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Abstract

In this paper, by using the Riccati techniques and algebraic inequalities, we will
establish some oscillation criteria for a second order half-linear dynamic equation
on a discrete time scale.
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1. Introduction

The theory of time scales, which has recently received a lot of attention, was introduced
by Stefan Hilger in his PhD thesis [17] in order to unify continuous and discrete analy-
sis. Not only can this theory of so-called “dynamic equatiousify the theories of
differential equations and difference equations, but also it is abdatendthese clas-

sical cases to cases “in between”, e.g., to so-caHdidference equations. A time scale

T is an arbitrary closed subset of the reals, and the cases when this time scale is equal
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to the reals or to the integers represent the classical theories of differential and of dif-
ference equations. Many other interesting time scales exist, and they give rise to plenty
of applications, among them the study of population dynamic models. A book on the
subject of time scales by Bohner and Peterson [6] summarizes and organizes much of
the time scale calculus (see also [1, 7]).

In recent years there has been much research activity concerning the oscillation and
nonoscillation of solutions of dynamic equations on time scales. We refer the reader to
the papers [2-5,8-15, 20].

For the oscillation of dynamic equations on discrete time scales, Akin—Bohner and
Hoffacker [4] considered the second order dynamic equation of Emden—Fowler type

w22 (t) + q(t)a7 (o (t)) = 0

and established necessary and sufficient conditions for oscillation of all solutions when
~v > 1and0 < v < 1 which cannot be applied in the case wheg- 1. Following this
trend, in this paper we consider the second order half-linear dynamic equation

(r(z®)M)2 () + p(t)2"(t) = 0 (1.1)

on the time scal& which contains only isolated points and is unbounded above and
r andp are defined ofl. A point is isolated if it is left-scattered and right-scattered.
Throughout this paper we assume that

r(t) >0, p(t)>0, and ~ > 1isaquotientof odd positive integers. (H)

We shall also consider the two cases

<At
/to W =0 (12)
and o A

By a solution of (1.1) we mean a nontrivial real-valued functiosatisfying equation
(2.1) fort >ty > a for somety, > a > 0. Our attention is restricted to those solutions
of (1.1) which exist on some half line,, o) and satisfy

sup{|z(t)|: t >to} >0 forany ty>t,.

In this paper we use the Riccati transformation technique and the Hardy, Littlewood and
Polya [16] and Jianchu [18] inequalities

27—y >y Yo —y) forall z>y>0 and y>1 (1.4)

and
27—y >2'(x—y)? forall x>y>0 and y>1 (1.5)



Oscillation of Second Order Half-Linear Dynamic Equations 207

to obtain some new oscillation criteria for (1.1) when (1.2) or (1.3) holds on time scales
with isolated points.

The paper is organized as follows: In the next section we present some basic de-
finitions concerning the calculus on time scales. In Section 3 we develop a Riccati
transformation technique to give some sufficient conditions for oscillation of all solu-
tions of (1.1), subject to the condition (1.2). When (1.3) holds, we present some con-
ditions that ensure that all solutions are either oscillatory or convergent to zero. Our
results can be applied to different discrete time scales, for example, WhenNj,

T = hNy := {hk: k€ No}forh > 0, T = ¢ := {¢*: k€ Ny} for¢ > 1, and
others.

WhenT = N, our results improve the result established by Thandapani, Ravi and
Graef [21] for the second order difference equation

A(r(t) (Az(t)") + p(t)x7(t) =0 for t e Ny, (1.6)
whereAz(t) = x(t+1)—x(t). WhenT = hNy with h > 0 andT = ¢"° with ¢ > 1, our
results are essentially new for the general second order half linear difference equation

Ap(r(t) (Apx(t)”) +p)2?(t) =0 for t € hN, (1.7)

whereA,z(t) = (z(t + h) — z(t))/h and for the second order half-linegdifference
equation
A (r(t) (Agz()) +pt)a(t) =0 for te g, (1.8)

whereAx(t) = (z(qt) — x(1))/((q — 1))

2. Some Preliminaries on Time Scales

A time scal€T is an arbitrary nonempty closed subset of the real numRe&ince we

are interested in oscillatory behavior, we suppose that the time scale under consideration
is not bounded above. On any time sc@leve define the forward and backward jump
operators by

o(t):=inf{seT: s>t} and p(t):=sup{seT: s<t}.

