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Abstract

In this paper, sufficient criteria are established for the existence of periodic solutions of some
functional dynamic equations with infinite delays on time scales, which generalize and incorporate
as special cases many known results for differential equations and for difference equations when the
time scale is the set of the real numbers or the integers, respectively. The approach is mainly based
on the Krasnosel’skii fixed point theorem, which has been extensively applied in studying existence
problems in differential equations and difference equations but rarely applied in dynamic equations
on time scales. This study shows that one can unify such existence studies in the sense of dynamic

equations on general time scales.
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1 Introduction

In the real world, some processes vary continuously while others vary discretely. These processes
can be modeled by differential equations and difference equations, respectively. There are also many
processes that vary both continuously and discretely. Thus an interesting and challenging problem
arises for mathematicians: How can we model these mixed processes? The erratic stop-start of the real
world has long defeated mathematicians. Now the theory of time scale calculus and dynamic equations
on time scales provides us a powerful tool to attack such mixed processes [20]. For example, time scales
are believed to be a good way to understand and control the West Nile virus since time scale calculus
and dynamic equations on time scales bridge the divide between discrete and continuous aspects of

West Nile [20]. In addition, the choice of time scale is very important in real world applications (see
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e.g., [7, 8, 9]). The calculus on time scales (see [1, 5] and references cited therein) was initiated by
Stefan Hilger in his 1988 PhD dissertation [12] in order to unify continuous and discrete analysis,
and it has a tremendous potential for applications and has recently received much attention since this
foundational work. The two main features of the calculus on time scales are unification and extension.

The global existence of periodic solutions of differential equations and difference equations is a
very basic and important problem, which plays a similar role as a globally stable equilibrium does in
an autonomous model. Thus, it is reasonable to seek conditions under which the resulting periodic
nonautonomous system would have a periodic solution. Much progress has been seen in this direction
and many criteria are established based on different approaches (e.g., differential equations [0, 15,

, 19, 22, 23, 24], difference equations [10, 14, 16, 18, 25]). Careful investigation reveals that it is
similar to explore the existence of periodic solutions for nonautonomous differential equations and their
discrete analogue in the approaches, the methods and the main results. For example, extensive research
shows that many results concerning the existence of periodic solutions of differential equations can be
carried over to their discrete analogues ([2, 3] and references cited therein, [14, 15, 16, 17, 24, 25]). It
is natural to ask whether we can explore such an existence problem in a unified way and offer more
general conclusions.

Scholars in the fields of differential equations and difference equations have long been aware of
the startling similarities and intriguing differences between the two fields. Many results concerning
differential equations carry over quite easily to corresponding results for difference equations, while
other results seem to be completely different from their continuous counterparts. The study of dynamic
equations on general time scales unifies and extends the fields of differential and difference equations,
highlighting the similarities and providing insight into some of the differences. To prove a result for
a dynamic equation on a time scale is not only related to the set of real numbers or set of integers
but those pertaining to more general time scales. For example, extensive research reveals that many
results concerning the existence of periodic solutions of predator—prey systems modeled by differential
equations can be carried over to their discrete analogues based on coincidence theory. Based on this
fact, with the help of the theory of dynamic equations on time scales and a continuation theorem
in coincidence degree theory, Bohner, Fan and Zhang [2, 3] systematically unified the existence of
periodic solutions of population models modeled by ordinary differential equations and their discrete
analogues in form of difference equations and extended these results to more general time scales.

Only a few papers have studied the existence of solutions of periodic boundary value problems of
some dynamic equations on time scales (see, e.g., [, 21]). Among the known results on the existence
of periodic solutions of differential equations and difference equations, many are achieved based on the
Krasnosel’skii fixed point theorem. The theoretical evidence suggests that many results of the discrete
systems are similar to those of the corresponding continuous systems based on the Krasnosel’skii fixed
point theorem (e.g., [14, 15, 16, 17, 24, 25]), which motivates us to consider that whether we can unify
these results and extend them to more general time scales. Although the Krasnosel’skii fixed point

theorem has been proved to be powerful and effective in dealing with existence problems and has



been applied widely to study the existence of periodic solutions of differential equations and difference
equations, it is rarely used to explore the existence of periodic solutions of dynamic equations on
time scales, especially those with infinite delays. In this paper, we will systematically investigate the
existence of periodic solutions of some dynamic equations with infinite delay on time scales, which will
unify some related studies of such problems for differential equations and difference equations. The
approach is based on the Krasnosel’skii fixed point theorem.

The setup of this paper is as following. In the coming section, we present some preliminary results
on the calculus on time scales. In Section 3, we establish a Cj space for the functional dynamic
equations with infinite delay on time scales. Then, we present some preliminary results and the
Krasnosel’skii fixed point theorem. In the rest of this paper, we systematically explore the existence
of periodic solutions of some dynamic equations with infinite delay on time scales, which incorporate
as special cases many well-known models in population dynamics, hematopoiesis, etc. This study
reveals that, when we deal with the existence of positive periodic solutions of differential equations
and difference equations, it is unnecessary to prove results for differential equations and separately
again for their discrete analogues (difference equations). One can unify such problems in the framework

of dynamic equations on time scales.

2 Preliminaries on Time Scales

In this section, first we will mention without proof several foundational definitions and results from
the calculus on time scales so that the paper is self-contained. For more details, one can see [4, 5].

A time scale, which is a special case of a measure chain, is an arbitrary nonempty closed subset of
the real numbers R. Throughout this paper, we will denote a time scale by the symbol T, which has
the topology inherited from the real numbers with the standard topology.

Let RT = [0,00), R~ = (—00,0] and a,b € T, and define the intervals in T by

T-=TNR™, Tt=TNR", (a,b)={teT:a<t<b}l, [a,b]={teT: a<t<b}
Other intervals are defined accordingly.

Definition 2.1. Let T be a time scale. For ¢t € T, we define the forward and backward jump operators
o,p: T — T by
o(t):=inf{s € T: s>t} and p(t):=sup{seT: s <t}

If t <supT and o(t) = t, then t is called right-dense (otherwise: right-scattered), and if ¢ > inf T and

p(t) = t, then t is called left-dense (otherwise: left-scattered). The graininess function p: T — R7 is
defined by pu(t) = o(t) — t.

Definition 2.2. A function f : T — R is called rd-continuous provided it is continuous at right-dense
points in T and its left-sided limits exist (finite) at left-dense points in T. The set of all rd-continuous
functions f : T — R is denoted by C;q = Ciq(T) = Cpq(T,R). The set of all bounded rd-continuous



functions is denoted by BC,q. A function f : T — R is called regulated provided its right-sided limits
exist (finite) at all right-dense points in T and its left-sided limits exist (finite) at all left-dense points
in T.

Lemma 2.1. Assume f: T — R.
(i) If f is continuous, then f is rd-continuous.
(ii) If f is rd-continuous, then f is requlated.

(iii) Assume f is continuous. If g : T — R is requlated or rd-continuous, then f o g has that property

too.
(iv) Ewvery regulated function on a compact interval is bounded.

