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Abstract

Abstract. We consider the following boundary value problem
(=)™ Py™ + XH(t,y) = AK(t,y), n>2, t€(0,1)

y(0)=0,0<i<p-1
y¥(1)=0,0<i<n-p-1
where A > 0 and 1 <p <n —1is fixed. The values of A are characterized so that the boundary
value problem has a positive solution. Further, for the case A = 1 we offer criteria for the
existence of two positive solutions of the boundary value problem. Upper and lower bounds for

these positive solutions are also established for special cases. Several examples are included to

dwell upon the importance of the results obtained.
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1 Introduction

In this paper we shall consider the following nth order differential equation together with
conjugate boundary conditions
(=1)"?y™ + AH (t,y) = MK (t,y), t € (0,1)
(E)

y(0)=0,0<i<p-1  y9(1)=0,0<i<n-p-1

where n > 2, A > 0 and p is a fixed integer satisfying 1 < p < n — 1. Throughout we assume
that there exist continuous functions f : [0,00) — (0,00) and k, k1, h, hy : (0,1) — IR such
that

(A1) f is nondecreasing;
(A2) for z € [0, 00),

H(t,x) K(t,x)
h(t) < < ha(t), k() < < kai(2);
(A3) k(t) — hy(t) is nonnegative and is not identically zero on any nondegenerate subinterval
of (0,1);

(A4) /Ol[t(l —t)|"[k1(t) — h(t)]dt < oo, where r = min{p, n — p}.

By a positive solution y of (E), we mean y € C(™(0, 1) satisfying (E), and y is nonnegative
and is not identically zero on [0, 1]. If, for a particular A the boundary value problem (E) has
a positive solution y, then A is called an eigenvalue and y a corresponding eigenfunction of
(E). We let

E ={X> 0] (E) has a positive solution}

be the set of eigenvalues of the boundary value problem (E). Further, we introduce the nota-

tions
fo= lim @, foo = lim @

z—0+t I 00
First, we shall characterize the values of A for which the boundary value problem (E) has
a positive solution. To be specific, we shall show that the set F is an interval and establish
conditions under which E' is a bounded or an unbounded interval. Further, on relaxing the
monotonicity condition (A1), explicit eigenvalue intervals are obtained in terms of fy and fu..
Next, for A = 1 we shall investigate the existence of two positive solutions of (E). In
addition to the existence criteria developed, we shall consider the following special cases of

(E) (n=2,p=1)
(Br)  ¢"+a(t) @ +y°)=0,t€(0,1); y(0)=y(1)=0

and
(E2)  ¢"+a(t) e™=0,t€(0,1);  y(0)=y(l)=0.
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It is assumed that 0 < a < 1 < 3,0 > 0,and a(t) € C|0, 1] is nonnegative and is not identically
zero on any nondegenerate subinterval of (0,1). Other than providing conditions under which
(E;) and (E;) have double positive solutions, we also establish upper and lower bounds for
these positive solutions. It is noted that the importance of (E;) and of the discrete version of
its particular cases have been well illustrated in [22] and [5] respectively. With a(t) being a
constant function, the boundary value problem (E;) actually arises in applications involving
the diffusion of heat generated by positive temperature-dependent sources [1]. For instance,
if 0 = 1 the boundary value problem occurs in the analysis of Joule losses in electrically
conducting solids as well as in frictional heating.

The motivation for the present work stems from many recent investigations. In fact, when
n = 2 the boundary value problem (E) models a wide spectrum of nonlinear phenomena such
as gas diffusion through porous media, nonlinear diffusion generated by nonlinear sources,
thermal self ignition of a chemically active mixture of gases in a vessel, catalysis theory,
chemically reacting systems, adiabatic tubular reactor processes, as well as concentration
in chemical or biological problems, where only positive solutions are meaningful, e.g., see
[4, 8, 10, 11, 18, 21, 32]. For the special case A = 1, (E) and its particular and related
cases have been the subject matter of many recent publications on singular boundary value
problems, for this we refer to [2, 3, 9, 20, 25, 26, 31, 37]. Further, in the case of second order
boundary value problems, (E) occurs in applications involving nonlinear elliptic problems in
annular regions, e.g., see [6, 7, 19, 34]. Once again in all these applications, it is frequent that
only solutions that are positive are useful.

Recently, several eigenvalue characterizations for particular cases of (E) have been carried
out. To cite a few examples, Fink, Gatica and Hernandez [17] have dealt with the boundary
value problem

y'+ X0 f(y) =0, 1€ (0,1);  y(0)=y(1)=0.

