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Abstract  We consider symplectic difference systems, which contain as special cases linear Hamiltonian
difference systems and Sturm-Liouville difference equations of any even order. An associated discrete
quadratic functional is important in discrete variational analysis, and while its positive definiteness has
been characterized and is well understood, a characterization of its positive semidefiniteness remained
an open problem. In this paper we present the solution to this problem and offer necessary and sufficient
conditions for such discrete quadratic functionals to be non-negative definite.
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1. Introduction and main results

The so-called Reid Roundabout Theorem for Hamiltonian differential systems has been
well known for a long time (cf. [9] or [7, Theorem 2.4.1]). It characterizes the positivity of
a corresponding (continuous) quadratic functional by the disconjugacy (non-oscillation)
of the differential system. This result was carried over to discrete quadratic functionals
and corresponding Hamiltonian difference systems in [2, Theorem 2], and it was proven
for more general symplectic difference systems in [3]. In contrast to the continuous case,
the discrete results do not require us to assume controllability, which was shown in [4].
The characterization of non-negativity rather than positivity of quadratic functionals
remained an open problem, and its solution is the content of this paper. There exists a
recent approach to this problem in [5] (see also the references given there), but along
different lines.
Here we consider symplectic difference systems

Tpy1 = Arxr + Brug,  upy1 = Cpap + Drug, k€ [0,N]NZ, (1.1)
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where Ay, By, Ci, Dy are real n x n matrices, xy,ur € R", and N € N. We will assume
throughout that the 2n x 2n matrices

(A By
s (2 8)

SEISk=J with J = ( 0 I) , (1.2)

are symplectic, i.e.

-1 0

where I denotes the n x n identity matrix. Using this notation with the ‘big’ matrices
Sk and putting 2z, = (ZZ) € R?", the difference system (1.1) is the same as

241 = Spze, k€ [O,N] NZ. (13)

The symplecticity, i.e. (1.2), implies that Sy, is invertible with

871_ Dg _Bg
el )

This fact and (1.2) are equivalent to the following formulae:

Afck, DgBk, .AkB,?, C;{Dg are symmetric,
ALDy, — CE By = ADY — BiCF = 1.
By [3, Lemma 1] the symplectic system (1.1) is a Hamiltonian difference system if and

only if the matrices A, are invertible.
Moreover, we deal with the corresponding discrete quadratic functional

N
F(z) = Z{IE.AEC}J% + ungBkuk + QIECEBkuk} (1.4)
k=0

T zp\

_ N+1 _ [Tk

o (Zk)k:() B <u) B <uk> ’
k=0

i.e. z satisfies the first equation of (1.1), the so-called equation of motion, and the Dirichlet
boundary conditions, more precisely:

for admissible sequences

Tp41 = Agxg + Brup for k € [O, N} NZ, zo=2xn41 =0. (1.5)

Note also that

N
. 0 0
F(z) = ];z,? {STKS, — K}z, with K = < I 0) :
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We need some further notation. By Mt we denote the Moore-Penrose inverse of a
matrix M (cf. [1]). For a real and symmetric matrix P we write P > 0 if P is non-
negative definite. By Ker M, image M, rank M, MT and M~! we denote the kernel,
image, rank, transpose and inverse of a matrix M, respectively. We shall deal only with

-G

of (1.1) at 0, i.e. X and Uy are real n x n matrices which satisfy

the so-called principal solution

Xpv1 = ApXi + BrUy, Ugi1 =Ci Xy +DrUg, k€ [O,N] NZ, (1.6)

and the initial conditions
Xo=0 and Uy=1. (1.7)
Then (?]() is a conjoined basis of (1.1) (cf. [2, Definition 1]), i.e. it satisfies rank(X[, Ul) =
n and X,::Uk = UEX;C for 0 < k < N + 1. It follows from (1.2) that
X =D Xpy1 — BiUpy1, Up=—CEXp1 + ALUryy for k€ [0,N]NZ. (1.8)

The following related matrices were introduced in [8], but note that we here use P instead
of D:

My = (I — X1 X}, )Be,  Tw =1 — MMy, } 19)
P, = Ty X, X} BT, Py, = B Dy, — By Qi11Br.
for 0 < k < N, where Q) denotes a symmetric matrix with
QrXy, = Up X} Xk, (1.10)

and, by [2, Lemma 2], we may choose
Qr = UpX] + (Un X[ Xy, — Up)(I - X} X3)UY,

where (5) and ()5) are normalized conjoined bases of (1.1). If the matrices X} are
invertible, then the matrices Qy, satisfy a corresponding Riccati difference system (cf. 2,
Lemma 2] or [3, Lemma 3]) R[Q] = 0, where the ‘Riccati operator’ R is defined by

Ri[Q] = Qi1 (Ak + BiQr) — (Cr + DiQk). (1.11)

Now we can formulate the main result of this paper.