Definition 2.3. Assume that f: T — R is a function and let t € T*. Then we define f2(t) to be the
number (provided it exists) with the property that, for any given € > 0, there is a neighborhood U of
t (ie,U=(t—0,t+6)NT for some 6 > 0) such that

Fo(t) = £(5) = FAW)o(t) — sl| < elo(t) — s| forall seU.

We call f2(t) the delta (or Hilger) derivative of f at t. If F2(t) = f(t), then we define the Cauchy
integral by

/f(T)AT:F(S)—F(r) for r,seT.

Lemma 2.2. Ift € T" and f: T — R is delta differentiable at t, then
f7(8) = f(&) + p(OF2(1),  where f7=foo.

o(t)
Lemma 2.3. If f € C,q and t € T", then / f(s)As = pu(t)f(t).
t

Lemma 2.4. Ifa,b,c € T and f € C,q, then

(1) /bf(t)At:/Cf(t)At—i—/bf(t)At;

b b
(ii) if |f(t)| < g(t) for allt € [a,b), then /f(t)At < /g(t)At;
b
(iii) of f(t) >0 for alla <t <b, then /f(t)At > 0.

a



Definition 2.4. If a € T, sup T = oo, and f is rd-continuous on [a, c0), then we define the improper

integral by
b

/ FAL = lim [ f(t)At

provided this limit exists, and we say that the improper integral converges in this case. If this limit

does not exist, then we say that the improper integral diverges.

Lemma 2.5. If f,g: T — R are delta differentiable at t € T", then

(f9)2(t) = f2(0)g(t) + F7(£)g™ (8) = F(£)g™ (8) + F2(£)g” (¢)-
Lemma 2.6. Every rd-continuous function has an antiderivative. In particular, if tg € T, then F
t

defined by F(t) := /f(T)AT for all t € T is an antiderivative of f, i.e., F® = f.
to

Definition 2.5. A function r : T — R is called regressive provided
1+ p(t)r(t) #0 forall te T".
The set of all regressive and rd-continuous functions will be denoted by R.

Definition 2.6. We define the set R™ of all positively regressive elements of R by
Rt ={peR: 1+ ut)p(t) >0 foralltecT}.

Definition 2.7. If p € R, then the delta exponential function e, (-, s) is defined as the unique solution

of the initial value problem
A

y= =p)y, y(s)=1,
where s € T. Furthermore, for p,q € R, we also define
pP—q
L+ pg

p®g=p+q+pupg and pOq=-—
Lemma 2.7. Ifp,q € R, then
ep(t,t) =1, ep(t,s) =1/ep(s,t), ep(t,u)ep(u,s) =ey(t,s),

ep(0(t),5) = (L+ p()p(D)ep(t, s),  ep(s,a(t)) = 1+;f<t>2<t>

A A
€p ('73> = pep('73>7 €p (37 ) = <6p>ep(87 ')7
e
€p@q = €p€q, ep@q = l.
€q

Lemma 2.8. Ifp € R" and ty € T, then ey(t,t9) >0 for allt € T.

Definition 2.8. Let w > 0. A time scale T is called w-periodic if t + w € T whenever t € T. We also
write T4+w C T, ie., {t+w:t €T} C T. A function p is said to be w-periodic on T if p(t +w) = p(t)
for all £t € T.



Theorem 2.1. Suppose T is w-periodic, p € Ciq(T) is w-periodic, and a,b € T. Then
ot +w) = o(t) 4w, plt+w)=p(t) +w, plt+w) = pu(b)

b+w b
/ p(t)At = / p(t)At, ep(ba) =ep(b+w,a+w) if pe R,
a+w a

kp:=ep(t +w,t) —1 s independent of t €T whenever peR.
Proof. The first two statements follow from T + w = T. Next,
pt+w)=ct+w)—(t+w)=0(t)+w—t—w=o0(t) —t = pu(t).

If p € Cyq is w-periodic on T, then we use [1, Theorem 1.98] with v(t) = ¢ + w so that v is strictly
increasing and satisfies v (t) = 1 and v(T) = T + w = T =: T. Hence, using [/, Theorem 1.98],

b b v(b)
HAt = HrA AL = orv N(s)As
/ap<> /apm (t) /V(a)@ )(s)
b+w b+w

- / W) = / P

Next, if p € R, we use the representation of the exponential function in terms of the cylinder transform

¢ [4, Definition 2.30] to conclude

eotv.0) e | "o wpat) =eo{ [ e (DA} = e+ ).

“+w

Finally, let p € R and define f(t) :=e,(t + w,t) for t € T. Let tg € T. Then
f(t) = ep(t +w, to)ep(to, 1) = ep(t, to — w)ep(to, t)
so that f = ep(-,to — w)ep(to, ) and hence, using Lemma 2.7,

A = S to —w)eylto, ) + €5 (-, to — w)es (to, )
= pep(-,to —w)ep(to, ) + (1 + pp)ep(- to — w)(Sp)ep(to, -)

= pf—lfup(1+up)f =pf—pf = 0.

Therefore k, = e,(t + w,t) — 1 does indeed not depend on t € T. O

Lemma 2.9. Let T be w-periodic and suppose f: T x T — R satisfies the assumptions of [/, Theorem
1.117]. Define

t+w
olt) = / £(t,5)As.

If fA(t,s) denotes the derivative of f with respect to t, then

t+w
G2 (1) = / A 8)As + fo(t).t+w) — f(o(b).1).



Proof. Let ty € T and use a proof similar to that of the fourth part of Theorem 2.1 to obtain

to+w t+w to+w t
g(t) = /t f(t,s)As —I—/t f(t,s)As = /t flt,s)As+ | f(t,s+ w)As.

otw to

Now we apply [4, Theorem 1.117] to arrive at

to+w t
At = / PR s)As — Flo(®) )+ [ FO (s +w)As+ flot)t+w)

t+w '
:/t At 8)As + f(o(t),t +w) — flo(t),t).

This concludes the proof. O

3 The C; Space

It is well known that the development of the theory of functional differential equations with infinite
delay primarily depends on the choice of a phase space. Many authors have been actively devoted to
this topic, and various phase spaces have been proposed (see [13, 23] and references cited therein).
The phase space for initial functions plays a very important role in the study of functional dynamic
equations with infinite delay on time scales. However, no attempts have been made to construct a
phase space for functional dynamic equations with infinite delay on time scales. In this section, we
establish a phase space for functional dynamic equations with infinite delay on time scales.

Suppose inf T = —oo and t1,ty € T imply ¢; +t2 € T. Let h € Cq(T~,RT), h(s) > 0 for all
0

s € T™, and / h(s)As = 1. Define

— 00

cu={oecam ®y: [ nolle

—0o0

[s00Ag < oo}, where ‘QOI[S’O} = sup [p(0)].
5<0<0

One can easily verify that Cj, is a linear subspace of C,q and BC,q is a linear subspace of Cj. For
0
¢ € Cp, define |p|, = [ h(s)|p|*?As < oo, then (Cp,| - |5) is a normed space. For simplicity, we
—00
denote it by Cp.