Another problem, namely,
y™ +q(t)f(y) =0, t€(0,1);  yD(0)=y(1)=0, 0<i<n—2

has been tackled in [12]. Further, Eloe and Henderson [13] have established some eigenvalue
intervals for a special case of (E) which are improved in the present paper. As for twin
positive solutions, several studies on boundary value problems different from (E) can be found
in [5, 14, 28, 29, 30]. Our results not only generalize and extend the known theorems for all
the above eigenvalue problems, but also complement the work of many authors [3, 15, 16, 24,
33, 35, 36, 38, 39, 40, 41, 42], as well as include several other known criteria offered in [1].
The outline of the paper is as follows. In Section 2 we shall state a fixed point theorem due
to Krasnosel’skii [27], and present some properties of certain Green’s function which are needed
later. By defining an appropriate Banach space and cone, in Section 3 we shall characterize
the set E. Explicit eigenvalue intervals in terms of fy and f., are established in Section 4. The
investigation of the existence of double positive solutions is carried out in Section 5. Finally,
the boundary value problems (E;) and (E,) are treated, respectively, in Sections 6 and 7.
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2 Preliminaries

Theorem 2.1. [27] Let B be a Banach space, and let C(C B) be a cone. Assume 2y, )y are
open subsets of B with 0 € €¢, {2; C {9, and let

SICﬂ(QQ\Ql) —C

be a completely continuous operator such that, either
(@) 1Syl < llyll, y € C N O, and [[Sy|| > lyll, y € C'N O, or
(b) ISyl > llyll, y € C N, and Syl < [lyll, y € C N IQy.
Then, S has a fixed point in C N (Q2\Q1).

To obtain a solution for (E), we require a mapping whose kernel G(t,s) is the Green’s
function of the boundary value problem

y™=0; y(0)=0,0<i<p-1; yP(1)=0,0<i<n—p-1

where 1 < p <n — 1 is fixed. The Green’s function G (¢, s) can be explicitly expressed as [23]

G(t,s) =4

p—1 [p—1—j n— i—1 ; tH(—=g)r—J—1 nep
S5 () e e

7=0 =0
0<s<t<1
—p—1 [n—p—1—j . i i
_ni "R J<p+l_1>(1_t)z’ (t_l)](l_s)njltp
= | = 0 jln—j—1)!
0<t<s<1.

Further, it is known that [1]

(—1)"PG(t,5) > 0, (,5) € (0,1) x (0,1).

For each s € [0, 1], we shall denote

IG(-; s)ll = sup |G(¢,s)] = sup (=1)"PG(, s).
t€[0,1]

t€[0,1]

Lemma 2.1. [43] For any 6 € (0,1/2) and ¢ € [§,1 — §], we have

(=1)"PG(t, s) 2 0[IG(-, 9]

where 0 < # < 1 is a constant given by

0 = min {b(p) - min{e(p), c(n—p— 1)}, b(p—1)-minfe(p—1), c(n—p)}},

and the functions b and c are defined as

b(z) =

(n—1)""1t

— Az _ S\n—z—1
w(n —z = 1) and c¢(z) =0(1—9) :

(2.2)

(2.3)



Lemma 2.2. Let ¢ = max{p, n — p} and r = min{p, n — p}. For (¢,s) € [0,1] x [0, 1], we
have

2e-1
—1)nr < 1—-3)]" = .
(1) 761 9) < gy =gy 101~ 9 = 60)
Proof. For (t,s) € [0,1] x [0,1], it is clear from (2.1) and (2.2) that
(__l)n_p(;(tas) ::|(;(t58)|
( p—1 |p—1—j . n—(p—1)—1
n—p—l—z—l) s .
. , 1—38)"? s<t
< X
n—p—1 [n—p—1—j n—(n—p—1)—1
p+z—1> (1-3)
. - st t<s
p—1 [p—1—j .
r n—p-{-z—l) 1
< |s(l—s max ) ,
< [s(1—s)] {j:o ; ( ; ]]'(n—]—l)’

2p—1 2n—p—1

} — 5(s).

p—1Dn—p)" pl(n—p-1)!
We shall need the following notations later: Let
v(t) = ki(t) — h(t) and wu(t) = k(t) — hi(2).

For a nonnegative y on [0, 1], we denote

m = [ Co(s)0(s) F(y(s)ds  and  m, = / GG () w(s)ds.

In view of (2.3), Lemma 2.2, (A2) and (A3), it is clear that m; > mg > 0. Further, we define

the constant v € (0,1) by

_ omy

V= (2.4)

m

3 Eigenvalue Characterization

Let the Banach space
B={y|yeC01]}
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be equipped with norm |[[y|| = sup,cp 1) [y(¢)|- For a given ¢ € (O, %) , let

Cs = {y €B ‘ y(t) is nonnegative on [0, 1]; I[?iné]y( ) > fy||y||}

We note that C is a cone in B. Further, let

Cs(M) ={y € Cs | llyll < M}.
We define the operator S : C5 — B by

Sy(t) = /0 (1) PG (1, $)[K (5, ) — H(s, y)lds, t € [0,1].

To obtain a positive solution of (E), we shall seek a fixed point of the operator AS in the cone
Cs. It is clear from (A2) that

Uy(t) < Sy(t) < Vy(t), t € [0,1], (3.1)

where
Uy(t) = [ (~1)"7G(t, s)u(s) fy(s))ds
and

vyl = [ (=1 PG (1, 5)o(s) f(y(s))ds.

