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1. Introduction

We begin this paper by stating two well-known results concerning quadratic function-
als. Result 1 deals with the “continuous™ case while Result 2 represents the “discrete”
counterpart. We let n€ N.

Result 1 (Jacobi’s condition). Let R and P be continuous » X n-matrix valued functions
on R such that R(¢) and P(¢) have real entries and are symmetric and such that R(¢) is
positive definite for each z€ R. Let a,b € R with a<b. Then the quadratic functional

b
Fely)= / ("Ry — yTPy} D) dt

is positive definite, i.e., Z-(y)>0 for all nontrivial piecewise C'-functions y:[a,b] —
R* with y(a)=y(b) =0, if and only if the solution ¥ of

ad;[R(t)Y] +P(1)Y =0, Y(a)=0, Y(a)=Ra)

satisfies
Y(¢) invertible for all ¢ € (a, b]. (1)
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Result 2 (Discrete version of Jacobi’s condition). Let R, and P; be symmetric n X n-
matrices with real entries such that R; is invertible for each k € Z. Let M,N € Z with
M <N — 1. Then the discrete quadratic functional

N-1

Fo(»)=Y_{(Ay)"Re(Aye) — ¥E 1 Peyier}
k=M

is positive definite, i.e., #p(y)>0 for all nontrivial sequences y :[M,N]NZ — R* with
ym =yny =0, if and only if the solution Y of

ARAY ]+ P Y1 =0, Yy =0, AYy =Ry
satisfies
Y; invertible for all k€ {M +1,...,N}, and

)
Y, Y \R;' positive definite for all k€ {M +1,...,N — 1}.

The proofs of these results and many related topics can be found in recent mono-
graphs by Kratz [15] (“continuous” case; see also [11, 17]), and Ahlbrandt and
Peterson [3] (“discrete” case; see also [2, 6-9, 16]). Besides featuring minor techni-
cal differences (note that yT(#)P(¢)y(¢) in F is replaced by y,LlPk Yi+1 In Fp), the
following two discrepancies occur in the first view:

e In Result 2 the matrices R; need not be positive definite, while Result 1 does not
hold without this assumption.
¢ The invertibility of the so-called principal solution in Eq. (1) is not enough for

Result 2; in fact we need to supplement this condition by an additional condition in

Eq. (2).

As such it is not clear why these strange differences occur. In this paper, we will
present a theorem on a time scale T which covers both Results 1 and 2 in the sense
that they are special cases of our theorem for T=R and T =Z. Such a unification by
the theory of time scales was initiated by Hilger in [12]. Besides this paper we shall
refer to the work of Aulbach and Hilger [4] and the recently published monograph by
Kaymakgalan et al. [13]. Some of our results extend the work of Erbe and Hilger [10]
to systems. However, the main result of our paper, Theorem 5, is new even in the
scalar case.

For the convenience of comparing our theorem from Results 1 and 2 above we first
state our version of Jacobi’s condition on time scales. For the notation needed we
refer the reader to the next section on preliminaries about time scales. At this moment
the only important thing for observing how Results 1 and 2 follow from our theorem
is to know that p(t)=a(t)=¢ if T=R and p(t)=t— l,6(t)=t+ 1 if T=27. Also,
the theory has been prepared in such a manner that y® =y in the case T=R and
y®=Ay in the case T =7.

Result 3 (Jacobi’s condition on time scales). Let R and P be rd-continuous » X n-
matrix valued functions on T such that R(¢) and P(¢) are symmetric and have real
entries and such that R(¢) is invertible for each t € T. Let a,b € T with a< p(b). Then



R P. Agarwal, M. Bohner | Nonlinear Analysis 33 (1998) 675-692 677

the quadratic functional

b
Fr(y)= / (AR - ()P} ()

is positive definite, i.e., #r(y)>0 for all nontrivial piecewise C}-functions y:[a,5]NT
— R"” with y(a)= y(b) =0, if and only if the solution ¥ of

[ROYA)A +P(1)Y =0, Y(a)=0, Y?@)=R"'(a)
satisfies
Y(1) invertible for all 1€ (a,b]NT, and