Lemma 3.1. For ny & > 0 ond K > O’ there exists 0 = 5(67 K) > 0 such that: fOT’ any ¢1, Y2 € Ch;
if |1 — w2|n < 9, then |1 — @2‘[—K70} <e.

Proof. We complete the proof by contradiction. Suppose that there exist €* > 0 and K* > 0 such

that, for any & > 0, there exist ¢, ¢ € Cp, such that [p] — @3] < & but [p§ — @§|[7E00 > ¢*,
—K*

Let 6* = % h(s)As > 0 and put ¢} = ¢} and @5 = ¢ . Then |pf — ¢3ln < 6* but



|t — @5|I7K701 > o* Whence

0

5 2 Ioi—viln = [ h(s)lei - 30
_K* 0
= [ nole e as s [ neet -l
—00 _K*
_K*
> [ wolet - g3l 9as
_K* _K*
x __x|[-K*,0] * — *
> h(s)|e] — 3l As > ¢ h(s)As = 267,
a contradiction. The proof is complete. ]

Lemma 3.2. Suppose that {¢,} C Ciq(T™,R"™) is uniformly bounded. Then lim |p, — wo|p = 0 if
n—oo
and only if for any K € N, we have lim |p, — cp0|[_K’0] =0.
n—oo

Proof. We prove necessity first. By Lemma 3.1, for any ¢ > 0 and K > 0, there exists 6 = d(g, K') such

that, for any ¢y, @ € Cp, with |1 — @a|n < 8, we have |p1 — 2| 759 < . Since lim |¢, — @o|n = 0,
n—oo

there exists N € N such that, for any n > N, we have |¢,, — pg|n, < 0 for all n > N. Hence

lon — 0olTE0 <) ie.,  lim |pn — oK = 0.
n—oo

Now we show sufficiency. Suppose that {¢,} is uniformly bounded, i.e., there exists H > 0 such
0

that |¢,| < H for all n € N. Let ¢ > 0. Since /h(s)As = 1 < oo, there exists K € N such

— 0o
K
that /h(s)AS < . Moreover, for all k € N, there exists Ny € N such that if n > N, then
—0o0

lon — olTFY < e, whence |po|l7%0 < H + ¢, so |@g| < H + . Therefore, for n > Ny, we have

0

en—vol = [ b)len— ol Ias
= /h(S)Itpnwol[S’OJAs+/h(5)y%m{s,o]AS
e A

< (2H+c¢e)e+e=(2H+e+1)e.
This completes the proof. O

Lemma 3.3. The space (Cyqla,b], R¥) is complete when endowed with the supremum norm.



Proof. Clearly C,q4la,b] is a linear space. By Lemma 2.1, every rd-continuous function is bounded.
Let {fn} C Cidla,b] be a Cauchy sequence. Let ¢ > 0. There exists N, € N such that for any
m,n > N., we have |fn, — fn|[*% = sup |fim(t) — fu(t)| < e. Now let m,n > N, and t € [a,b].

t€la,b]

Then |fm(t) — fn(t)] < sup |fm(t) — fu(t)] < e. Thus {f,(t)} C R¥ is a Cauchy sequence and hence

tela,b

convergent to, say, f(t). Let n > N,. Then

() = FO] = T |falt) = fn(D)] <

W M

We will show that f € Cyqla, b].
Suppose t* € [a,b] is right-dense. Let € > 0. Since IN.)5 € Cia [a, b], there exists a neighborhood
Uy of ¢* such that for any t € Uy, we have [fn_,(t*) — fn_,(t)] < % Let t € Uy. Then

[FE) = FOI < 1F@) = N (E) + [N, () = v, O] + v, () — f()] <e.

It follows that f is continuous at the right-dense point t*.
Now suppose t* € [a, ] is left-dense. Let € > 0. Since fy_ /2 € Cra [a, b], we can conclude that there
exist 6 > 0 and « € R such that

‘st/Q(t) - a| < g forall te []2 — (t* _ 5,t*) AT.

Let t € Uy. Then
1f(t) —al <|f@) = fn (Ol + [N, (1) —af <e.

Thus f has the finite limit « at the left-dense point ¢*.
Therefore, f € Cyqla,b]. This implies that Cpqla, b] is complete. O

Theorem 3.1. (Cy, |- |n) is a Banach space.

Proof. Let {vn} C Cj be a Cauchy sequence. Thus {¢,} is bounded, i.e., there exists M > 0 such
that ||, < M for all n € N. Let ¢ > 0. Let K > 0 be such that

h(s)A .
[ s < gy

Since lim |@, — @m|p = 0, by Lemma 3.2, we have lim  |@, — @ |75% =0, so {¢,} is a Cauchy

m,n— o0 m,n— o0

sequence in Cyq([—K,0]). Hence, by Lemma 3.3, there exists ¢ € Cyq([— K, 0]) such that ¢, — ¢ with

respect to the supremum norm on [—K, 0]. Therefore there exists N € N such that

lon — w\[_K’O} < for all n > N.

€
2
Hence for t > — K,
_ €
()] < [n(t) — )] + lon(t)] < lon — @70 + M < 5 T M

Now define
p(t) =p(—K) forall t<—-K.



Then ¢ € C,q(T7) and for n > N we now have

’@n_@’h = / ’90 _@’[SO
K 0
< [ h) (1o + o0 ) As [ bl - ol s
©° K
K B 6
< / M"’ +M)AS+/ h(s)=As
[ee) K 2
0
€
< (2 + )/ h(s)As+2/ooh(S)As
€
< (2 + >4M—|—5+§ = E&.
Hence @, — ¢ in Cy,. .

Theorem 3.2. Suppose that ¢ € Cp, and x4(0) = x(t + 0) for 6 € (—o0,0].

(i) Let A € (0,00). Suppose that x : (—oo, A) — R™ is rd-continuous on [0, A] and satisfies zo = .

Then for any t € [0, A], we have x; € Cyj, and x; is rd-continuous with respect to t.
(ii) There exists K7 such that |¢(0)] < Ki|pl|p.

Proof. We first show (i). In fact, for any ¢ € [0, A],

0 4 0
[ rkle9as = [ wlfe0as+ [ ol as
- —00 —t
> 0
= /h(s)max (’w‘[s+t70]7’$t‘[_t’o]> As+/h(s)\x\[07t]As
- —t
0 0 0
< / h(s)|z|EH0As + / h(s)z|®1As + / h(s)|z|*1As
P o >
< [ a5+ [l ®as
0; 00
= [ Hel s 210 < o

so that x; € Cy, for ¢ € [0, A].