We shall now show that the operator S is compact on the cone Cs. Let us consider the
case when u(t) is unbounded in a deleted right neighborhood of 0 and also in a deleted left
neighborhood of 1. Clearly, v(¢) is also unbounded near 0 and 1. For m € {1,2,3,-- -}, define
U, Um : [0,1] = IR by

u(), Oftgm——l—l V() OStSm—+1
un(t) =Q  ult), S <t< uu(t) =3 o), A5 <t<m
U’(m—}_l)? m+1 StSL U(m—|—1) WST‘:S]_

and the operators U,,, V,, : Cs — B by

[y

Uny(t) = [ (=1)" PG (t, 8)um(s)f (4(s))ds,

Vas®) = [ (<17 PG (t, ) (5)(y(3))ds

It is standard that for each m, both U,, and V,, are compact operators on Cys. Let M > 0 and
y € Cs(M). Then, in view of (A1) and Lemma 2.2, we find

Vi) = Vo0 < [ (1" G( ) lon(s) — 0(5)]f(u(s)ds

< 00| [* o) o (52 - o9 as+ IRCICE R
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The integrability of ¢(¢)v(t) (condition (A4)) implies that Vj, converges uniformly to V' on
Cs(M). Hence, V is compact on Cjs. Similarly, we can verify that U,, converges uniformly to U
on Cys(M) and therefore U is compact on Cj. It follows from inequality (3.1) that the operator
S is compact on Cj.

Theorem 3.1. There exists ¢ > 0 such that the interval (0,c| C E.

Proof. Let M > 0 be given. Define

c= é\]@) [/1 (;5(5)1)(3)d$]_1 . (3.2)

Let A € (0, ¢]. We shall prove that (AS)(Cs(M)) C Cs(M). For this, let y € C5(M) and we
shall first show that ASy € Cs. jFrom (3.1) and (A3),

(ASy)(t) > )\/ PGt s)u(s) f(y(s))ds > 0, ¢ € [0, 1]. (3.3)

Further, it follows from (3.1) and Lemma 2.2 that for ¢ € [0, 1]

</ 1)"PG(t, s)v(s)f d8</ y(s))ds = m;.
Thus,
1Syl < ma. (3.4)
Now, on using (3.1), Lemma 2.1, (3.4) and (2.4), we find for ¢ € [0, 1 — ],

(st > A[ BIGC, s)lu(s)F(y(s))ds = Ao
> a0my YL — syl = sl
my

Therefore,

ter[g}gé](ASy)(t) > 7 ASyll. (3.5)

Inequalities (3.3) and (3.5) lead to A\Sy € Cs.
Next, we shall show that [|[A\Sy|| < M. For this, on using (3.1), Lemma 2.2, (A1) and (3.2)
successively, we get for ¢ € [0, 1]

0890 < ¢ [ 6ol ()ds = 1,

which implies ||ASy|| < M. Hence, (AS)(Cs(M)) C Cs(M). Also, the standard arguments
yield that A\S is completely continuous. By Schauder fixed point theorem, \S has a fixed point
in Cy(M). Clearly, this fixed point is a positive solution of (E) and therefore A is an eigenvalue
of (E). Since X € (0, ¢] is arbitrary, it follows immediately that the interval (0,c] C E.

The next theorem makes use of the monotonicity and compactness of the operator S on
the cone Cs. We refer to [17, Theorem 3.2] for its proof.
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Theorem 3.2. [17] If \; € E, then (0, A\¢] C E. So F is an interval.

We shall establish conditions under which E' is a bounded or unbounded interval. For this,
we need the following results.

Theorem 3.3. Let A\ be an eigenvalue of (E) and y € Cs be a corresponding eigenfunction.

Further, let d = ||y||. Then,
-1

A> %d) I 1 8(s)u(s)ds] (3.6)

and
-1

= (d 7 [ / e (%s) u(s)ds] | (3.7)

Proof. First, for proving (3.6), we let t5 € [0, 1] be such that d = ||y|| = y(¢o). Then, applying
(3.1), Lemma 2.2 and (A1) we find

d = ylte) = (ASy)(ta) <A [ (<1 "Gltn,5)o(s)F(y(s)ds
< A [ plo)ls)fws)ds < AF@) [ ols)uls)ds
from which (3.6) follows. Next, using (3.1) and minegs,1_g y(t) > 7d, we get
> y(3) 2 A 076 (5s) uls)tyls)ds
> A [T 6 () u ) = AfGd) [ (1706 (15 u(s)as
which gives (3.7) readily.

Theorem 3.4. Let

Fp= {f ‘ f?x) is bounded for z € [0,00)},

(a) If f € Fp, then E = (0,c¢) or (0, ¢ for some ¢ € (0, 00).
(b) If f € Fy, then E = (0, ] for some ¢ € (0, 00).

(c) If f € Fu, then E = (0, 00).



Proof. First, (a) is immediate from (3.7). Next, we prove (b). Since Fy C Fp, it follows from
Case (a) that E = (0,¢) or (0,c| for some ¢ € (0,00). In particular, ¢ = sup E. Let {\,}50_;
be a monotonically increasing sequence in E which converges to ¢, and let {y,,}5°_, in Cj
be a corresponding sequence of eigenfunctions. Further, let d,;, = ||ym||- Then, (3.7) implies
that no subsequence of {d,,}>_, can diverge to infinity. Thus, there exists M > 0 such that
dm < M for all m. So y,, is uniformly bounded. Hence, there is a subsequence of {y,,}>_,,
relabelled as the original sequence, which converges uniformly to some y € Cs. Noting that

AmSYm = Ym, we have

C
Sy = —— .. 3.8
¢Sym = 3y (3.8)

Since {cSym}_, is relatively compact, y,, converges to y and )\, converges to c, letting

m — oo in (3.8) gives ¢Sy = y, i.e., ¢ € E. This completes the proof for Case (b). Finally,
(c) follows from Theorem 3.2 and (3.6).