3
Y()Y " (o(+))R7(¢) positive definite for all ¢ € (a, p(b)]NT. ©)

The organisation of this paper is as follows: In the next section we introduce time
scales and collect some of their basic properties which are needed later. The proofs
of these properties and further details can be found in [4, 13]. Section 3 gives a short
motivation why it is useful to examine quadratic functionals by considering certain
variational problems on time scales. Section 4 contains preliminaries and several fun-
damental results (e.g. Picone’s identity) for self-adjoined second order matrix equations
and corresponding Riccati matrix equations on time scales. Section 5 proves the above
mentioned time-scales-version of Jacobi’s condition. We conclude this paper by giving
Sturmian separation and comparison results on time scales in Section 6.

2. Preliminaries about time scales

A time scale T is defined to be any closed subset of R. Hence the jump operators
o,p:T—T

o(t)y=inf{se€T: s>t} and p(t)=sup{seT: s<rt}

(supplemented by inf @ := sup T and sup @ := inf T) are well-defined. The point z € T is
called left-dense, left-scattered, right-dense, right-scattered if p(t)=1t, p(t)<t, o(t)=1,
a(t)>t, respectively. The graininess p: T — Ry is defined by u(t)=o(t) —~ 1.

Throughout we fix a,6€ T with a<p(b) and put 7 =[a,b]NT. By 4 we shall
always denote a nonempty subset of T. Also, whenever we write 7 = [a1,5,]N T, we
mean a;,b; € T with a; <p(b). We define

- {9’ if 7 is unbounded above,

T \(p(max 7 ),max 7] otherwise.

We say that a mapping f from T into some real Banach space X is differentiable at
t €T provided (see [10] (Section 2))

£8(0) = lim 9D = f(5)

LR S where s — t, s € T\{o(2)},
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exists. The function f is called differentiable on 7 if f A(¢t) exists for all 1€ 7. The
following lemma contains results for this derivative. We shall write f° for foo.

Lemma 1. Let f,g: T —X and t € T*. Then the following hold:

(1) If f2(t) exists, then f is continuous in t;

(2) If t is right-scattered and f is continuous in t, then f2(t)=[f(o(2))— f()}/u(2);

(3) If f2(t) exists, then f(a(0))= f(t) + u(e) f2(2);

(4) If f2(1), g (¢) exist and (fg)¥) is defined, then (fg)*(t)= f(c(1))g™()+ f2(2)
g(1);

(5) If f2 exists on T and f is invertible on T, then (f ") =—(f°)"'f2f " on
Tx,

(6) If |f2]| < g° on T then |f(s)— f(r)| < g(s) —g(r) for all r,s€ T with r <s;

(7) If f2=0 on X then f is constant on 7.

Proof. For (1) and (2) see [4] (Theorem 3) or [13] (Theorem 1.2.2). While (3)
follows (note that u(¢)=0 if ¢ is right-dense) from (1) and (2), (4) and (5) are from
[4] (Theorem 4) or [13] (Theorem 1.2.3). Finally, for (6) and (7) see [4] (Theorem
5) or [13] (Corollary 1.3.1). CI

Let f1,...,tn € T*. A function f:T\{#,...,tm} — X is called regulated on J pro-
vided f has a left-sided limit at all left-dense points and a right-sided limit at all right-
dense points of 7. An f is called rd-continuous on 7 — we write f € Cy(J)=Cu
(7,X) - if it is regulated on 7 and continuous at all right-dense points of 7. We write
feCL(T) if f is differentiable on J* with fAeCy(T*). If f is continuous on F
and if it is differentiable on 7 except at y,...,t, € F* such that f2 is regulated on
T we abbreviate this piecewise rd-continuous differentiability by writing f € C;(ﬂ' ).
Note that in this case (apply Lemma 1(2)) the points #,...,%, are necessarily left-
dense and right-dense at the same time. Moreover, f is said to be regressive on J if
I+u(t)f(¢) is invertible for each r € 7, where I denotes the identity in X. Next, for any
on 7 regulated function f: 7 \{t,...,tm} — X there exists a unique pre-antiderivative
F (see [13] (Theorem 1.4.2)), i.e., a continuous function F:J — X that is differen-
tiable on 7*\{t,,...,%,} and satisfies FA(t) = f(¢) for all r€ 7*\{1,...,1s}. We then
define the Cauchy integral of f by f: S(OAt=F(s)— F(r), where r,s € 7. If F sat-
isfies F2(¢) = f(¢) for all t € 7% then F is said to be an antiderivative of f on 7. In
the following lemma we collect properties of rd-continuous functions that are needed
in our work. The terminology “right-sequence for ¢ is used for strictly decreasing
sequences {fm}men C T with lim,,_,o 1 =1. Note that due to the definition of o there
always exist right-sequences for any right-dense ¢ € T (except if #= max T in case T
is bounded above).