Next we show that x; is rd-continuous with respect to t. We prove that z; is continuous at right-
dense points (in a similar way it can be shown that x; has finite left-sided limits at left-dense points,
so the details are omitted here). Let ¢ € [0, A] be right-dense. If ¢ is also left-dense (again, in a similar
way, we can show the corresponding conclusion for the case that t is left-scattered, and hence the

details are omitted here), let ¢y € [0,t). Since x4, € Cp, for any € > 0, there exists M (tp,e) > 0 such

10



that

-M -M
s £ £
/ h(s)|zg |0 As < 1 and / h(s)As < i

By Lemma 2.1 (iv), we know that z is bounded on [0, 4], say |z|%4! < L. Since C}, is a subspace of
C.q and z; € Cp, we have xy € Cyq. Assume —M < 6 < 0. If 0 is right-dense, since z; € C,q, we can
choose sufficiently small 0; such that for any tg € (t — d1,¢t + 01) N T, we have

=

4

If 6 is right-scattered and left-scattered, it is obvious that there exists do > 0 such that if 8* €
(0 — 62,0 4+ 92) N'T, then 0* = 6. So, when |tg — t| < d2, we have § — Jy < O +tg —t < O + 09, i.e.,
0+ty—te (0 — 02,0+ 0d2). Hence 6 + tg — t = 6. Therefore

|24(0) = 4, (0)] = [24(0) — 24 (6 + 0 — )] <

€
1
Assume 6 is right-scattered and left-dense. Note that since z; € C,q, by definition, z; has a finite

left-sided limit at €. Hence there exist 035 > 0 and a € R such that

|[¢(6) — 24, (0)] = [24(0) — @(0 +to — )] =0 <

|ze(s) — af < % for any s € (60 —d3,0 + 03) NT.

Then
13 g g
[2e(s) — 24(0)] < |ze(s) — o] + [24(0) — af < 3T =1
Let ’t—to‘ < 03. Then 0 +ty —t € (9—53,9+53)QT. Thus
13

Therefore, for any 0 € [—M,0], there exists § > 0 such that, if to € (¢t — d,t + ) N T, we have

€
_]\I/I[lgz(go |z(0) — x4, (0)] < T Thus

0

20—zl = / h(s)ls — 22,

—00

[s:0] A 5

= /h(s)(’xt‘[s’o]+’$to\[s’0])A3+ / h(s)|ze — x|V As
Y

—o00
—-M

< [ o) [ {0,

0
[S’O]} + |:ctO][S’O]] As + / h(s)|zy — x4 [P0 As
-M

—-M
_ g e g
< /h(s)(L+2|xtOy[SvO})As+|xt—xt0|[ MO} < Lp+2,+7 =c

—00

To conclude, we have proved that x; is rd-continuous with respect to ¢ on [0, A].

0 0
For (i), note that |¢yh:/h(s)\¢y[&%sz /h(s)]cp(O)|AS:]g0(0)|. O

11



Remark 3.1. If T = R, then the Cj, space is the phase space established in [23] for functional differential

equations with infinite delay.

4 Krasnosel’skii’s Fixed Point Theorem and Preliminary Results

Let w € T be positive. Assume that T is an w-periodic time scale (see Definition 2.8). In the next
section, we will first explore the existence and nonexistence of positive w-periodic solutions of the

functional dynamic equation with infinite delay on T of the form
(1) = —alt,2()a(o () + [t o), tET, (4.1)
where z; € Cj, and x4(0) = z(t + 0) for 6 € (—o0, 0]. Throughout this paper, we assume:

(Hy) a(t,z) is rd-continuous and w-periodic in ¢ and is continuous in z. There exist w-periodic
a, 3 € Cyq such that a(t) < a(t,z) < B(t) and ko > 0 (where k, is defined as in Theorem 2.1).

(Ha) f(t, ) is rd-continuous in ¢ and is continuous in ¢ with f(t + w, ) = f(t, ) for ¢ € Cp, and
f(t,») maps bounded sets into bounded sets and f(¢,) > 0 for ¢ € Cp, with p(6) > 0,0 € T—.

In order to explore the periodicity of (4.1), we first introduce the essential tool to be applied throughout

this paper and prove some preliminary results.

Definition 4.1. Let (X, ||-||) be Banach space. A nonempty closed subset K C X is called a cone if

it satisfies the following two conditions:
(i) For any u,v € K, «a, 8 > 0, we have au + fv € K;
(ii) w, —u € K implies u = 0.

Now let us introduce the famous Krasnosel’skii fixed point theorem [11], which will come into play

soon.

Lemma 4.1. Let X be a Banach space and let K C X be a cone. Assume that Q1,89 are bounded
open subsets of X with 0 € 1, Q1 C Qo, and let F: KN (Q2\ Q1) — K be a completely continuous

operator such that one of
(1) |Fu|| < |Jul| for any uw € K N0y and ||Ful| > ||u|| for any u € K N 0Qy;
(ii) [|Full > ||u|| for any u € K NN, and |Ful| < ||u|| for any u € K N 0.

holds. Then F has a fived point in K N (Q2\ Q1).

Let
Py, ={u€ Cu(T,R): u(t+w)=u(t)}
and define
|lul| = max |u(t)] for wu € P,.
te[0,w]
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Lemma 4.2. Suppose that {u"} C P,, v € P,, and u" — w as n — oo. Then {u}'} converges

uniformly to u; € Cp, with respect to t.

Proof. Let e > 0. Since ||u™ — u|| — 0 as n — oo, there exists N € N such that for n > N, we have
|lu™ — ul|| <e. Let n > N. Then

0 0
af — = [ B w085 = [ Bl A < " —u||/ $)As < e.
— 0o — 0
This completes the proof. O

Lemma 4.3. Let b,p € P,. Then

2 (t) = —b(t)z (o (t)) + p(t) (4.2)

z(t) = — /p(s)eb(s,t)As. (4.3)

Proof. First we show that = defined by (4.3) is a w-periodic solution of (4.2). Using Theorem 2.1, we
find

1 t+2w 1 t+w
r(t+w) = W p(s)ep(s,t +w)As = o) p(s+w)ep(s +w,t+w)As
1 t+w

— kib ) p(s)eb(s,t)As = .Z‘(t)

so that z is w-periodic. Next, we use Lemma 2.9, Theorem 2.1, Theorem 2.7, and Lemma 2.3 to

calculate

t+w
{0+ 402} = [ pED (s A5+t +w)en(t +0.0(0) = plDeslt. (1)
o(t+w)

t+w o(t)
h(t) { | reatsomas— [ psasol)as + /+

t+w

P(S)eb(570(t))A5}
t+w
= —b(t) /t p(s)ep(s,o(t))As + p(t)ep(t +w,o(t)) — p(t)ep(t,o(t))

t+w
h() { [ psleatsso0)as - w(opentt.o0) +u(t+w>p<t+w>eb<t+w,a<t>>}
— 0(0) {en(t + @, 0(8)) — en(t0(1)) — OBt o) + uObDer(t +w. (1))}
= p(0) {(1 4 (OBt + w0t >> (1 + u(Ob(E)eslt, o(6))}
)

= p(t){ep(t +w,t) —ep(t, )} = kup(t)

so that x solves (4.2).
Now we assume that z is any w-periodic solution of (4.2). Let ¢y € T. By Lemma 2.5 and Lemma