A pointt € T is said to be left-dense [f(t) = ¢, right-dense itz(t) = t, left-scattered
if p(t) < t, and right-scattered i¥(¢) > ¢. The graininess functiop for a time scale
T is defined byu(t) := o(t) — t. For a functionf : T — R (the rangeR of f may be
actually replaced by any Banach space) the (delta) derivative is defined in such a way

et Flo(t) — 10

N AC —
if fis continuous at andt is right-scattered. If is not right-scattered, then the deriva-
tive is
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provided this limit exists. A functiorf : [a,b] — R is said to be rd-continuous if
it is right continuous at each right-dense point and there exists a finite left limit at all
left-dense points. A simple useful formula is

7= f+pnf> where f7=foo. (2.1)

We will make use of the product and quotient rules for the derivative of the prgduct
and the quotienf /g (wheregg® # 0) of two differentiable functiong’ andg

Ag— fg*

A
(f9)* = 89+ f76° = fg* + /> and (g) _/ — (2.2)

Fora,b € T and a differentiable functio, the Cauchy integral of* is defined by

b
/ FAOAL = F(b) — f(a).

An integration by parts formula reads

b b
/f(t)gA(t)AtZ[f(t)g(t)]z—/ FAt)gla(t)At,

and improper integrals are defined as
) b
/ F(H)AL = lim / FAL

Note that in the cas& = R we have
b b
o) =pt)=t. f2=r. [ rwse= [ s

In this paper we concentrate our work on discrete time scales, for exampé, ¢"°.
Now leta, b € T with a < b. In the casél' = N, we have

o) =t+1a0=1. 2= [ g0a=3 fw)

in the casdél' = hN, we have

b b/h—1
o) =t4h pl)=h fP=2uf. [ A=Y bfh)
a v=a/h
and in the cas@& = ¢"° we have

log, b—1

o(t)=qt, p(t) = (q—1t, > =471 / FOAM=(g—1) > ¢"f(q").

v=log, a
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3. Main Results
Throughout this paper, we use the notation
K, =max{K,0} forall K €R.

In this section, by using the Riccati substitution and the inequalities (1.4) and (1.5) we
establish some new oscillation criteria for (1.1) wheir 1 and then we deduce some
oscillation criteria for equations (1.6)—(1.8). A solutiomf (1.1) is called oscillatory if

for anyt, € [a,00) there exists, € [t;, 00) such thate(t2)z(o(t2)) < 0. The dynamic
equation (1.1) is called oscillatory if all its solutions are oscillatory. If the solutids

not oscillatory, then it is said to be nonoscillatory. The solutide nonoscillatory if it

is eventually positive or negative, i.e., there exist& [a, co) such thate(t)z?(t) > 0

forall ¢ € [t;, 00).

3.1. First we Consider the Case When (1.2) Holds

Theorem 3.1. Assume that (H) and (1.2) hold. Furthermore, assume that
r2(t) >0 forall teT (3.1)
and there exists a positive differentiable functiosuch that

lim sup /at d(s)p(s) — r(;)g’(yif?;)(;? As = o0. (3.2)

t—o00

Then every solution of equation (1.1) is oscillatory|anco).

Proof. Suppose to the contrary thais a nonoscillatory solution of (1.1). Without loss
of generality, we may assume thais an eventually positive solution of (1.1) such that
x(t) > 0forallt > t, > a. We shall consider only this case, since the substitution
¥ = —ux transforms equation (1.1) into an equation of the same form. In view of (1.1)
we have

(r (#*)) (1) = —p(t)a"(t) < 0 (3.3)

for all t > t,, and sor(z®)" is an eventually nonincreasing function, hence is either
eventually nonnegative or eventually negative. Suppose there exists, such that
(r(z®)")(t,) =: ¢ < 0. Then from (3.3) we have(z2)7)(t) < (r(z>)7(t,) = cfor all

t > t; and hence

1 1 l/
22 (t) < en (%) forall ¢ >t

which implies by (1.2) that

1\~
— ] As— —oc0 as t— oo,

w(t) < a(ty) + ¢ / e

t1
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which contradicts the fact that(t) > 0 for all t > t,. Hencer(z*)” is eventually

nonnegative. Therefore, we see that there is sgmach that
z>0, 22>0, (r(z®))* <0 on [t,o0).