Lemma 2. Let f € Cq(F ). Then the following hold:

(1) f has an antiderivative;

(2) If f is regressive on 7 and if i€ T, J€ X, then any initial value problem go =
f(t)g, g(fy=g has a unique solution on T ;

3) [ f(x)Av=u(t)f(t) hold for all 1€ T*;
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(4) If 4 e T and f(1))>0, then there exists t; € T with f: f(@YAt>0;
(5) If a is right-dense and if {am}men C T =F is a right-sequence for a, then

im [ roac= [Coa;

6) If 7 =[a;,bi1NT, fu€Cua(T ), and limy_.oc fm=f uniformly on T, then

b by
lim Su()AL = f(r) At

m-—00 ai

Proof. While (1) is from [4] (Theorem 6) or [13] (Theorem 1.4.4), see [4] (Theorem
8) or [13] (Theorem 2.5.1) for (2). Now, (3) follows from (1) and Lemma 1(3).
For (4) note the following: Either #; is right-scattered, then by (3)

a(ty)
/ f(@®)At=u(t1)f(01)>0,
41

or ¢, is right-dense, then f is continuous in #; and there exists a >0 and £, € (f;,00) N
T such that f(¢)>d for all 1€ [t;,5,]NT. In this case there exist antiderivatives F
(according to part (1)) and G (because of

- oo(ty—9
fim SO ZG) 00V =05 5 oy

s—=t o(t)—s s—t g(t)—s

actually G(¢)=4t) of f and g, and an application of Lemma 1(4) yields
2
/ SO At=F() —F(t1) 2 G(t2) — G(t)) = (6 — 11)>0.
3]

Finally, (5) follows from (1), and (6) is from [12] (Theorem 4.3) or [13] (Theo-
rem 1.4.3). [

In this paper we shall consider matrix-valued functions. The set of m x n-matrices
with real entries will be abbreviated by R™*".

3. Variational problems on time scales

The motivation of our investigations in Sections 4-6 comes by examining variational
problems of the form

b
V) L0)= / L(,y(6), y™(1)) At — min,

Ha)=a, y(b)=4,

where o, € R" and L: T x R — R is a C*-function in the last two variables (by L,
and L, we denote the derivatives of L with respect to the second and the third variables,
respectively). For simplicity we allow in this section only functions y:J — R that
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are differentiable on 4 with continuous derivative y*, ie., y€C!(F). A function
7:T—R" with je C(F), j(a)=a, and J(b)=p is called a (weak) local minimum
of (V) provided there exists a §>0 such that £(y) > #( y) for all ye CY(J) with
y(a)=a, y(b)=pB, and ||y~ || <J; and the local minimum j is called proper provided
#(y)=ZL(p) if and only if y=j. Here we shall consider the (according to Lemma
1(1) well-defined) norm

I.f]| = max | f°(t)] + max | £2(¢)] for feC'(F).
tegd ey

Now let n: T — R” be any admissible variation, i.e.,n€C 1(F) with n(a) = n(b) =0.
We put

Pe)=¢(e; ) =L(y+en), ecR
We suppose that L is such that we have

b
Linm) = §(0) = / (L) + L (0} A

and
- b
fz(y,ﬂ)i=¢(0)=/ {(° ) LI () + 2(n° () Ly ()™ ()

+ () LR ()} As,

where (-)=(t, y°(t), y*(¢)). Then y is said to satisfy the Euler equation and %(y)
is called positive semidefinite if % (y,n)=0 and %(y,n) >0, respectively, for all
admissible variations %. If %5(y,7)>0 for all nontrivial admissible variations #, then
we say that %(y) is positive definite.