2.7, we have
[zey (-, t0)]2 = z2ep (-, to) + 275 (-, to) = ey(-, to) (x> + bx”) = ey(-, to)p.
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Integrating both sides of this equation from ¢ to ¢ 4+ w produces

t+w

/ ep(s,to)p(s)As = z(t+ w)ep(t + w,to) — z(t)ep(t, to)
= z(t)]es(t +w,to) —ep(t, to)] = z(t)en(t, to)ke

so that indeed z is equal to the right-hand side of (4.3). O

For any u € P,,, consider the dynamic equation
22 (t) = —a(t, u(t)z(o(t) + f(t,ur). (4.4)

From (H2), Lemma 2.1 and Theorem 3.2, it follows that f(¢,u;) € P,. Lemma 4.3 tells us that the

unique w-periodic solution of (4.4) is given by

t+w

xy(t) = /G(t,s)f(s,us)As,

where
eq(s,t)
a

Define the operator F': P, — P, by

G(t,s) = with a(t) = a(t,u(t)) for u € P,,.

t+w
(Fu)(t) = / G(t,s)f(s,us)As for we P, and teT. (4.5)
t
One can easily show that z is an w-periodic solution of (4.1) if and only if x is a fixed point of F in
P,. Define

. ’71]{304
1= inf eq(s,t), 2= sup eg(s,t), o= .
i 0<t<s<w als,t), ogtgfgw p(s:t) Yokg

From (H;), Definition 2.7, and the definition of G(t, s), we can conclude the following.
Lemma 4.4. The function G(t,s) satisfies
(i) G(t,s) =Gt +w,s+w) for any s € [t,t +w];
7 Y2

(i) A:=-—<G(t,s) < -=:=B forany s € [t,t+ w].
ks ko

It is clear that § = A/B and 0 < § < 1. Define
Ks={x € PB,: z(t) > || forall t € T}.
It is trivial to show that K is a cone.

Lemma 4.5. F(Ks) C K;.
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Proof. For any u € Kj, we show that Fu € K. It is easy to see that F'u € P,, by the definition of F'.
Since u € K, we have us(0) = u(s+60) > 0 for § € T~. By (Hz) and Lemma 4.4, we have f(s,us) > 0,

(Fu)(t) >0, and
t+w

(Fu)(t) = /G(t,s)f(s,us)AsSB/f(s,us)As.
0

t

w
Whence ||[Ful| < B/f(s,us)As. Moreover
0

t+w w
(Fu)(t) = / G(t,s)f(s,us)As > A/f(s,us)As > % |Ful|| = || Ful|,
0

t

which implies F'u € K. O

Lemma 4.6. Let n > 0 and Q = {x € P, : ||z|| < n}. Then F : KsNQ — Ks is completely

continuous.

Proof. First we show that F' is continuous. Suppose that

t+w
W e Ksn8Q, ut—ul| —0, (Fum)(t)= / Gt 8) (5, u™) As,

t

where
€a, (8, 1)

an

Gn(t,s) =

with  an(t) := a(t,u™(t)).

Now, using Lemma 2.9, we find

t+w
(Fu)2(t) = /t (©an) ()Gt 5)f (s, ug)As + Glo(t), T +w) (¢t ug') = Glo(t), 1) f (¢, up)

F(tu) o

ke {1 T alan® o T T T u(t)ana)}
F(tu)

T u(D)an(®)

= (San)(t)(Fu")(t) +
= (San)(t)(Fu")(t) +

Hence for v = Fu™ — Fu, we have

WA (E) = (Fu™)2(t) - (Fu)(t)

= (@an)(t)(FUn)(t) + % - (@a)(t)(Fu)(t) - 1_{'(5&:);)(25)
= (8an) ()" (t) + fu(t),
where n
ult) = = {(Ean)(t) ~ a0} (Fay (0 + { L) Swd

By Lemma 4.2 and (Hs), one has u} — u; and f(¢,u’) — f(t,u:) as n — oco. Moreover, since a(t, x) is

continuous with respect to x on {(¢,z): 0 <t <w, || <n} and a(t,u™(t)) — a(t,u(t)) (ie., an — a
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in brief), we have f,,(t) — 0 as n — oo. Since f maps bounded sets into bounded sets by (Hz), there
exists My > 0 such that |f(s,xs)| < Mj for any z € Q and s € [t,t +w]. In addition, there exists
My > 0 such that |a(t, z)| < My. Whence,

|fu(t)| < 2Ma|(Fu)(t)| + 2My < 2MaBwMy + 2M;.

w
Consequently, [[v™]| < B*/fn(s)As, where
0

eq* (5,1
B*= sup G, (t,s), G(t,s)= a’}f( ), an = Oan.
0<t,s<w al
By the dominated convergence theorem, we have ||v"| = ||Fu™ — Fu|| — 0 as n — oo, which shows

that F' is continuous.
Next, we prove that F(KsN Q) is compact. In fact, for any u € K5 N Q, we have

t+w
|(Fu)(t)| < B / f(s,us)As < BwM;
t

and
f(tv ut)
T+ a(t)u()

So F(Ks N Q) is uniformly bounded and equicontinuous, and hence, by the Arzela—Ascoli theorem,

|(Fu)>(t)] = ’(Ga)(t)(FU)(t) + ‘ < BwM; + M;.

F(KsN Q) is compact. Therefore F : Ks N — K is completely continuous. O

5 Existence and Nonexistence of Positive Periodic Solutions

For convenience in the subsequent discussion, we introduce the following notation:

t t
= lim max it ’('0), fo= lim min 7’@,
loln—0te0w] || leln—0tel0w] [@ln
[t ) t,p)

= lim ,
leln—oo te[0w]  |@|n

fo= lim min —>=
lpln—ootelow] |¢ln

Ds ={p € Cp: ¢(0) > d|p|, for all 6 € T }.

5.1 Positive periodic solutions of the system (4.1)

Assume that
(H3) There exists K1 > 0 such that for any ¢ € Dy with ||, € [0K1, K1], we have f(t,¢) > K1 /(Aw).
(H4) There exists K2 > 0 such that for any ¢ € Ds with ||, < K2, we have f(t,¢) < Ka/(Bw).

Theorem 5.1. (i) If (H3) holds and f° = f* =0, then (4.1) has at least two positive w-periodic

solutions ui and us with 0 < |lu1|| < K1 < ||uzl|.
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(ii) If (Hy) holds and fo = foo = 00, then (4.1) has at least two positive w-periodic solutions u; and
ug with 0 < ||u1]] < Ko < |Juz]|.

Proof. We only prove (i) since the proof of (ii) is very similar. From f° = 0, it follows that, for any e

with 0 < € < 1/(Bw), there exists rog < K such that
ft,p) <elplp for @eDs with 0 <|gls <ro. (5.1)
Let Q,, ={u € P, : ||u|| <ro}. Then for any v € K5 N 08,,, we have
full =ro and  Slurln < & lull < u(6).

Hence u; € Ds and drg < |u¢|p, < 79. By (4.5) and (5.1), we have
w w
[Ful] < /f(s,us)AS < B€/|us|hA5 < Bew ||ul| < lull,
0 0

that is, ||Ful| < ||ul| for u € K5 N 0Qy,.
On the other hand, we know from f°° = 0 that, for any £ with 0 < ¢ < 1/(2Bw), there is N1 > K;
such that
|f(t, o)l <elplp for ¢ €Ds with [p[p > N (5.2)

Let Q. ={u € P, : ||u|| < r}, where r; is chosen such that

ry > N1+ 1+ 2Bw sup f(t, ). (5.3)

t€[0,w]
[l <N1, peD;s

Then, for any u € Ks N9, , we have 0|u|p, < 0 ||ul| < u(f). Hence
ug € Dy and  0ry < |uglp <= JJull.