Theorem 1.1. Assume that the difference system (1.3) is symplectic, i.e. (1.2) holds,
and let ()Ij) denote the principal solution of (1.1) at 0, i.e. (1.6) and (1.7) hold, and let
F be defined by (1.4). Then F > 0, i.e. F(z) = 0 for every admissible sequence

N+1
Tk *
z= ,
Uk / =0

i.e. z satisfies (1.5), if and only if the following two statements are true.
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(i) P, >0 forall0 <k < N.

(ii) xp € image Xy, for all 0 < k < N + 1 and for every admissible sequence

o
z= .
Uk / k=0

Remark 1.2. Note that, by [8, Lemma 1], the matrices Py are always symmetric,
and My = 0 (or equivalently T}, = I) if and only if Ker X} 1 C Ker X;. Moreover, if
Ker Xj11 C Ker X, for all 0 < k < N, then statement (ii) is true (cf. [2, Remark 3 (iii)]
or [3, Remark 1 (v)]). This kernel condition and statement (i) mean that ()U() has no focal
point in the interval (0, N + 1] (cf. [2, Definition 3], [3, Definition 3] or [8, Definition 1]),
and these two conditions are equivalent to the positivity of F by the Reid Roundabout
Theorem (cf. [2, Theorem 2] or [3, Theorem 1]). Of course, our statement (ii) does not
imply the kernel condition, and therefore our statements (i) and (ii) do not imply, for
example, that (5) has no focal points in the open interval (0, N+1) (cf. [8, Definition 1]),
as one might have expected in analogy to the continuous case [7, Remark 2.4.2]. This
will be discussed in § 3 below (Corollary 3.1 and Remark 3.3). But the continuous results
require controllability of the system, which is not needed here and also not needed for
the discrete result on positivity.

The rest of this paper deals with the proof of Theorem 1.1. In the next section we show
that (i) and (ii) imply F > 0, using mainly a Generalized Picone Identity, i.e. Proposi-
tion 2.1. In the final section (§3) we prove the other direction by constructing examples
with F(z) < 0, if (i) or (ii) is violated.

2. Non-negativity

We need the following result (for special cases see [2, Lemma 2] or [3, Lemma 2]).

Proposition 2.1 (Generalized Picone Identity). We use the notation presented
in §1 and assume (1.6), (1.2), (1.7) and (1.10). Let k € [0, N] N Z and suppose that

Trr1 = Agxk + Brug, sk = up — Qrxy. The following identities then hold.
(i) Py =T} P.T.
(i) X1 Re[Q] X} = 0.

(iii) Mysg =0 if 2y, € image Xy, and 241 € image Xp11.
)

: e T YT TT T,T T T T
(iv) Fi =, Ay Crxp +uy, Dy Brug 4225, Cpp Bruy, = x5 Qry12p41 — T Qrp + ), Prsg
if xp, € image Xy, and xk41 € image Xpy1.

Proof. First, the formulae (1.9) imply that

Py = BIDy + M} Qrar My, — By Xpn X[ Quer Xen X[ Br
~ By Q1 My — My Qi1 B,
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and we obtain from (1.8) and (1.10) that (using properties of the Moore—Penrose inverses)
Bng - BE(XIIH)TXkTHUkHXJiHBk
= MIUp1 X}, Bx + Df My + (Df Xy1 — B U)X B
= M{Up 1 X[\ By + Df My + X, X[ |, By.

Hence T,;r P,Ty, = Pi, because M T, = 0, which proves (i).
To show (ii), note that

X1 Ri[Q1 Xk = X 1 {Qu1 (Ax Xk + BrUg) — (Cr Xy + DyUs)} X[ X,
= {Uf 1 X1 — Xp 1 U1 } X[ X = 0

follows from (1.6), (1.10), (1.11), and the properties of Moore-Penrose inverses.
We have z, = X, X}z, for v € {k, k + 1}. Therefore

Myug = (I = Xppa1 X[ ) (w41 — Agan)
= (- Xk+1Xl1+1)(Xk+1XII+1xk+1 - AkaX,Zxk)
= (I = Xp1 X[ 1) (BrUs — X)) X[
= MyUp X[ X3, X {2, = MyQpag,

and hence (iii) holds.
Finally we show (iv). It follows from [3, Lemma 2] (see also [2, p. 812]) that

Fi = —2u} Bp R [Qlak + xf {QiBy Re[Q] — R [Q) A},
=Fi — $E+1Qk+1l'k+1 + 2L Qrxy — 55 Pysy.