The following two results provide necessary and sufficient conditions for (weak)
local minima of (V) in terms of positive definiteness of the quadratic functional %(y).
Concerning the corresponding results for the discrete case we refer to [1] (Example
1.6.7), [5] (Theorems 1 and 2), and [14] (Theorems 8.1 and 8.9).

Theorem 1 (Necessary condition). If 7 is a local minimum of (V), then y satisfies
the Euler equation and %,(3) is positive definite.

Proof. Let # be any admissible variation and define ¢:R— R as above, namely
P(e) = ¢(&; ,1). We then have j+en€ C'(F), (7 +en)(a)=o, (7 +en)(b)=p, and,
since there exists a >0 such that

ZL(y)>ZL(F) forall yeC(F) with pla)=a, y(b)=p, |y - | <3,

we also have

de)=L(F+en)>L(7)=¢(0) forall ecR with ls[<” &

Hence ¢ has a local minimum at £=0, and thus our assertion follows. [
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Theorem 2 (Sufficient condition). If y€ C W(F) satisfies the Euler equation, 3(a)=a
and 3(b)= B, and L,(7) is positive definite, then ¥ is a proper local minimum of (V).

Proof. Since %,(7) is positive definite, it is also strongly positive (see, e.g., [11]
(Footnote 4, p. 100)), i.e., there exists an £>0 with

L(7,m) 2 26(b~ a)|n]*.
Since L is a C?-function in x and u, there exists a 0 >0 such that |L"(#,z) — L"(t,2)| <¢
whenever z,7€ R* with |z—7 <5. Let yeC!(J) be such that y# J, ya)=a,
y(b) =B, and ||y — || <d. We shall show ZL(y)>.%(7). To do so, we put =y — j so

that # is a nontrivial admissible variation. Now, using the above remarks and Taylor’s
theorem, we find that there exists a { € (0,1) with

L)~ 23 =6(1)~ $0) = $(0) + 580 = 360)

1. 1 . . 1. 1 . .
= 5¢(0)+ “2“{¢(C) ~ $(0)} > 5¢(0) - —2-l¢(f) — ¢(0)|

IO " P n°(t)
/a (nA(t)) {L"(t,2(8)) - L" (1,2(t))} (nA(t)) At

> e(b L At =g(b L 2
> b=l =5 [ Inlelnl e =ece— o)l - 3ob - )l

b—a
2

1. 1
=5¢0)-3

=&e——|lnll* >0,

where we put

RN I b
A 7*
so that |z(t) — 2(2)| < {|lnll <|lnll <& holds for all € F*. Hence 7 is indeed a proper
local minimum of (V). O

4. Self-adjoint second order matrix equations on time scales

Let R, P € Cy(T,R"*") be such that R(¢) is symmetric and invertible and P(¢) is
symmetric for each ¢ € T. Consider the self-adjoint second order matrix equation

(E) [R()YAA+P(1)Y° =0.
We call Y € CL(T,R" ") a solution of (E) provided

{[RY2]2 + PY°}(#)=0 holds for all e (T*)".



682 R P. Agarwal, M. Bohner | Nonlinear Analysis 33 (1998} 675-692

Note that any solution Y of (E) satisfies RY2 € CL(T*). We shall prove first the
following basic result.

Lemma 3 (Wronskian identity). Let Y and Y, be solutions of (E). Then

YTRY2 —(Y2)TRY, is a constant function on T*.