Example 3.1. Let A > 0, a > 0, and consider the boundary value problem

J@ = ) (y +8)°

DT (0,1); (0) =y'(0) =y(1) =¢'(1) = 0.

Here, n = 4, p = 2, and we let f(y) = (y + 8)°, K(t,y) = %, H(t,y) = 0. Hence,

we may take k(t) = ki(t) = % and h(t) = hqi(t) = 0. All the hypotheses (A1l)-(A4) are
satisfied.

Case 1: 0 < a < 1. Since f € F, by Theorem 3.4(c) the set E = (0, 00). For instance, when
A = 24, the boundary value problem has a positive solution given by y(t) = t*(1 — t)%.

Case 2: a = 1. Since f € Fpg, by Theorem 3.4(a) the set E' is an open or a half-closed interval.
Further, from Case 1 and Theorem 3.2 we note that E contains the interval (0, 24].

Case 3: a > 1. Since f € Fy, by Theorem 3.4(b) the set E is a half-closed interval. Again, as
in Case 2 it is noted that (0,24] C E.

4 Eigenvalue Intervals

For the rest of the paper, we shall not require conditions (A1) and (A4). However, we need
the functions k, k1, h and hy to be continuous on the closed interval [0, 1].
The number t* € [0, 1] is defined by

/ )G, syuls)ds = sup [ (=1 PG (L, s)u(s)ds.

te[o,1] /4

Theorem 4.1. Suppose that (A2) and (A3) hold. Let § € (0,1/2). Then,

1 1
(fooﬁ félfd(—l)"*pG(t*, s)u(s)ds’ fo fol (b(s)v(s)ds) cE.

8



Proof. Assume {fOOH [370(=1) PGt s)u(s)ds}_1 <A< {fo Iy qb(s)v(s)ds}_l. Noting that
v < 0, we let € > 0 be such that

1
1 <A< . (4.1)

(foo = 7 J5 (~)" PGt s)u(s)ds —  ~ (fo+€) Jy d(s)v(s)ds

Next, we choose w > 0 so that

flx) < (fo+ez, 0<z<w. (4.2)

Let y € Cs be such that ||y|| = w. Then, applying (3.1), Lemma 2.2, (4.2) and (4.1) succes-
sively, we find for t € [0, 1],

(ASy) (1) < )\/ ))ds < )\/ $)(fo + )y(s)ds < lyl-

Hence,
[ASyll < lyll- (4.3)

If we set 2y ={y € B | ||y|| < w}, then (4.3) holds for y € Cs N 0.
Further, let T' > 0 be such that

f@)> (foo —€)z, x> T. (4.4)

Let y € Cs be such that ||y|| = T' = max{?w, %} Then, for ¢t € [§,1 — J], we have y(t) >
Yyl > - % =T, which in view of (4.4) leads to

fy(t)) = (fo — €)y(t), t € [6,1 = 4]. (4.5)

Using (3.1), (4.5) and (4.1), we find
() > A [ (1 PG s)u(s) fly(s)ds
M DTG 5)u(s) e — ()

[ G uls) (e~ Orllds > Tyl

Y

v
>

Therefore,
[IASyll > lyll- (4.6)

If we set Qy ={y € B | ||y|| < T'}, then (4.6) holds for y € Cs N 9y.

Now that we have obtained (4.3) and (4.6), it follows from Theorem 2.1 that AS has a
fixed point y € C5 N (2\€2;) such that w < ||y|| < 7T". Obviously, this y is a positive solution
of (E).



Theorem 4.2. Suppose that (A2) and (A3) hold. Let 6 € (0,1/2). Then,
1

A S S
fob [ (=1)mPG(t*, s)u(s)ds” foo Jo d(s)v(s)ds

Proof. Assume {fOO f(sl_‘s(—l)”*pG(t*,s)u(&)als}_1 <A< {foo I qﬁ(s)v(s)ds}_l. Again, in
view of the inequality v < 6, let € > 0 be such that

1
L <A< . (4.7)

(fo— v f5 (1) PG (t*, s)u(s)ds — = = (foo +€) fy d(s)v(s)ds
Let w > 0 be such that

fl@)>(fo—e)z, 0 <z <w. (4.8)

Further, let y € Cs be such that ||y|| = w. Then, on using (3.1), (4.8) and (4.7) successively,
we get

($)) 2 A [ (IO ) (fo — dye)ds > [yl

so that (4.6) follows. If we set Q1 = {y € B | ||y|| < w}, then (4.6) holds for y € C5 N 0% .
Next, we may choose 7" > 0 such that

f(@) < (fo+e)z, 2>T. (4.9)

There are two cases to consider, namely, f is bounded and f is unbounded.
First, suppose that f is bounded, i.e., there exists some M > 0 such that

f(z) <M, z €]0,00). (4.10)

We define
T, = max{?w )\M/ )ds}

Let y € Cs be such that ||y|| = T3. For ¢t € [0, 1], from (3.1), Lemma 2.2 and (4.10) we find
(ASy)(t) < )\/ y(s)ds < T = |yll.