Define the functionv by

on [tg,00).

Thenw(t) > 0 for all ¢t > ¢, and using (2.2) yields that
Wt = (2) 4 Ly
x x '
Using the calculus from Section 2, we obtain

w = 0 + ey

x”

768 — §(x7)A
Y (27)7 '
In view of (1.1) and (3.6), we find

0% d(r(z2)7)7 (27)?
A o
w™ = —ip+ 5o (@) .

From (2.1) we have
(%) — a7

o
By using the inequality (1.4), we obtain

(27)" — a7
7 Iz
It follows from (3.7) and (3.8) that
0%+, 8(r(a®)n)oyar e
w’ —
4 Y (xo)Y
Now we show that (3.1) and (3.4) imply that

8% <0 on [ty 00).

= (7).

(a7)% =

w? < —op +

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

We assume there exists> ¢, with z22(¢) > 0. Then we find, by using (2.2), (3.1),

(3.4), and (1.4), that
0> (r(@®))™ (1) = () (#2(1)" + 17 (t) [(22)]

(12 (1) = gy (E70) = @00
> () [@]* (1) = () -
> ety IR oo
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a contradiction. Hence (3.10) holds. Thif$ is positive and nonincreasing. Using this,
we have fort > 2t

t

2(t) = 2(to) + / 25(5)As > / P ()5 = (£~ 1o)a(1) > L (1),

to to

and this implies that oft,, o0) we have

v—1
2?7t > h(2®)77!, where h(t) =~ (%) fort € T. (3.11)
By the last part of (3.4), we have

ro 1/
5 > (rl)/v (z2)°. (3.12)

It follows from (3.11) and (3.12) that o, o)
v T R > h(2?) > h ((xA)U)W. (3.13)

r

Substituting (3.13) in (3.9) and using (3.4), we obtain

52) ho
A ( +,0 o2 14
w™ < —dp + 50 w (50)2T(w ) (3.14)

Using the fact thatwu — Bu® < o?/(43) for 3 > 0, we conclude from (3.14) that

wh < — [5]) _ %] . (3.15)

Integrating (3.15) front, to ¢, we obtain

—w(ty) < w(t) —w(to) < —/ [5(8)1?(5) - Lh(s)é

to

which yields

As < w(ty)

/ [6<s>p<s> - e L.

for all t > t,. This is contrary to (3.2). The proof is complete. [ |

From Theorem 3.1, we can obtain different conditions for oscillation of all solutions
of (1.1) by different choices af. For instance, lei(t) = ¢ for t € T. By Theorem 3.1,
we have the following result.
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Corollary 3.2. Assume that (H), (1.2), and (3.1) hold. Furthermore, assume that
t
limsup/ {sp(s) r(s) } As = 0.

t—o0 23—V~ 87

Then every solution of (1.1) is oscillatory ¢ o).
The following theorem gives the Kamenev-type oscillation criteria for (1.1).

Theorem 3.3. Assume that (H), (1.2), and (3.1) hold. If there exists a positive differen-
tiable functionsé such that

t 2

lim sup tim (t— s)™ [5(5)p<s) -

t—o0 a

r(s) ((62(s))+)

23=7y57710(s)

As = 00 (3.16)

for some oddn € N, then every solution of (1.1) is oscillatory ¢m co).

Proof. The proof is similar to the proof of [20, Theorem 3.2] by using the inequality
(3.15) and hence is omitted. [ |

From Theorem 3.1, we can give sufficient conditions for oscillation of (1.1) on any
discrete time scale. For example, in light of the formulas given at the end of Section
2, we can deduce the following oscillation criteria for equations (1.6)—(1.8). The corre-
sponding Kamenev-type oscillation criteria can be deduced from Theorem 3.3.

