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Abstract

This summary of the author’s talk presented in Oberwolfach motivates
the importance of certain discrete quadratic functionals and characterizes so-
called positive definiteness of them via a condition on the principal solution
of a related linear Hamiltonian difference system.

1. Motivation: Discrete Variational Problems

Given a function L : Z x IR?> — IR, two integers M, N € Z with M < N, and
two reals a, 8 € IR, one might be interested in minimizing the functional

N

Ly) = Y L(kyer1,Ayr)  with Ay = g1 — s
k=M

subject to the boundary conditions yyr = « and yny1 = B, i.e., in finding an
“optimal sequence” y* = (y},...,¥x41) With y3; = @ and y},, = B such that
L(y*) < L(y) for all sequences ¥y = (ym,--.,yn+1) with yyr = o and yyy1 = 8
satisfying maxar<r<n+1 [yx — x| < 9 for some § > 0.

For a so-called admissible variation, i.e., a function n: ZN[M,N +1] - R
with gpr = nn41 = 0, and an admissible (i.e., as above) y*, we define a function
¢ : R — R by ¢(¢) := L(y* +en). We assume that L is a C?-function in the last
two variables. Then the following necessary and sufficient conditions for a local
(i.e., as above) minimum are easy to prove (see for example [5, Chapter 8]):

Theorem 1. If y* is a local minimum, then ¢(0) = 0 and $(0) > 0 (for all
admissible variations).

Theorem 2. If y%; = a, Y&, = B, #(0) = 0, and $(0) > 0 (for all admissible
variations), then y* is a (proper) local minimum.
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At this point, of course, we are interested in how ¢(0) looks like. An easy
calculation yields

N

$(0) = F(n) ==Y {Luu(-)nzﬂ + 2L (g1 Ak + Lo (+) (Ank)“’} :
k=M

where (-) denotes (k,yj,,,Ay)), and Ly, L, are partial derivatives with respect
to the second and third entry of L, respectively. Positive definiteness of F now
means

F(n) >0 for all nontrivial admissible variations n

It is the goal of this survey to generalize this concept and to give an easy charac-
terization of positive definiteness. For a more general discussion of the motivation
we refer to [3].

2. From Sturm-Liouville Difference Equations to
Linear Hamiltonian Difference Systems

We start this section with looking at the following discrete quadratic functional:

N
Fly) =) {Qkyl2g+1 + i (Ayk)2} with  pg,qx € R, pr # 0.
k=M

According to the introductory section, it is important to know about positive
definiteness of F, i.e., to answer the question when

F(y) > 0 for all y # 0 with yar = ynvy1 =0, we write F > 0,
holds. This is done by the following (at least for py > 0) well-known result.
Theorem 3. F > 0 iff § satisfies §rgrr1pr > 0forall M +1 <k < N.

Here, ¢ is the (unique) solution of the Sturm-Liouville difference equation

A{peAyr} = GYr+1

satisfying the initial conditions gy = 0 and Jn41 = zﬁ' Of course, Theorem 3
provides an easy and useful characterization of positive definiteness, and it will
follow from our more general result, Theorem 4 of the next section.

We now wish to generalize the present questioning in a certain sense. To do
so, we introduce a state variable z := y and a control variable u := pAy. The
above Sturm-Liouville difference equation now becomes a system of two difference
equations

1
Az = —uy, Aup = @pTrt1,
Pk
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where the first “artificial” equation is called the equation of motion. The functional

F now reads
N

1
Fuwy =Y {qkmgﬂ + —uz},
k=M Pk
while the above § corresponds to the solution (&, @) of the system satisfying Zr = 0
and @y = 1. Positive definiteness now means
F(z,u) > 0 for all admissible (z,u) with z # 0 and zp = zn41 = 0,

where an (z,u) is called admissible if it satisfies the equation of motion.
This is a perfect point to introduce general linear Hamiltonian difference
systems
Azp = ApTri1 + Brug, Auy, = Crpgr — Af uy,
and corresponding discrete quadratic functionals

N

‘7-(1'7“) = Z {ka+1Ck$k+1 + Uszuk} .
k=M

We are now dealing with real n x n-matrices Ay, By, Ck, k € Z, satisfying our
general assumptions

I — A, invertible and By, Cy symmetric,

while solutions (z,u) of the system are vectors zy,ur € R", M <k < N +1. An
(z,u) satisfying the system’s first equation is called admissible, and F > 0 now
reads as before

F(z,u) > 0 for all admissible (x,u) with  # 0 and ) = zny41 = 0.

In the next section we prove a characterization of 7 > 0 involving the so-called
principal solution (X,U) of the Hamiltonian system, i.e., the solution of

AXy = Ay Xpy1 + BrUs, AU, = Cp Xpq1 — ALUL

satisfying the initial conditions X = 0 (the n x n-matrix with only zero entries)
and Uy = I (the n x n-identity-matrix). Due to our assumptions, (X,U) is easily
calculated by the formula

X
k =Si_1-Sk_o-...-Su 0 , M+1<kE<N+1
U I

with the 2n x 2n-matrices (see also [1])

_ ,Zlk x‘ikBk i . _ —1
Sk = ( Ck/'ik CkAkBk +1— AZ’ ) , where Ak = (I Ak) .