Hence, (4.3) holds.
Next, suppose that f is unbounded. Then, there exists 7} > max {211‘), T} such that

Let y € C; be such that ||y|| = 71. Then, applying (3.1), Lemma 2.2, (4.11), (4.9) and (4.7)
successively gives for t € [0, 1]

(S0)(1) < A [ 6p)fTds < A [ os)u(s) oo + lyllds < Tyl

from which (4.3) follows immediately.

In both cases, if we set Qs = {y € B | ||y|]| <11}, then (4.3) holds for y € Cs N 09y

Now that we have obtained (4.6) and (4.3), it follows from Theorem 2.1 that AS has a
fixed point y € C; N (2\Q1) such that w < ||y|| < Ty. It is clear that this y is a positive
solution of (E).
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Remark 4.1. If f is superlinear (i.e., fo = 0 and fo = o0) or sublinear (i.e., fy = oo and
foo = 0), then we conclude from Theorems 4.1 and 4.2 that E = (0, 0c0), i.e., the boundary
value problem (E) has a positive solution for any A > 0.

Also, note that Theorems 4.1 and 4.2 have improved the results in [13]. The improvement
is due to the best possible bound obtained in Lemma 2.1.

Example 4.1. Let A > 0, a < 1, and consider the boundary value problem

1
O
VU= Bpa sy oe

By +6)*, t€(0,1); »(0)=y'(0)=y(1)=0.

Here, n = 3, p = 2. Choosing f(y) = (3y + 6)%, we may take k(t) = k1(t) = [3t>(1 — t) + 6]~
and h(t) = hy(t) = 0. The hypotheses (A2) and (A3) are satisfied.

Case 1: a < 1. Tt is clear that f is sublinear. Hence, in view of Remark 4.1, for any A > 0 the
boundary value problem has a positive solution. In fact, we note that when A = 6, one such
solution is given by y(t) = t*(1 — t).

Case 2: a = 1. Here, fy = 0o and f = 3. Further, we find ¢(s) = 2s(1 — s) and subsequently
f) #(s)v(s)ds = 0.0529. Hence, it follows from Theorem 4.2 that (0,6.30) C E. As an
example, when A\ = 6 € (0,6.30), the corresponding eigenfunction is given by y(t) = t*(1 —t).

Example 4.2. Consider the boundary value problem
yW =Xy +1—ty—1t), te(0,1);  y(0)=y'(0) =y(1) =y'(1) =0.

Here, n =4, p =2, and we let H(t,y) =t*(y+1) and K(¢,y) = t(2y+1). With f(y) =y +1,
h(t) = hy(t ) = 2 k(t) = t, ki(t) = 2t, all the hypotheses (A1)—(A4) are satisfied. Also,
fo=o0c and fo, = 1. We have ¢(s) = (1 —s)? and [, ¢(s)v(s)ds = 5. Hence it follows from
Theorem 4.2 that (0,42) C E.

5 Two Positive Solutions

Throughout this section, we let A = 1 in the differential equation in (E).

Theorem 5.1. Let w > 0 be given. Suppose that f satisfies

-1

1
0< f(z) <w [/ qb(s)v(s)ds] , 0<z <w. (5.1)
0
(a) If fo = oo, then (E) has a positive solution y; with 0 < [[y1]| < w;
(b) if foo = 00, then (E) has a positive solution yo with ||ys|| > w;
(c) if fo = foo = 00, then (E) has two positive solutions y; and ys with

0 <[lnll < w < lgall

11



Proof. Of course, (c) follows from (a) and (b). To prove (a), we let

A= {y/f(—n”a (% 3) u(s)ds}

4

-1

Since fy = 00, there exists 0 < r < w such that
flz) > Az, O0<z <. (5.2)

Let y € C1 be such that lly|| = r. On using (3.1) and (5.2) successively, we get

Sy (%) > A/j(—l)"pG (%,5) u(s)y(s)ds > ||yl

This immediately implies that
1Syl = llyll- (5.3)

If we set O ={y € B | |ly|| < r}, then (5.3) holds for y € C1 N OQ. Next, let y € Cy be
such that ||y|| = w. Then, in view of (3.1), Lemma 2.2 and (5.1), we find

Sy(t) < /01 ¢(s)o(s)f(y(s))ds <w = [jyl, t €[0,1].

Hence,

1Syl < llyll- (5.4)
If we set Q0 = {y € B | ||y|]| < w}, then (5.4) holds for y € C1 N 0€);. Having obtained (5.3)
and (5.4), it follows from Theorem 2.1 that S has a fixed point y; € Cin (©22\€) such that
r < ||ly1|| < w. Clearly, this y; is a positive solution of (E).

Finally, we shall prove (b). As before, the condition (5.1) gives rise to (5.4). Hence, if we
set 2 ={y € B | ly[| <w}, then (5.4) holds for y € C1 N €. Next, let

M= {7/1%(_1)"%: (% 5) u(s)ds}_l |

4

Since fo, = 00, we may choose T" > w such that
flx)> Mz, =z>T. (5.5)

Let y € Cy satisfy ||yl = 7. Then y(t) > 1lly| =75 =T fort € [i, %], which in view of
(5.5) leads to

(5.6)

Using (3.1) and (5.6), we find
Sy (%) > M/j(—n"—pa (%5) w(s)y(s)ds > [yl

12



Therefore, (5.3) holds. If we set 2 = {y € B | |[y|| < Z} , then (5.3) holds for y € Cs N9

Now that we have obtained (5.4) and (5.3), it follows from Theorem 2.1 that S has a fixed
point g, € C1 M (©2\£21) such that w < [|yof| < % It is clear that this y, is a positive solution
of (E).

