X7 (t) ( / §(r)Ar> X(t)
T to

t2
+/ {0"Bd + (X)TWX"} (1) At.
ty

ty

to
{ul Bu, + (x))TWx } (1) At +/ {0"BU+ (X)TWX’} (v) At
ty

Here we have used (4.3). Now let- 0 be arbitrary and, > T be fixed. According
to (4.5),t, > t; can be chosen in such a way that

tz
/ {GT Bl + (x)7 _)?a} (t) At < —)?1T (t) (/
ty T

Finally, since(zf) is the principal solution of (1.1), we have

t -1 t -1
(/ §(‘L’)A‘L’> = (/ {XH*BXN) ™} (0) A‘L’) — 0 ast— oo,
to t2

and hencé; can be chosen such tha(t,) ( ftf B(r) A7) %(t,) < &. Summarising
the previous computations we see thaik,u) < 0if T < t; < t, < tz are chosen as
above, and hence (4.6) is oscillatory. This means that (1.2) is oscillatory as well.

ty

-1
§(r)m> %1(t) — €.

Our next result offers another oscillation criterion for (1.2).

THEOREM4.2. Suppose that4.3) holds and lef(}) and (%) be as in Theorerd.1;
however, instead of4.5)we assume that the integral
/ {0"Bd + (X)TWX"} (1) At

is convergent. Moreover, we suppose that

-1

t
X7 (t) (/ §(‘L’)A‘L’> X(t) - 0 ast— oo. 4.7)

_ STH{oTBO+ (x)TWR} (1) AT
limsup=— e — <
t—o00 XTt) (/) B(r)AT) X(t)

-1, (4.8)

then(1.2)is oscillatory.
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PrOOF. First note that the lower limit of integration in the integral in the denom-
inator of (4.8) is not important. Indeed, sin(:g(t B(r) At) - 0ast —» oo and
(4.7) holds, we find forang, b e T

i KO, B(mAT) XM _ .
= gT @) ( fi Br)AT) TR()

We use the sam(é‘u) as in the proof of Theorem 4.1. Using the computation given
there, we have

ty

-1 ts -1
Fx,u) < X" (t) f §(‘L’)A‘L’> K(ty) + X7 (t,) ( f §(‘L’)A‘L’> X(t,)
to

T

to
+/ {0"BU + (X)TWX’} (v) At
t . .
— Xty ( / B(r)m) K(t) {1+ 'y + T},
T

where

t2 ~T§~ Jo TWNU A
Iy = e {a UT(_X ) Xfl}(T) i and TI'p:=
XT(t)( [ B(r)AT) X(ty)

() ([0 B(D)AT) 'K(t)
KTt (f7 B()AT) Rt

Now, lete > 0 be such that the limit superior in (4.8) is less thah— 3¢. The point
t; > T is now chosen such that

Jo{aTBa 4 (x7)TWx} (v) AT

— — <—-1-2¢
XT(t) (f; B(m)AT) X(ty)

andt, > t; such that
JE{aTBa + (X)TWX?} (1) AT

- = —— < —-1-—¢.
XT(t)(f7 B(r)AT) "X(ty)

Finally, we taket; > t, such that

X7 (t)(
XT (1) (

B(1)AT) (L) <

I, =
i B(r)AT) X(ty)

€.

t.
J
A

T

This is possible sincéfé §(1)Ar) 1 Dast - oo. Altogether, for thesd; >
t, > t, > T we haveF(x, u) < 0 and hence (1.2) is oscillatory.
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If instead of the principal solution of (1.2) ab we use its nonprincipal solution at
oo, then we get the following result.

THEOREM4.3. Suppose tha@.3)holds, let(}) be a nonprincipal solution of1.1)
at oo, and let(%) be as in Theorerd.2 Moreover, we suppose that

00 -1
tIim T (1) (/ §(‘L’)A‘L’> X(t) = oo. (4.9)
—00 t

_ [H{aTBU+ (%)WK} (1) AT
limsup —— T
t—00 XTM)( [ B(r)AT) X(b)

< -1, (4.10)

then(1.2)is oscillatory.

ProOF. First of all note that sinc({f) is the nonprincipal solution of (1.2) ab,
the matrix integral

/oo B(r) At = /oo {XHBXT) M} (v) At

is really convergent [11]. We use again the computations from the proof of Theo-
rem 4.1. For the pai(/‘u) defined in the proof of that theorem we have

t

-1 t3 -1
Fx,u) < 5" (t) f §(‘L’)A‘L’> K(t) + X' (tp) ( f §(‘L’)A‘L’> %(tp)
to

T

to
+/ {0"BU+ (X)"TWX"} (1)AT
t1 . 9
= X"(tp) (/ §(r)Ar> X(t) {1+ '3+ Ty},
to

where

t2 ~T§~ V2 TWNU A
;.= f“ {u UT(_X) Xfl}(T) i and Iy:=
KT()( [, B()AT) "X(t)

KT (t) ([7 B(0)AT) 'R (ty)
KT () ([0 B(D)AT) 'K(t)

Lett; > T be fixed ance > 0 be such that the limit superior in (4.10) is less than
—1— 3¢. By (4.9) and (4.10)t, > t; can be chosen in such a way that

JE{UTBE + (%) TWX"} (1) At

— — — <—-1-2¢
XT(L)( [, B(mAT) X(tp)
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and

KT (t) ([ B()AT) R (t) _.
KT () [ B()AT) " X(t)

Finally, we take; > t, such that

_ JEA{aTBE + (%) TWR} (1) AT 4.
KT (1) ([ B(1)AT) 'K(t)

and also

KT (t) ([ B()AT) TR (t) -,

[y = - s = -1
KT () ( [, B(n)AT) X(t)

Consequently, forthesg > t, > t; > T we havef'(x, u) < 0 and hence (1.2) is
oscillatory.