Corollary 3.4. Assumer(v + 1) > r(v) > 0 andp(v) > 0 for all v € Ny such that

> o = o

v=0
Furthermore, assume that there exist positive numiessfor all v € Ny with
t _ 2
lim sup Z {(5(1/)]9@) . T(V)(((S(V + 1) 5(”))-"—) - 00

t—oo T 23_7’7V7_15<V)

Then every solution of equation (1.6) is oscillatory.

Corollary 3.5. Let h > 0. Assumer(vh + h) > r(vh) > 0 andp(vh) > 0 for all
v € Ny such that

- 1
Furthermore, assume that there exist positive numijers) for all v € N; with
d r(Vh)((6(vh + h) — 6(vh)))?

li 5(vh)p(vh) — -
1rtrii101p;{ (vh)p(vh) 23V =L+ (vh) OO

Then every solution of equation (1.7) is oscillatory.
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Corollary 3.6. Letq > 1. Assumer(¢”™) > r(¢”) > 0 andp(¢”) > 0 forall v € N
such that

o0 v

3 (r(qu — 0. (3.19)

v=0
Furthermore, assume that there exist positive numfiets for all v € Nj with

r(g”)((6(¢"*) — 0(¢"))+)?
25719¢"7(q — 1)%6(¢")
Then every solution of equation (1.8) is oscillatory.

t—o00

lim sup » {q”cS (4")p(q") —

Remark 3.7. Thandapani, Ravi and Graef [21] considered the second order half-linear
difference equation

A((Az(n))") +p(n)x’(n) =0 for n e Ny
and proved that every solution is oscillatory if

> p(n) = cc.

But one can easily see that this result cannot be applied to the discrete half-linear Euler
difference equation whem(n) = a/n* and also cannot be applied to the equations (1.7)
and (1.8). So our results extend and improve the results in [21].

Itis clear that the condition (3.1) plays an importadierin the proof of Theorem 3.1.
In the following we establish some new oscillation criteria without the condition (3.1)
which then can be applied in the general case whe&nhany positive real-valued rd-
continuous function. This improves Theorem 3.1.

Theorem 3.8. Assume that (H) and (1.2) hold. If there exists a positive differentiable
function¢ such that

lim sup/a ld(s)p(g) _ 27;(_57)(2((1))(;92g25) As = oo, (3.20)

then every solution of (1.1) is oscillatory ¢m co).

t—o0

Proof. Proceeding as in the proof of Theorem 3.1, we assume to the contranyithat
nonoscillatory solution of (1.1). Without loss of generality, we may assumertisadn

eventually positive solution of (1.1) such that) > 0 for all ¢t > ¢, > a. Then, as in
the proof of Theorem 3.1, we see that (3.4) holds. Define again the functign(3.5).

Thenw(t) > 0 and (3.7) holds. By using the inequality (1.5) we have

(xv)‘f — 7 21—

K K
21—y -
= Tt = Sy

(a7)%




214 M. Bohner and S.H. Saker

From this and (3.7) it follows by using (3.4) that

(0%, o 2@ (@)

A
< =
w= < —dp+ 5 (227)7

Now, by using (3.12), we have

(0%)s o, 277079
g T ()

wh < —dp + o)

The remainder of the proof is similar to that of the proof of Theorem 3.1 and hence is

omitted. [ |

By choosing)(t) = t andd(t) = 1 for t € T, Theorem 3.8 yields the following two
corollaries.

Corollary 3.9. Assume that (H) and (1.2) hold. If

lim sup / t {sp(s) - 55 (MS) ] As = oo,

=00 p(s))71s

then every solution of (1.1) is oscillatory ¢ co).

Corollary 3.10. (Leighton—Wintner) Assume that (H) holds. If

| o= and [ Cpoas=oe

then every solution of (1.1) is oscillatory ¢ oo).

The following theorem gives a Kamenev-type oscillation criteria for (1.1) which
does not require the conditiort > 0 and hence improves Theorem 3.3.

Theorem 3.11. Assume that (H) and (1.2) hold. If there exists a positive differentiable
functioné such that

QGG PN (3.21)

“(u(s))10(s)

t—o0

isup o [ 0= 9" [st90t6) - 5

for some oddn € N, then every solution of (1.1) is oscillatory ¢m co).
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From Theorem 3.8 we can establish new sufficient conditions for oscillation of
(1.6)—(1.8) without the condition on. These improve Corollaries 3.4-3.6. Also,
Kamenev-type oscillation criteria can be established from Theorem 3.11.