Example 5.1. Let M > 0 and consider the boundary value problem

) — 6 (
2A—-t)t+ M

y® v+ M), te(0,1);  y(0)=y(1)=y'(1)=0.

Here, n = 3, p = 1. Taking f(y) = y* + M, we may choose k(t) = ki(t) = m and
h(t) = hi(t) = 0. It is obvious that fy = foo = 0c0. We aim to find some w > 0 such that
condition (5.1) is fulfilled. For this, it is noted that

R

which implies

Sy
- (5.7)

[/01 ¢(s)v(s)ds] >

Since f(z) < w? + M for 0 < x < w, in view of (5.7) the condition (5.1) is fulfilled provided
M 1 -1
flx) <w*+M<w > Sw[/ (b(s)v(s)ds] , 0<z <w
0

which reduces to 2w? — wM + 2M < 0. This inequality holds for some w > 0 if and only if
M > 16.
As an example, take M = 16. Then, in order that (5.1) is satisfied, we set

flz) <w?+16 <w {/01 (;5(3)1)(5)ds]1 =8.0lw, 0 <z < w.

This leads to
3.85 < w < 4.15. (5.8)

Hence, (5.1) holds for any w € [3.85,4.15]. By Theorem 5.1(c), there exist two positive solu-
tions y; and yp with 0 < ||y1]| < w < ||lye||- In view of (5.8), it is clear that 0 < ||yi|| < 3.85
and ||yz|| > 4.15. In fact, one positive solution is given by y(¢) = ¢(1 — ¢)?, and we note that
lyll =y (%) = 0.148 is within the range given above.

6 Two Positive Solutions of (E;)

Theorem 6.1. Let w > 0 be given. Suppose that

w

we (61

/01 s(1—s)a(s)ds <

13



Then, (E;) has two positive solutions y; and ys such that
0 <ol < w < lgell-

Proof. Let f(z) = 2* + 2. Then, f; = f,, = co. Further, we may take k(t) = ki(t) = a(?)
and h(t) = hy(t) = 0. Clearly, f(z) < w* + w” for 0 < x < w. So, to ensure that (5.1) is
satisfied, we impose

w* +w’ < w [/01 ¢(s)v(s)ds] - .

Here, n = 2, p = 1, so that ¢(s) = s(1 — s). Therefore, the above inequality is exactly (6.1).
The conclusion follows from Theorem 5.1(c).

Remark 6.1. In [42] we have also discussed (E;). The condition corresponding to (6.1) is
obtained as [42] f, (1 — s)a(s)ds < —=%—. This is a stronger condition than (6.1), and hence

o o wa+w,5 )
(6.1) is an improvement.

Example 6.1. Consider (E;), and let w = 1. Then, (6.1) reduces to

. (6.2)

N | =

/01 s(1 = s)a(s)ds <

By Theorem 6.1, for those a(t) which fulfill (6.2), (E;) has double positive solutions y; and y,
such that 0 < |ly1|| < 1 < ||y2]|. Some examples of such a(t) are 3, t + 2, sin®(¢ + 1).

Now, we shall establish upper and lower bounds for the two positive solutions of (E;).

Theorem 6.2. We define

1
Q(z) == sup 677(1—26)a*(9)
2 5e(03)
where

a*(0) = te[ldI,llf—d] a(t). (6.3)

Let . .
wy = [Q(a)]™= and  w; =[Q(B)]™7.

Let w > 0 be given. Suppose that (6.1) holds. Then, (E;) has twin positive solutions y; and
Yo such that

(a) if w < min{w;,ws}, then 0 < |ly1|| < w < ||y2]| < min{wy, wy};
(b) if min{wy, ws} < w < max{wy, ws}, then

min{wy, we} < ||yl < w < |yel] < max{w,, wy};
(c) if w > max{wy, we}, then max{w, ws} < ||y1|| < w < ||y2]|-

14



Proof. Since (6.1) is satisfied, it follows from Theorem 6.1 that (E;) has double positive
solutions y3 and y, such that
0 < [lysll <w <|yall- (6.4)

To establish upper and lower bounds for the two positive solutions, for an arbitrary ¢ €
(O 1), we let C' be a cone in B defined by

2

C= {y €B ‘ y(t) is nonnegative on [0, 1]; ter[(rslilr_ld]y(t) > 0|y } . (6.5)

Define the operator S : C' — B by

Sy(t) = [ =Ga(t.9)a()ly(s)" + y(5)")ds, ¢ € 0,1

where G1(t,s) = G(t, $)|n=2, p=1. To obtain a positive solution of (E;), we shall seek a fixed
point of S in the cone C. With the aid of Lemma 2.1 (note that there # = ¢ in our present
case), it is easy to show that S maps C into itself. Also, the standard arguments yield that S
is completely continuous.