Since Tys, = s by (iii) and (1.9), we have that srkrpksk = sEPksk by (i). Moreover,
using (ii),

uy By Ry [Qlak = (w141 — Apy) T Re[Qlay, = —z Ay Ri[Qly,
so that
Fi = (Arzi + BpQuw) " Ri[Qlax = 2 (X)) "X, Ri[QU Xk X [y = 0,
which yields (iv). O

The next result shows one direction of Theorem 1.1, namely that (i) and (ii) imply
F=0.

Proposition 2.2. Under the assumptions of Theorem 1.1 suppose that statement (i)

is true, and assume that
N+1
Ty
Uk/ k=0

is admissible with x) € image X}, for all 2 < k < N. Then F(z) > 0.
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Proof. Note that
xg = xn4+1 = 0 € image Xo = {0} C image X1,
and
x1 = Boug = Xjug € image X

for every admissible sequence z. It follows from the Generalized Picone Identity, Propo-
sition 2.1 (iv), that

N

F(z) = Z{$%‘+1Qk+1xk+1 — 24 Qrk + Sg Prsi}
k=0

N
= E SEPkSk
k=0

= 0.

Hence F > 0. O

3. Construction of examples

In the first two parts of this section we show the other direction of Theorem 1.1. First,
we consider the case where statement (i) is violated and construct an admissible z with
F(z) < 0. Then we consider the case where statement (ii) is violated and also con-
struct an admissible z with F(z) < 0. We conclude this section with some remarks and
consequences of Theorem 1.1.

3.1. Statement (i) is not true

Assume that P,,, 2 0 for some m € [1, N]NZ. Note that Py = 0 > 0 by (1.7) and (1.9).
We use (with different notation) the construction in [5] (cf. also [2, p. 814]). To do so,
let ¢ € R™ with ¢ P,,¢ < 0. We define d := X;[nﬂBmec and

Xpd for 0 <k <m,
T) 1=
F 0 form+1<k<N+1,
Urd for0<k<m-—1,
up 1=  Upd — Tpc for k =m,

0 form+1<k<N+1.
Then zg = zny+1 =0, i1 = Axxk + Bruy for 0 < k < N with & # m, and
Amxm + Bmum = Xm+1d - BmeC =0= Tm+1,

because Xm+1X;+1Bme =By — Mp)Ty, = BT, by (1.9). Hence z = (2) is admis-
sible. Using [3, p. 711] and

Cm—l-rm—l + D1ty = Umd = Un + Tm67
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we obtain
N
F(z) = ZIE+1{CI¢$1¢ + Drup — Upt1}
k=0
= xz{cmflxmfl +Dpy—1Um—1 — um}
="YX, d = " P,c < 0.
Hence F %2 0.

3.2. Statement (ii) is not true

633

Assume that there exists an admissible z = (i) and 1 < m < N — 1 such that z,,, €
image X,,,, but z,,,+1 € image X,, 1. Weput z = 25,41, X = X, y, = X € image X,
Y = X401, U = Upy1 and M = M,,,. Then rank(YT, UT) = n and Y'U = UTY, so

that K := YTY + UTU is invertible with

K-YT KT\ (v —UK-'\ (I 0
-UT yT U YK=' ] \o I
(cf. the proof of [7, Corollary 3.3.9]). Then the matrix S, defined by

S'=K'UTM,

satisfies
YS =0 and US =M

K-'yT K-'UT\ [0\ (K'U™™
-uT YT M| 0 ’

since YTM = 0 by (1.9).
Next we prove that

because

MTz #£0.
To this end, assume that MTz = 0. It follows that
0=BLI-YY")z
=B (I -YY"(ApXa + Bnum)
=BY(I - YY) (Ya+ Bp(um — Una))
= M"M(tup — Una).
Hence,
0= Mty — Unpa)
= (I =YY (Bt — BnUna)
=IT-YYNz-Ya)=T-YYT)z

(3.1)

so that = YY Tz, which contradicts our assumption z ¢ image Y. Thus (3.2) holds.
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Now we define a sequence

as follows:
B Xp(a+a) for0<k<m,
Ik{:ck form+1<k<N+1,
Ug(a+a) for0<k<m-—1,
Ug = S up + U for k =m,
U form+1<k<N+1,
where
& :=tS'M "z with a free parameter t € R. (3.3)