Corollary 3.12. Assumer(v) > 0 andp(v) > 0 for all v € N, such that (3.17) holds.
Furthermore, assume that there exist positive numigensfor all v € N, with

lim sup = 00.

t—o0

2 pt) — "D Z30). )

Then every solution of equation (1.6) is oscillatory.

Corollary 3.13. Let h > 0. Assumer(vh) > 0 andp(vh) > 0 for all v € Ny such
that (3.18) holds. Furthermore, assume that there exist positive nua{bérsfor all
v €Ny with

lim sup = 00.

t—o0

! r(vh)((6(vh + h) — 6(vh)),)?
S A

Then every solution of equation (1.7) is oscillatory.

Corollary 3.14. Letq > 1. Assumer(q”) > 0 andp(q”) > 0 for all v € N, such that
(3.19) holds. Furthermore, assume that there exist positive numfgéydor all v € Ny

with
r(g”)((0(¢") — 5(@”))+)2] _
23=7¢"(q — 1)7*10(g¥)

lim sup ) {qw (4")p(q") —

t—o0

Then every solution of equation (1.8) is oscillatory.

3.2.  Next we Consider the Case When (1.3) Holds

Now we give some sufficient conditions when (1.3) holds, which guarantee that every
solution of (1.1) oscillates or converges to zero.

Theorem 3.15. Assume (H), (1.3), and (3.1). Létbe such that (3.2) holds. If

/aoo [T:—t) /:p(s)As} % At = oo, (3.22)

then every solutior of (1.1) is oscillatory or satisfies(t) — 0 ast — oc.

Proof. We proceed as in Theorem 3.1 and assume that (1.1) has a nonoscillatory solu-
tion such that:(¢) > 0 for ¢ > ¢, > a. From the proof of Theorem 3.1 we see that there
exist two possible cases of the signaof. The proof when:? is eventually positive

is similar to that of the proof of Theorem 3.1 and hence is omitted. Next, suppose that
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z2(t) < 0fort > t,. Thenz is decreasing antdiim z(t) =: b > 0. We assert that
= 0. If not, thenxz(t) > b > 0 for ¢ > ¢, > ¢,. Define the function

u=r(z?).

Then, from (1.1) for > ¢, we obtain

up = —px? < —bp.

Hence, fort > t,, we have

t

u(t) < ulty) — b / Cp(s)As < 7 / p(s)As

to to

sinceu(ty) = r(t2) (% (t2))” < 0. We may integrate the last inequality framto ¢ to

obtain 1
/t: 22 (5)As < —b /t: [Tls) /t p(T)AT} " As.

By condition (3.22) we gei(t) — —oo ast — oo, and this is a contradiction to the
fact thatz(t) > 0 for ¢t > ty. Thusb = 0 and thenz(t) — 0 ast — oo. The proof is
complete. [ |

The following theorems are immediate and the proofs are omitted.

Theorem 3.16. Assume (H), (1.3), and (3.1). Létbe such that (3.16) and (3.22) hold.
Then every solutiorn: of (1.1) is oscillatory or satisfies(t) — 0 ast — oo.

Theorem 3.17. Assume (H) and (1.3). Letbe such that (3.20) and (3.22) hold. Then
every solutionz of (1.1) is oscillatory or satisfies(t) — 0 ast — oc.

Theorem 3.18. Assume (H) and (1.3). Letbe such that (3.21) and (3.22) hold. Then
every solutionz of (1.1) is oscillatory or satisfies(t) — 0 ast — oc.

4. Conclusion

In this paper, by using the Riccati technique and Hardy—LittlewoétsPand Jianchu
inequalities, we have established some new oscillation criteria for second order half-
linear dynamic equations on discrete time scales. Our results are not only for difference
equations but also can be applied to any discrete time scale. The results are proved in
the casey > 1 and cannot be applied in the case whea 1. So it would be interesting

to extend the above results to include this case and this will be of our interest in future
work.
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