It follows from (4.5), (5.2), and (5.3) that

tHw

|Fu| < B / f(s,u)As = B / f(s,us)As + B / F(s,us)As
t I I

w
(& !
< B/ZBwAs—i—B/dusMAS < 5+ Briew <=l
0 0

where

L ={se€0,w]: |uslp < N1} and Ir={se€[0,w]: |us| > Ni}.

This means

|Ful| < ||u|| for we KsnoQ,,.
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Let Qr, = {u € B, : |lu]| < K1} with K1 > 79. Then, for any u € K5 N 0Qk,, we obtain
Ky > |ut|p > 6K;. By (H3), f(t,z:) > K1/(Aw). By Lemma 4.4,

t+w

|Ful > A / F(s,us)As > Al
t

= K1 = [Jul].

This shows that ||[Fu| > |lu|| for u € K5 N 0Q,. It follows from Lemma 4.5 and Lemma 4.6 that
F:Ksn(Qy \Qk,) — Ks and F: Ks;N(Qg, \ Q) — Ks are completely continuous.

Thus, by Lemma 4.1, F has fixed points u1 and ug in Ks N (Qg, \ Q) and Ks N (Q, \ Qk,),
respectively. That is to say, (4.1) has at least two positive w-periodic solutions u; and uy with

0< ||U1H < Ki< HUQH O
The following theorem is crucial in our subsequent arguments.

Lemma 5.1. If (Hs) and (Hy) hold, then (4.1) has at least one positive w-periodic solution u with
lu|| lying between Ky and Ks, where Ky and Ky are defined in (Hs) and (Hy), respectively.

Proof. Without any loss of generality, we can assume that Ko < Kj. Otherwise, we can employ
Lemma 4.1 (ii) to prove this lemma.

Let Qx, = {u € P, : |lul]| < K2}. Then for any u € KsNIQg,, it follows from (4.5) and (Hy4) that

BU.)KQ
Bw

t+w
|Full < B / F(s,us)As < = Ky = [lul].
t

This means that ||Ful| < ||lul| for any v € K5 N 0Qk,.
Let Qr, ={u € P, : |lu|| < Ki}. Then for any u € K5 N 0Qk,, we have |us|p, < K;. It follows
from (4.5) and (Hs) that

ttw
AwK
|Full > A / Fls us)As > =t = Ky = ul].
t
This means that | Ful| > |lu|| for u € K5 N 0Qk,. Hence the proof is complete by Lemma 4.1. O

Theorem 5.2. (i) If f% € [0,1/(Bw)) and fs € (1/(Adw),00), then (4.1) has at least one positive

w-periodic solution.

(ii) If f>* € [0,1/(Bw)) and fo € (1/(Adw),00), then (4.1) has at least one positive w-periodic

solution.

Proof. We first show (i). Assume that f© = a1 € [0,1/(Bw)) and fe = 1 € (1/(Adw), 00). For
e =1/(Bw) — a1 > 0, there exists a sufficiently small R; > 0 such that for |p[, < R;, we have

t 1
max 1t ¢) <apte=—,
teow |l Bw
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i.e., when ||, < Ry and t € [0,w], we have f(t,¢) < |¢|n/(Bw) < R1/(Bw). Hence (Hy) is satisfied.
For e = 31 — 1/(Adw) > 0, there exists a sufficiently large Ry > 0 such that, when |p|;, > 0R2, we

have

f(t, o) 1
>0 —e=—.
telow] |©ln fi—e Adw

Therefore, when ||}, € [§R2, R2] and ¢ € [0,w], we have f(t,¢) > R2d/(Adw) = Ro/(Aw), i.e., (Hg) is
satisfied. Lemma 5.1 tells us that the claim (i) is true.

Now we show (ii). Assume that fy = a2 € (1/(Adw),0) and f* = [y € [0,1/Bw). For any
e =ay —1/(Adw) > 0, there exists a sufficiently small R3 < dRy such that, when 0 < |¢|, < R3, we

have

f(t, o) 1
ol el 27T Asw

This implies that, when |p|, € [0R3, R3] and t € [0,w], we have f(t,¢) > 0R3/(Adw) = R3/(Aw),
which shows that (Hs) holds. For ¢ = 1/(Bw)— 2 > 0, f> = (2 implies that there exists a sufficiently

large Ry > R; such that, when |p|;, > R4, we have

f(t, ) 1
< = —. 54
A ol ~RTET B (54)

In order to prove that (Hy) is satisfied, we consider two cases.

Case 1. If m[ax] f(t, ) is unbounded, then there exist p* € Ds with |p*|, = Rs > R4 and ¢ty € [0, w]
te|0,w

such that
ft, @) < flto, %) for 0 <[pln < |¢*|n = Rs. (5.5)
Since |¢*|;, = R5 > Ry, by (5.4) and (5.5), we obtain

["ln _ Rs

<
B — Bu for 0<|p|lp <Rs and te€[0,w],

[t 0) < [flto, %) <

i.e., (Hy) holds.

Case 2. If II?[[(E)%X] f(t, ) is bounded, then there exists M5 > 0 such that
te|Ow

f@t,p) < M for (t,¢) € [0,w] X Ds. (5.6)
Here we can choose Rj5 such that Rs > MsBw. When 0 < ||, < Rs,t € [0,w], by (5.6), one has
f(t, (p) < My < R5/(Bw), ie., (H4) holds.

Lemma 5.1 implies the conclusion (ii). O

Theorem 5.3. (i) If (Ha) is satisfied and fo, fxo € (1/(Adw),00), then (4.1) has at least two
positive w-periodic solutions uy and ug with 0 < ||uy|| < K2 < ||ug||, where Ko is defined in
(Hy).

(ii) If (H3) is satisfied and fO, > € [0,1/(Bw)), then (4.1) has at least two positive w-periodic
solutions uy and ug with 0 < ||u1]| < K1 < ||ug||, where Ky is defined in (Hs).
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Proof. We only show (i) since the proof of (ii) is very similar. From fo € (1/(Adw),00) and the proof
of Theorem 5.2 (i), we know that there exists a sufficiently large Ry > K3 such that

R
flt, o) > A—f} for €Dy with |p|p € [0R2, Ra].

From fy € (1/(Adw),00) and the proof of Theorem 5.2 (ii), we know that there exists a sufficiently
small RS € (0, K3) such that

*

R . * *
f(tp)> 2 for @ €Dy with |p| € [0R3, B3]

By Lemma 5.1, (4.1) has at least two positive w-periodic solutions u; and wug, which satisfy
Ry < |lurll < K2 < [Juz|| < Rs.
The proof is complete. O
Theorem 5.4. If one of the following conditions is satisfied,
(i) fo =00 and f> € [0,1/(Bw)), (i) foo =00 and f° € [0,1/(Bw)),
(iii) O =0 and fo € (1/(Adw), ), (iv) f* =0 and fo € (1/(Adw), 00),
then (4.1) has at least one positive w-periodic solution.