First, we show that Z is admissible: Zg = 0 = Ty41 = TN+1, Thr1 = ArTk + Briy for
0 < k < N with k # m, and

AT + Bt = Am@m + Bt + (A Xon + BriUp )& = a1 + Y& = 241

because Y& = 0 by (3.1) and (3.3). Hence Z is admissible. Next, using the same formula

as in §3.1, we get
N

F(2) = ZQE+1{Ckfk + Dy, — Ukt1},
k=0
where CpZy, + Dily — Ug+1 = 0 for 0 < k < m — 2 by (1.6),

Cm—lfém—l + DnL—lﬂm—l - ﬁm = Uma — Um,

and
ConZm + Dy, — Uma1 = Cn Xona + Dty + UG — Upy1.-
Therefore, F(2) = Fi + Fix, where the first summand

N
Fi = Z $E+1{Ckxk + Druy, — uk+1} + aTXT(Uma — um)
k=m+1

+ 25 (CnXa + Doty — Umy1)
does not depend on @, i.. not on the parameter ¢, and where
Forw = Fuu(t) = & XT (U — up) + 2 UG
Since Y& = 0 by (3.1) and (3.3), we obtain from (1.8)
(U — um) " Xa = (U — uy) " (DEY — BEU)a

= (Bmtm — BnUna)*Ua

=z"Ua-a"Y"Ua =2"Ua.
Hence F.(t) = 22TU& = 2t2TUS'MTx = 2t| M ™z by (3.1) and (3.3). Since M Tz # 0

by (3.2), we obtain that F(Z) = F, + 2t|MTz||? - —oc0 as t = —oc. Hence F % 0, and
this completes the proof of Theorem 1.1.
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3.3. Some consequences
For every admissible sequence
N+1
Tk
z =
<“k>k=0
we have that o = 0 € image Xo, xny+1 = 0 € image X1, and z1 = Boug € image X

because X1 = By (see the proof of Proposition 2.2). Moreover, by (3.2), we have for
1<k <N -1 that

MkakH #0 if z;, € image Xy and zpy1 ¢ image Xj11.

Therefore, condition (iii) of the following Corollary 3.1 implies condition (ii) of Theo-
rem 1.1. The inverse implication is also true because

My Xj = BE(I - Xk+1XllL+1)Xl~c+1 =0
so that ngk_l,_l =0 if 41 € image Xjy1. Hence, the subsequent Corollary 3.1 holds.

Corollary 3.1. Assume (1.2), (1.6) and (1.7), and use the notation of Theorem 1.1.
Then statement (ii) of Theorem 1.1 is true if and only if

(iii) M];I\karl =0 for all 1 < k < N — 1 and for every admissible sequence

N41
Tk +
z= .
Uk / =0

Next, if By is invertible, then every

with zg = 0, 11 = Agxg + Brug for 0 < k < N, and with uy fBleANxN is
admissible. Hence, for 0 <k <N — 1, put u; = 0 for 0 < j < k — 1 so that

IOZ"':Ik:O, xk—i-l:Bkuk-
Then condition (iii) of Corollary 3.1 implies that
0= M,;Fl‘k_H = BE(I - X}H_lX]IJrl)QBkuk = MEMkuk

for every ui € R™. Hence, M) = 0, which means that Ker X1 C Ker X}, for 0 < k <
N —1 by [8, Lemma 1]. Therefore, condition (iii) of Corollary 3.1 implies condition (iv) of
the following Corollary 3.2, if By is invertible. The inverse implication is trivial. Therefore
we have shown the following result.

Corollary 3.2. Under the assumptions and notation of Theorem 1.1 or Corollary 3.1,
suppose moreover that By is invertible. Then statement (ii) of Theorem 1.1 holds if and
only if

(iv) Ker Xpy1 C Ker X, forall 0 < k< N — 1.
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Note that condition (iii) does not imply Ker X1 C Ker Xy in general (cf. [6, Propo-
sition 1 or Theorem 2]).

Remark 3.3. Now, using the notion of focal points, Theorem 1.1 and Corollary 3.2
yield the following result. Under the assumptions of Theorem 1.1 suppose that By is
invertible. Then the function F is non-negative if and only if the principal solution of
the symplectic system possesses no focal point in the open interval (0, N + 1).

Acknowledgements. We thank the referee for pointing out the reference [6], which
appeared when the paper was in the review process.
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