Finally note that the case treated before indeed fits into this concept using n =1,
Ak = 0, Bk = ka, and Ck = (qk-
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3. The Main Result on Positive Definiteness
Using last section’s terminology, our main result now reads as follows.
Theorem 4. F > 0 iff (X, ) satisfies

KerX'k_H C KerX}, and XkX'};HAkBk >0 forall M+1<Ek<N.

Here, Ker and the dagger denote the nullspace and the Moore-Penrose inverse
(i.e., M1 is the unique matrix satisfying MMtM = M and MMMt = Mt such
that both MM?' and MM are symmetric), respectively, and “> 0” indicates
positive semidefiniteness. Also, we will write Im for the image.

We devote the remainder of this paper to the proof of Theorem 5 below. This
result then obviously implies our main result, Theorem 4 above.

Theorem 5. We abbreviate X kX'}; +1fIkBk by Dy, and for admissible (x,u) we
put zp 1= up — ﬁk)?};wk. Let me [M,N]NZ.

(i) Suppose KerX,, ;1 C KerX,,, and let (x,u) be admissible with z,,, € ImX,,.
Then D,, is symmetric, ;41 € ImX 41, 2 = XmX;rnH:cmH — Dz,
and

x£+10m:cm+1 + u%Bmum =A {m%ﬁm)ﬁnwm} + zﬁszm.

(ii) Suppose Keer_H C Keer for all M < k < m but KerX,,;1 ¢ KerX,,
Pick ¢ € KerX,,,11 \ KerX,,. Then (x,u) defined by

X ¢, U <k<
(o, ) 1= (Xk,Uk)c M<Ek<m
0 m<k<N+1
is admissible and satisfies ¢ # 0, £, = £n+1 = 0, and F(z,u) = 0.

(iii) Suppose KerXj 1 C Keer for all M < k < N and d"D,,d < 0 for some
de R™. Put c:= —Xm+1A B, d. Then (z,u) defined by

(%, 00) € M<k<m
. ~ ~ - T
(zk, up) == (ch, [XmX,Tn +1Am] d) k=m
0 m<k<N+1

is admissible and satisfies z # 0, , = zn41 = 0, and F(z,u) < 0.

Proof. It is easy to see (e.g. as in [2, Lemma 4]) that KerX,,,1 C KerX,, implies

Xpit1 = Xm, XI

X, xt L

L X X} = XY, Xpp X! AnB, = A,B,.
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Furthermore, A{X,?ﬁk - ﬁ,{)%k} = 0 and X},Upy = 0 imply that XU, are
symmetric so that

D, = {(I — A)Xmst — B AL ((”Jmﬂ - Cme+1) } Xt . AwBnm

m~+1<4+m
T [ ot T T N ~ <t ~
— B, — B,AT (Xm+1) XT., (Um+1 - cme+1) X! AmBn
is symmetric. Now, 2, = X;mem € ImX,, yields

Tm+1 = Amwm + AmBmum = Xm+1cm + AmBm (um - chm)

= Xnu {cm + X;rnHAmBm (um — Umcm)} € ImX'erl,

X1 AnBnzm = Xl {omir — Anom — (Zmir = An ) Ko |

m m+1Lm+1 — Tm,
A (m;ffm) = (m + Bpum)” (A%Cmffmﬂ + 0m) -
ok 1 CnXomgr + ul B,.U,,

X
= 25 1O X1 +ul (I — Am) Xpng1 —ul Xom,
and finally

[A (xﬂﬁm)] X:n+1$m+1 = x,ﬂﬂcmxmﬂ + u,T,;(I —Ap)Tmt1 — uﬁXmX;'nmeH
- $£+10m$m+1 + u%Bmum — uTTnXm [A (X;‘na:m)]
= 27 CoZmi1 + U7 Bt — (mz;ffm + z,{;fcm) [A (X;‘na:m)]
= a:%HCma:mH + u;‘ranum - zg;szm — :c;‘rnﬁm [A (X'}anm)} ;

This takes care of part (i). Now we look at (z,u) defined in (ii). Admissibility
follows from

A (xm + Bmum) = A, (X'm + Bmﬁm) c=Xmy1c=0=Tpy1,
while an application of part (i) yields

m—1
Fle,u) = > {@hy1Crmrsr + uf Beur} + 2}, ConTmgs + U B
k=M
m—1
= mz,;UmX,Lxm + Z ngkzk + u%Bmum
k=M
= cTﬁ,EX'mc + cTﬁiBmﬁmc = cTﬁTE(I —A) X1 =0.
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Finally, we remark that (z,u) from (iii) is admissible because of
Ay (T + Bum) = Ay (~Dppd + DEd) =0 = 241

Another application of part (i) yields

N
F(z,u) = Z 2 Drzy = 25 Dipzen = d¥ Dypd < 0
k=M
since D, 2 = X’mX'}LnHmmH — Ty = — Ty = —ch = D,,d holds. This finishes
the proof of (iii) and hence yields all our desired results. H

For a deeper discussion of this topic we refer to [4]. To finish with, we wish
to remark and to emphasize that so-called Sturm-Liouville difference equations of
higher order may be equivalently rewritten as certain linear Hamiltonian difference
systems satisfying our general assumptions so that Theorem 4 applies to those
important objects also.
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