Proof. Assume that the condition in (i) is satisfied. We can choose Mg so that Mg > 1/(Adw). Since

fo = oo, there exists a constant r4 such that
ft,p) > Mg|p|n for pe€Ds with 0<|plp <71y (5.7)

Let Q,, = {u € P, : ||ul]| < r4}. Then, for any u € K5 N 9IQ,,, we have d|lug|p, < 0|ul| < u(6). It
follows that u; € Ds and dry < |u¢|p, < rq4. By (4.5) and (5.7), we obtain

t+w w

|Ful| > A / f(s,us)As > AM6/|u5|hAs > AMgdrqw > 14 = ||ul,
t 0

ie., for u € K5 NOQ,,, we have ||Fu| > [Jull.

On the other hand, the fact that f*° € [0,1/(Bw)) and Theorem 5.2 (ii) imply that there exists
Rs > rq > 0 such that f(¢,¢) < Rs/(Bw) for ¢ € Ds with |¢|p, < Rs. Let Qr, = {u € B, : |Jul]| < Rs}.
Then, for any u € Ks N 0Qg,, we have

t+w BwR
[l <B [ flouas < 25 = By u].
t w

ie., for u € K5 N0OQR,, we have ||Ful| < ||ul|. Conclusion (i) is valid by Lemma 4.1. By carrying out
similar arguments as above, we can prove the claim for the cases (ii)—(iv). The details are omitted
here. O
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Remark 5.1. From Theorem 5.4, one knows that if fo = 0o, f* = 0 or f0 =0, fo = o0, then (4.1)
has at least one positive w-periodic solution. When T = R, this conclusion reduces to the main result
of [19].

Theorem 5.5. Assume (Hs). If fo = 00, foo € (1/(Adw),0) or foo = 00, fo € (1/(Adw),0) holds,
then (4.1) has at least two positive w-periodic solutions uy and ug with 0 < |Ju1|| < K2 < ||ugl|, where
Ky is defined in (Hy).

Proof. We only prove the case that fo = 00, foo € (1/(Adw), 00), since the other case is similar. Let
Q, ={u e P, : ||u]| <7} and foo = as, where ry < ro. It follows from fy = oo and the proof of
Theorem 5.4 (i) that [|[Ful| > ||ul| for u € K5 N 0Q,,. Let Qr, ={u € P, : |lu| < R2} with Ry > K>.
It follows from foo = a3 € (1/Adw, 00) and Theorem 5.2 (i) that

R .
fltp) > 32 for peDs with ol € [0Rs, Rl

By (H4) and the proof of Lemma 5.1, (4.1) has at least two positive w-periodic solutions u; and ug

with 0 < Hu1|| < Ko < ||u2|| OJ

Theorem 5.6. Assume that (Hs) holds. If f® =0, f>* € [0,1/(Bw)) or f>* =0, f° € [0,1/(Bw)),
then (4.1) has at least two positive w-periodic solutions uy and ug with 0 < |Ju1|| < K1 < ||ugl|, where
K is defined in (Hs).

So far, we have deliberately explored the existence and the multiplicity of positive periodic solu-

tions. To conclude, we have proved the following theorem.

Theorem 5.7. If fo € (1/(Adw), ], f* € [0,1/(Bw)) or fO € [0,1/(Bw)), fs € (1/(Adw), ] or
(H3), (Hy) holds, then (4.1) has at least one positive w-periodic solution. If (Hz), fO, f* € [0,1/(Bw))
or (Hy), fo, foo € (1/(Adw), o0] is satisfied, then (4.1) has at least two positive w-periodic solutions.

Now we continue with the nonexistence of periodic solutions of (4.1).

Theorem 5.8. Let R;, i € {1,2,3,4}, be as in the proof of Theorem 5.2. If

) < 1 )
s foos min S )y OO
fo, R3<|¢[n<6R2 |¢@|n Adw

£2, %, max f(t’gp)e [0 1)

Ri<|gln<Ra |@ln " Bw

or

is satisfied, then (4.1) has no positive w-periodic solution.

Proof. We only prove the first claim. From the fact that fo, foo € (1/(Adw),0) and the proof of
Theorem 5.2, it follows that there exist R3, Ro > 0 such that

1 1
f(t,p) > T&UVPM for 0 < |plp < R and f(t, @) > T&UVPM for |¢|n > 0Rs.
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[t ) 1

> —— we have
Rs<|pln<6Rz |@|n ~— Adw’

Then by

1
f(t7 90) > T&U|@|h for any ‘(10|h € (O? OO)

If (4.1) has a positive w-periodic solution, say v, then F'v = v. Hence

ttw ttw )
ol = 1#0l = || [ Geossoas| > [ A juhas
t t

t+w

t+w 1 ttw 1 1

> _— = —_— > —_— ==

> [ Ssleoias = [ Seias = [ el as = ol
t t

t

which is a contradiction. The claim (i) is valid. The proof of (ii) will be omitted since it is similar to

that of (i). O

Although we have established sufficient criteria for the nonexistence of a periodic solution of (4.1),

the criteria depend on the parameters in the proof of Theorem 5.2. As in [22], consider the system
xA(t) = —a(t,z(t)x(o(t)) + \f(t,z:), teT, (5.8)

where a parameter ) is isolated from the functional f. By carrying out similar arguments as above,

one can easily reach the following claim.

Theorem 5.9. If fo > 0, foo > 0 or [0, f* < oo, then (5.8) has no positive w-periodic solution for
sufficiently large or small X > 0, respectively.

Remark 5.2. By carrying out similar arguments as above, one can also derive sufficient criteria for the
existence of at least one or two periodic solutions for the functional dynamic equations with infinite
delay on time scales of the form (5.8). Usually, sufficient criteria for the existence or nonexistence
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of periodic solutions of the equations of form (5.8) involves the statements “... for sufficiently large
or small A > 0 ...” (one can see this from Theorem 5.9 and [10, 22]), which are a little bit less
concrete. So we prefer to study the functional dynamic equations of form (4.1) instead of form (5.8)
in this paper. One can also observe that the equations of form (5.8) can facilitate the study of the

nonexistence of periodic solutions as we have seen in Theorem 5.8 and 5.9.

Remark 5.3. In this subsection, we have systematically studied the existence and the nonexistence
of positive periodic solutions of (4.1). In fact, by carrying out exactly the same arguments, one
can easily establish the corresponding (same) criteria for the existence and nonexistence of positive

periodic solutions of
2(t) = alt, z(t)z(a(t)) — f(t,2). (5.9)
The only difference is that G(t, s) should be replaced by

ea(t + w, 8)

G(t,s) = k
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Remark 5.4. As promised in the introduction, one of our principle aims is to unify the existence of
periodic solutions of some differential equations and their corresponding discrete analogues. If T =R
and T = Z, then (4.1) reduces to

2(t) = —a(t,z(t)x(t) + f(t,zy), teER (5.10)

and
z(t+1) —x(t) = —a(t,z(t)z(t + 1) + f(t,z), t€Z,

respectively. Another discrete analogue of (5.10) reads
x(t+1) —x(t) = —a(t,x(t))x(t) + f(t,x¢), te€Z.