Proof. We apply the product rule Lemma 1(4) to obtain
[YTRY{ — (Y2)RN 1A = (Y)T[RYP1A + (Y2 RYP —[(Y2)TRIA Yy —(Y*)TRY
=—(Y*)'PY{ +(Y°)'PYf =0
on (T*)“. Now the claim follows from Lemma 1(7) with 7 =T*. O

Next, putting

Y , 0 R™!
Z= A on TF and S= 1 on T,
RY —P —uPR

it is easy to see that Y solves (E) if and only if (note that Y=Y + u¥Y® by
Lemma 1(3)) Z solves

Z8 =5z (4)

Now § € Cy(T, R2"*2") is regressive on T because

-1
1 R™! I—u*R7'P —pR™!
{1 +uS)1 = u2 ) = Iz I
—uP I —u"PR uP 1

holds on T. Hence, by Lemma 2(2), any initial value problem
(4), Z(a)=Z, e, (E), Y(a)=Y, Y™a)=Y

with any choice of a 2n x n-matrix Z,, i.e., of #n x n-matrices ¥, and Y., has a unique
solution. We let Y be the unique solution of the initial value problem

(E), Y(a)=0, Y%@)=R Y(a).

This ¥ is called the principal solution of (E) (at a), and according to the Wronskian
identity, Lemma 3, it satisfies

{FTRY® — (F2)RY}(t)= (FTRY® — (F2) R¥ }(a)=0
for all t€T*, i, {YTRY A1(¢), and hence (where these are defined) both
O()={RTAY~'}¢) and D(t)={F(7")"'R"}()

are symmetric matrices for each ¢ € T*. Furthermore, we call ¥ a conjoined solution
of (E) provided YTRY? is symmetric on T*, and two conjoined solutions Y and Y,
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of (E) are called normalized if Y'RY* — (Y*)'RY; =1 on T*. Besides the principal
solution Y we will also need the associated solution Y, of (E) (at @) which is defined
to be the solution of the initial value problem

(E), Y(@)=-I, Y2a)=0.

Of course, ¥ and ¥, are normalized conjoined solutions of (E).
We shall now consider the matrix Riccati equation

(R) Q" +P(t)+ 0" {R(+ )P} '0=0.

Lemma 4 (Riccati equation). If (E) has a conjoined solution Y such that Y(t) is
invertible for all t € 7, then Q defined by

O =ROYA(O)Y "' (1) forted (5)

is a symmetric solution of (R) on F*. Conversely, if (R) has a symmetric solution
Q on T, then there exists a conjoined solution Y of (E) such that Y(t) is invertible
for all t € F and relation (5) holds.

Proof. First we assume that Y solves (E) and is invertible on J. We then define Q
by Eq. (5) so that on 7%,

Q% +P+ Q" {R+u0}'0
=08+ P+ QI+ (Y -Y)Y "1} 'R"'Q
=[RYA]A(Y")‘1 _RyA(Ya)—lYAy—l +P-+~RYAY"’(Y"Y")‘]R_'RYAY_l
= —PY°(Y°) ' —RYA(Y) 'YAY ' 4+ P+ RYA(Y?)'YAY ' =0

holds according to Lemma 1(3)/(4), i.e., Q is a symmetric solution of (R) on 7¥.

Conversely, let QO be a symmetric solution of (R) on 7, let (o7, and let ¥
be the solution of the initial value problem (note that 7 + uR™'Q=R"' (R + uQ) is
invertible on 7 and apply Lemma 2(2))

Y2 =R7\(HO1)Y, Y(to)=1.

Then Y is a fundamental solution of Y2 =R~!(:)Q(z)Y and hence invertible on 7
(see [4] (Theorem 9)). Furthermore, it satisfies on (Z %),

[RY2)A = [QY]* =Y + QY2
=—PY° — QR+ pQ)~'QY° + QR™'QY
= —PY’ + QR+ puQ) " {(R+uQ)R~'QY — QY°} = —PY".

We extend Y to a solution of (E) so that, since {YTRY2}(%) = Q(t) is symmetric,
Y is indeed a conjoined solution of (E). [
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Our next result is the main tool for proving Jacobi’s condition in the next section.

Theorem 3 (Picone’s identity). Let « € R” and suppose Y and Y, are normalized con-
Jjoined solutions of (E) such that Y is invertible on . We put

QO=RY*Y™" onZ and D=Y¥°)'R™! on T
Let te T and y: 7 — R" be differentiable at t. Then we have at t

{(yTOy+2a"Y 'y — oY ya}®
=()Ry? — () Py — {Ry* - Qy — (Y " HTa}"D{RY* — Qy — (¥ ")Ta}.