Let y € C be such that ||y|| = w. Then, in view of Lemma 2.2 (here ¢(s) = s(1 — s)) and
(6.1), we find for ¢t € [0, 1]

Sut) < [ s(1= (s +w)ds < w = [yl

Therefore, if we set Q2 = {y € B | ||y|| < w}, then (5.4) holds for y € C' N 0N.
Now, let y € C. It follows that

ISul > [ ~Gi(5, 9)als)y(s)" + u(s)lds

0

> [T =600 Oyl + y(s) s

1-4
* a a B 8
> [ -Gi@9)a®) [lull + 5 lull] ds.

(From (2.1), we have
—G1(0,8) = (1 —5)d, s € [0,1] (6.6)

which we substitute into the above inequality, simplify and then take supremum over § to
obtain

1Syl > Q(a)lyll* + QUA)lIylI”- (6.7)
Let y € C be such that ||y|| = w;. Then, (6.7) provides
1Syll > Q(@)[lyl|* = Q) lyll* Iyl = llyll- (6.8)

If we set Oy = {y € B | ||y|| < w1}, then (6.8) holds for y € C N 9. Now that we have
obtained (5.4) and (6.8), it follows from Theorem 2.1 that S has a fixed point y5 such that

min{w, w} < |lys|| < max{w,w}. (6.9)
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Likewise, if we let y € C be such that ||y|| = ws, then from (6.7) we get

1Syl > Q)yll® = QB)IylI° iyl = llyll- (6.10)

By setting Q2 = {y € B | ||y|| < wa}, we see that (6.10) holds for y € C N 0. Having
obtained (5.4) and (6.10), by Theorem 2.1 we conclude that S has a fixed point ys such that

min{wq, w} < |lys|| < max{ws, w}. (6.11)

Now, a combination of (6.4), (6.9) and (6.11) yields our result. To be more precise, in Case
(a) we may pick
Ys, W1 < we

= and =

In Case (b), it is clear that

5, Wi < Wo 6, Wi < Wo
Ys, W1 2 Wo Ys, W1 =Z Wa.

Finally, in Case (c) we shall take

, w <w
y1={y6 to and Yy = yq-

Ys, w1 2 Wa

Remark 6.2. In [42] by a different approach we also obtain similar upper and lower bounds
for twin positive solutions of (E;). However, it has been noted in Remark 6.1 that the condition
(6.1) in the present paper is an improvement.

Example 6.2. Consider the boundary value problem

(t — 2)02 j_ (t — t2)12 (ym + y1.2) =0, t€ (0,1); y(0)=y(1)=0.

Here, « = 0.2, 3 =1.2 and a(t) = ~—355-—515. Condition (6.1) is equivalent to
(t—2)0 2 +(t—12)

w 1 2s(1—s)
- > ds = 0.391
w2 4 pl2 = /0 (5 — s2)02 4 (5 — s2)12 ©°

which is satisfied for any w € [0.525,103]. Further, we find that a*(§) = a (%) and subse-

quently
1) . 1 /1 1+z 17 1
ca{=] sup 4 ‘”(1—25)2—-(1(—)-[ ] .
(2 e (0,3) 2 “\2) |22+2)] 21z

yll +

Q(x) =

1
2
Thus, . )

w; = [Q(0.2)]55 = 0.0569 and w, = [Q(1.2)]702 =3.23 x 10"

Since w € (wy, ws), by Theorem 6.2(b) the problem has two positive solutions y; and ys such
that 0.0569 < ||y1]| < w < ||ye]| < 3.23 x 107. Noting the range of w, this inequality leads to

0.0569 < |jy1|| < 0.525 and 103 < |Jys]] < 3.23 x 10". (6.12)

Indeed, a positive solution is given by y(t) = t(1 — t) and we note that ||y|| =y ( ) =0.25 is

within the range obtained in (6.12).

1
2
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7 Two Positive Solutions of (E)

Theorem 7.1. Let w > 0 be given. Suppose that
1
/ s(1 — s)a(s)ds < we™"". (7.1)
0
Then, (Es) has two positive solutions y; and ys such that

0 <yl < w < lwell

Proof. Let f(z) = e?®. Then, fy = foo = 00. Further, we may take k(t) = k() = a(t) and
h(t) = hi(t) = 0. It is clear that f(z) < e’ holds for 0 < z < w. Therefore, (5.1) is satisfied

provided that

-1 -1

1 1
e’ <w [/ (b(s)v(s)ds] =w [/ s(1—s)a(s)ds|

0 0
i.e., condition (7.1) holds. The conclusion is immediate from Theorem 5.1(c).

Remark 7.1. In [42] we have also discussed (E2). The condition corresponding to (7.1) is
obtained as [42] f, (1 — s)a(s)ds < we™"". Clearly, this is a stronger condition than (7.1).
Hence, (7.1) is an improvement.

Example 7.1. Consider the boundary value problem
y" +a(t) e® =0, t € (0,1); y(0) = y(1) = 0.
Let w =  be given. Then, condition (7.1) reduces to

/01 s(1—s)a(s)ds < i (7.2)

2e

By Theorem 7.1, for those a(t) which fulfill (7.2), (E2) has two positive solutions y; and yo
such that 0 < [|g1]| < 3 <|[lya||. Some examples of such a(t) are 1, cos®(¢ + 1), (¢ + 1).