In order to include this equation in our study, it suffices to explore the existence and nonexistence of

periodic solutions of the system
22(t) = alt,z(t))x(t) — f(t,z;), teT. (5.11)
By carrying out exactly the same arguments as those for (4.1), it is not difficult to see that Theorems

5.7 and 5.8 are valid for (5.11). The only difference is that G, 1,72, A, B here should be replaced by

ea(t—i—w,s) . 71
G(t = — = f t = t A= — B ==
(¢, 5) kq r M T < Calt +w,s), 22 ogilglggw eslt +w,s), kg’ ko

In addition, based on the exact same arguments, one can also derive the same criteria for the existence

and nonexistence of periodic solutions of
22 (t) = —a(t,z(t))x(t) + f(t,z;) (5.12)

provided that 1/(1 — u(s)a(s)) is positive and bounded. For brevity, details are omitted here.

5.2 Periodic solutions of higher-dimensional dynamic systems

In the previous subsection, we focused on scalar dynamic equations with infinite delay on time scales.

In this subsection, we turn to investigate the n-dimensional system
XA(1) = —AWMX (0(1)) + G(t, Xo), (5.13)

where A(t) = diaglai(t),az2(t),...,an(t)] with a; € Ciq, a;(t + w) = a;(t), and k,, > 0 for all i €
{1,...,n}. G = (91,92,---,9n)" is defined on R x Cj, and G(t, ) is rd-continuous in ¢ and is
continuous in ¢ with G(t +w, ¢) = G(t, ¢). In addition, g;(t, ¥) maps bounded sets into bounded sets
and g;(t,¢) > 0 for ¢ € Cp, with ¢;() > 0 and § € R™. For convenience, we introduce the following
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notation:

€a;(8,1) 1 ) i 1
— =, b=, 0= o}, Ai=——F+, Bi=
ka; €q,(w,0) 121%1”{ J 1—0;

Gi (t, S) =

Ao=) A, Bo=) Bi, P={ucCq(T,R"): u(t+w)=u(t), t €R, u; € Crq(T,R)},
i=1 =1

n
ul| = max ui(t)| for w e P,
ol = g, 3 0

Es={¢pcCp: ¢i(0) > 0|¢iln, 0 eR™}, K ={xeP: xt) >0, z;(t) > |z},
t, )

g? = lim max 9:( ’C'O), go = lim min 9i( ,
lolh—0te0w]  |@ln leln—0tel0w]  [p]n
(¢t . i (T
g = lim max 9:( ’('0), o= 1 min 9il 7¢);
loln—oo tel0w]  |@|n loln—oote0w]  |@|n

GY = max ¢, G™ = max ¢°, Go= min ¢i. Gs = min ¢’ .
1gi§ng“ 1gi§n'g’ ’ 0 1gi§ngo’ o 1§¢§ng°°

We first list below some conclusions without proof since the proofs are very similar to those in the

above section.

Lemma 5.2. Let A,Q € P, A(t) = diaglai(t), az(t), ..., an(t)], Q(t) = (q1(t), q2(t), . . ., qu(t))T. Then

has a unique w-periodic solution given by

X(t) = (z1(t), z2(t), ..., xn(t)), where x;(t) = / Gi(t, s)qi(s)As.

For any u € P, consider the equation
XA(t) = —A®)X (o(t) + G(t, uy). (5.14)

Lemma 5.2 tells us that the unique w-periodic solution of (5.14) is given by

t+tw
Xu(t) = (x1(t), z2(t), ..., zn(t)), where z;(t) = / Gi(t,s)gi(s,us)As.

Define the operator F': K — P with components (F1, Fs,..., F,) by
t+w
(Fiu)(t) = / Gi(t,s)gi(s,us)As for we P, and teT.
t

One can easily show that X is an w-periodic solution of (5.13) if and only if X is a fixed point of F' in
K. Tt is not difficult to show that F(K) C K. Let n be a positive constant and Q = {z € P : |z| < n}.
Then F : K NQ — K is completely continuous.

Based on G, Goo, G, G, one can establish exactly the same sufficient criteria (Theorems 5.7 and
5.8) for the existence and nonexistence of w-periodic solutions of (5.13). For simplicity, as an example,

we only present the details of the proof for the case that G = 0, G = 0.
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Theorem 5.10. If G° = 0 and G = 00, then (5.13) has at least one positive w-periodic solution.

Proof. Since G° = 0, we have g? = 0. Choose € > 0 such that eByw < 1. Then there exists a constant
s1 such that g;(t,¢) < e€|@|p, 0 < |p|p < s1, ¢ € Es. Let Q1 = {x € P: |z| < s1}. Then for any
u € K N9Q, we have ul(6) > §|utl, and d|u| < Jug|p, < |ul, so uy € Es. Therefore

t+w

IFul = Y [ Gittslatsu)as < 3B [ glsu)as
=1 % i=1

0

IN

n w n w
ZBi/e\ushAs < 5ZBZ-/|u\As < |ul.
i=1 0 i=1 0

On the other hand, suppose Go, = co. We may choose M such that MdwAg > 1 and we can observe
that there exists a constant sy with sop > s; such that g;(t,¢) > M|o|n, |¢ln = so, ¢ € Es. Let

s9 = s0/6 and Qy = {z € P: |z| < s2}. Then, for any u € K N 0N, we have u; € E5 and

0 0

Uglp, = h(s) su ul(0 [S’O]As>/h5 su S|ut|As = 6|u| = sy = sp.
e = 00 s SO0 [ 10) sy S s = bl = b =

Whence

n t+w

> [ Gt smlsudds = 3 [asu)as
=1 =1 0

t

[ |

Y

n w
ZAi/M|u5|hAs > MélulwAy > |ul.
=1}

It follows from (4.1), (5.5), and (5.6) that F has a fixed point u; € K N (Qa\ Q1) such that (Fuy)(t) =
up(t) and ut(t) > § HUZIH > ds1 > 0. Hence u; is an w-periodic solution of (5.13). O

Remark 5.5. In this paper, we have systematically explored the existence of periodic solutions of some
dynamic equations with infinite delay on time scales, which incorporate as special cases the differential
and the difference equations investigated in [6, 10, 14, 15, 16, 17, 18, 19, 22, 24, 25], and hence the
dynamic equations investigated here also incorporate as special cases many well-known models in
population dynamics, hematopoiesis, etc. and provide sufficient criteria for the existence of positive

periodic solutions of those models.

Remark 5.6. The explorations in this paper reveal that, when one deals with the existence of positive
periodic solutions of differential equations and difference equations, especially by using the method
of Krasnosel’skii’s fixed point theorem, it is unnecessary and useless to prove results for differential
equations and separately again for their discrete analogues (difference equations). One can unify such

problems in the framework of dynamic equations on time scales.
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