5. Examples and applications

In this section we present some corollaries and examples for applications of our
general oscillation criteria given in the previous section.

(i) The formulation of Theorems 4.1-4.3 simplifies if the r(é)rappearing in these
theorems is of the fornﬁg), wherev € R" is a constant vector. We formulate this
simplification for Theorems 4.1-4.2; Theorem 4.3 simplifies accordingly.

COROLLARY 5.1. Suppose that4.3) holds and let(j) be as in Theorem4.1-4.2
If there existe) € R" such that

/ vVTW(T)vAT = —00
or

< -1,

o0 . . TW .
/ v"W(T)vAT > —00 and limsup J :’_ (t)v 711
oo T ([ B(DAT) v

then(1.2)is oscillatory.

PrOOF. The statement follows immediately from Theorems 4.1-4.2 taking into
account that (4.7) is satisfied fé(t) = v due to the fact thaﬁj) is the principal
solution of (1.1).
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(ii) Here we consider the cae= R, thatis,u = 0. In this case (1.2) is the linear

Hamiltonian system
X\’ A B X
() =(efw ) () 6

with symmetric matrice8, C and W. Oscillatory properties of (5.1) in the case
when A = 0 (using the variational method presented in Section 4) were investigated
in [8]. In that paper only the possibilitff) = () with a constant vector € R" was
considered, so the results of Section 4 are new even for linear Hamiltonian differential
systems.

(iii) The higher-order Sturm-Liouville differential equation

Ly) == (=D (r,()y”)"” =0

v=0

with r,(t) > 0 can be written (using a suitable substitution) as the linear Hamiltonian
system

X' = A(t)X + B(tu, u =C(t)x — A" (t)u
with

1 fj=i4+1 1<i<n-1

At) = (@j)1<ijzn, Where a; = i
(t) = (&j)1<i,j<n ! {0 otherwise

andB(t) = diag{0,0,...,0,1/r,(t)} andC(t) = diag{re(t),... ,r,_1(t)}. Oscil-
latory properties (with applications in the spectral theory of differential operators) of
the equation

Ly) +aqt)y=0 (5.2)

viewed as a perturbation of the nonoscillatory equatigg) = 0 were investigated

in several recent papers, see for example, [9, 15] and the references given therein.
Writing (5.2) as a linear Hamiltonian system (5.1), the perturbation méliriis of

the special formW = diag{0,0, ..., 0, q}. Using our method, one can investigate
oscillatory properties of the equation

m

L(y) + M(y) =0, where M(y) =) (-1 (q.®y™)"”

v=0

with gy (t) > 0 andm < n. In this case the perturbation matki is

W = diag{do, ... , Gm, 0,0, ... ,0}.
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If the operatoM is of higher or equal order thdn, that is,m > n, then this perturba-
tion does not fit into our setting. However, in applications, the perturbation operator
is usually of lower order than the original one, and it is also a partial justification why
the perturbation matri$ is of the form as considered here.

As an example of the application of this general idea to fourth-order differential
equations we give the following oscillation criterion.

COROLLARY 5.2. Consider the fourth-order differential equation

Y = (@®)Y) + Gt)y =0 (5.3)
with g;(t) < 0andgy(t) < 9/(16t*) eventually. If there exist;, ¢, € R such that

o0 9
/ {q1<r><h/<r>>2+(qo<r>— >h2<r>}dr=—oo, (5.4)

1674
whereh(t) = c;t®v19/2 4 c,t¥2, then(5.3)is oscillatory.

ProOOF. As the “unperturbed” nonoscillatory equation we take the fourth-order
Euler equation

9
ua o — 0' 55
Y' - 15aY (5.5)
Equation (5.5) has solutions
yi(t) = tCVI2 yt) =132, §y(t) = t92logt,  §(t) = t@HVI02,

By a direct computation one can verify that

Yi Y2 Y1 Yz

is the principal solution of the linear Hamiltonian system corresponding to (5.5), and
(5.3) can be written as a system (5.1) with

(01 (00 _ (9/16) 0
=0 o) o= 1) (" o)

. 9
W) = d|ag{q1(t), Go(t) — rﬁt“} :

and

We takex(t) = candi(t) = 0 withc = (2;) and apply Theorem 4.1. Then

v v ! ! 9
XTWK = cTXTW Xc= (C1Y; + CoYo)°th + (C1Ys + CoYo)? (qo — Tw) ,

and (4.5) reducesto (5.4).
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Note that for the sake of simplicity in the previous corollary we used Theorem 4.1
(with the special choice® = ¢ andd = 0). Computing explicitly the expressions

1

t -1 00 -
¢’ (/ {xls(xT)l}(r)> ¢ and ¢’ (/ {Xls(XT)l}(r)> c
t

with
00 o V1 )72>
e and X = ~ ~
(0 1) (yi Y5

(the functionsy;, and ¥, are given in the previous proof), one can also formulate
oscillation criteria which are special cases of Theorems 4.2—-4.3. These reformulations
yield new results even for the special equation (5.3).

(iv) Now we deal with the discrete cae= Z. In this case, (1.2) reduces to the
symplectic difference system

Zir = (I + S0z (5.6)

Basic properties of solutions of (5.6) (for example, the Reid roundabout theorem)
have been established in [1, 2]. However, oscillation criteria for general symplectic
difference systems (in terms of the coefficient matrites A, B, C and| + D

of (5.6)) have not been established yet; so the results of Theorems 4.1-4.3 are also
new for systems (5.6). We refer here to the papers [4, 7, 10, 13, 15, 17] and the
references contained therein, where oscillatory properties of special cases of (5.6) like
discrete Hamiltonian systems or higher-order Sturm-Liouville difference equations
are investigated.
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