Once again, we shall establish upper and lower bounds for the two positive solutions of
(E2).
Theorem 7.2. Let i # j be given integers in the set {0,2,3,---}. We define

R(z) = 2‘(’;) . 5542 (1 — 26)a" ()

where a*(§) is given in (6.3), and let

1

wi =[R()]T7  and  ws = [R(i)]T.

Let w > 0 be given. Suppose that (7.1) holds. Then, (Es) has twin positive solutions y; and
y2 such that conclusions (a)—(c) of Theorem 6.2 hold.

17



Proof. Since (7.1) is fulfilled, it follows from Theorem 7.1 that (E2) has double positive
solutions y3 and y, such that (6.4) holds.

To establish further upper and lower bounds for the two positive solutions, let § € (0, %)
and C be a cone in B defined by (6.5). Further, we define the operator S : C' — B by

Sy(t) = /01 —Gi(t,5)a(s)e™¥®ds, t € [0,1]

where G1(t,s) = G(t, $)|n=2, p=1. To obtain a positive solution of (E), we shall seek a fixed
point of S in the cone C. As in the proof of Theorem 6.2, it can be verified that S(C) C C
and S is completely continuous.

Let y € C be such that ||y|| = w. Using Lemma 2.2 (here ¢(s) = s(1 — s)) and (7.1), we
get for ¢ € [0, 1]

Sy(t) < /01 5(1 — s)a(s)e”¥¥ds < /01 s(1 = s)a(s)e™ds < w = ||yl

Hence, if we set @ = {y € B | ||y|| < w}, then (5.4) holds for y € C'N 0.
Next, let y € C. We find that

1
ISyl > /0—G1(5,8)a(s)e“y(s)ds

1-46 1-4
S _ F(5107Y(3) 15 > _ ¥ (51000l
> /5 G1(9,s)a™(5)e’¥ ¥ ds /5 G1(9,s)a™(9)e’”Wds

o6)! . ad)t ;
O 4 L2 ||y||]ds
j! il

> [ (5 5)a" () l

where in the last inequality we have used the relation e* > ?—J, + f—: for £ > 0. On substituting
the expression (6.6), we simplify and then take supremum over ¢ to get

1Syl = Ryl + RO Iyl (7.3)

Following a similar technique as in the proof of Theorem 6.2, from (7.3) we obtain (5.3) for
y € CNoQy as well as for y € C' N 0y, where

W ={yeB[lyl <w} and O ={yeB]ly]<w}.
Now that we have obtained (5.3) and (5.4), by Theorem 2.1 S has a fixed point ys satisfying
min{wy,w} < ||ys|| < max{w;,w}, (7.4)
and also a fixed point yg such that
min {wy, w} < ||ys|| < max{ws,w}. (7.5)

As in the proof of Theorem 6.2, a combination of (6.4), (7.4) and (7.5) yields conclusions
(a)—(c) immediately.

18



Remark 7.2. By a different approach, similar upper and lower bounds are also obtained
in [42] for twin positive solutions of (Ey). However, we have noted in Remark 7.1 that the
condition (7.1) in the present paper is an improvement.

Example 7.2. Consider the boundary value problem
Y +ae’™ =0, te(0,1); y(0) =y(1) =0

where @, > 0. This problem has been well studied [1] and its solutions are

yi(t) = —; {log [cosh (% (t - %))] — log (cosh %)} (7.6)

where c; are solutions of the equation ¢ = v/2ao cosh 7.
Casel: a=1 0=3, j=0,i=09. It can be checked that condition (7.1) is satisfied
provided that

0.183 < w < 7.65. (7.7)

Further, we find that w; = 0.0625 and we = 42.6. Since w € (w1, wy), it follows from Theorem
7.2(b) that the boundary value problem has two positive solutions y; and yo with 0.0625 <
ly1l| < w < ||ya|| < 42.6. In view of (7.7), we further have

0.0625 < [|y1]| < 0.183 and  7.65 < ||y < 42.6. (7.8)

In fact, it is computed directly from (7.6) that ||y;|| = 0.132 and ||y»|| = 10.3.

In [42] the inequalities corresponding to (7.8) are found to be 0.0625 < ||y;|| < 0.715 and
4.31 < ||y2|| < 42.6. Clearly, (7.8) gives sharper bounds. This is due to the improvement of
condition (7.1).

Case 2: a=T7x10"% 0=3, =0, i =16. By computation, condition (7.1) is fulfilled if

117 x 107* < w < 3.42. (7.9)
Further, we find that w; = 4.38 x 10° and wy = 11.5. Since w € (wy, ws), by Theorem 7.2(b)
the boundary value problem has double positive solutions y; and y with 4.38 x 107° < ||y1|| <
w < ||lye|| < 11.5. Once again in view of (7.9), it follows that

438 x 107° < ||lya]] € 1.17x 107 and  3.42 < ||y|| < 11.5. (7.10)

In fact, it is computed from (7.6) that ||y;|| = 8.75 x 107 and ||ys|| = 4.02.
Corresponding to (7.10), in [42] we obtain 4.38 x 107> < ||y1|| < 3.50 x 10™* and 3.02 <
ly2|| < 11.5 which are not as sharp as (7.10). Again, this illustrates the improvement of

condition (7.1).
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