Proof. According to the differentiation rules, Lemma 1(4)/(5), we have at ¢

[Y='018 =~ YAy in ()~ lrp
=—(Y°)'RTIQY, + (Y°) 'RT'RYPA
=(Y°)'RTNYTHH{YTRYY - (Y2)TRN }
— (Yo)—lR*](Y—l )T’

and (also using Lemmas 1(3) and 4),

[Y'Qy1® + {Ry* - Oy} Y(Y°)'RT{RY® - Oy}

=)0y + )% + ()T + (H)TRY(Y7) ! A
-y'QY(r°) YA — (M) RY(Y)'RTIQy + yTQY(Y)'RT'Qy

=My = O P - ()Y () R0y + () Oyt
+OA)RY () R = yTQY(r) Ty — (A)RY(YO) 'R Qy
+y QY (Y ) 'R™'Qy

=(*)'Qy - )P = OOV QY(X°) 'R0y + (y) Oyd
+ (N)R{YT — uy 2} Yoy yA = yTQY(ro) !4
— )R — uY*H Y)Y 'RTIQy + yTQY (Y) 'R Qy

=R = ()P + (7)Y — u(y)TRYA(¥7) !y~
= yTOY(Y )y + () RYA(Y ) IRTIQy + yTQY (YY) 'RTIQy
— ()TEY(Y°)'R7'0y”
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=(A)RYA = )P + () O - () QYY) 'R0y’

~ {uy® + y}TOY(YO) 1 yA + {wy® + »YTRY(Y°) 'R Qy
= (*)Ry® - 7)) Py + (") 0y — () QY (¥°) 'R Qy’

— QY (YO yA + () QY (X)) 'R Qy
=Ry — ()P + (") Oy°

~() QY7 — u¥AHr) YA + )Y (Y 'RTIQ{y - ¥}
=()YRY® — )Py + u(y") QXA () - r(r°)lrAy TS
=) Ry* - () Py’

so that
'Oy +24TY 'y — Y 0]® = (32 RS + () Py’

=—{Ry® - Qy}TY(Y") 'RTHRY* — Qy} 24T (YY) 'YAY Ty

+ 2aT(Y¢r)—-1yA + O(T(Y”)']R'I(Y—l)Ta
=—{Ry* - Qy - (Y N} Y ' RTHRY* - Qy — (¥ ))'a},

and hence our claimed identity follows. [

5. Jacobi’s condition on time scales

In this section we will prove the main result of this paper. As it is motivated by the
investigations of Section 3, we will consider a quadratic functional of the form

b
F(y)= / {O®)RY® — Py }0) At

This functional % is called positive definite — we write & >0 — provided
F(y)>0 forall yeCy(T,R"\{0} with y(a)=y(b)=0.

Lemma 5 (Quadratic functional). If 7 =[a;,5]NT, ye CL(T,R"), and
{[RY*12 + Py°}(t)=0 for all te (T ),

then

pibr)
/ (GBYRY — (°)T P }(E) At = {y"RY* }(p(B1)) — (¥ RY* }ar).

ay
Proof. We have on ()"
TRYA1A = )T RYATIA + (A RYA = () RY® = (O°) Py’

so that the assertion follows. [



686 R.P. Agarwal, M. Bohner | Nonlinear Analysis 33 (1998) 675-692

Our next result, Theorem 4, offers a sufficient condition for the positive definiteness
of #. A speical case of this result yields one direction of Jacobi’s condition, which
we shall prove in Theorem 5. Theorem 4 also finds application to establish Sturm’s
separation theorem, this we shall present in Theorem 6.

Theorem 4 (Sufficient condition for positive definiteness). A sufficient condition for
F >0 is that there exist normalized conjoined solutions Y and Y, of (E) with

Y invertible on (a,b]NT and Y(¥Y°)"'R™! positive definite on (a, p(5)]NT.
Proof. We let ¥ and Y, as above and put D=Y(Y°) 'R~ on F*. Pick any y€
Cl(f R") with y(a)= y(b)=0. First we shall consider the case that a is right-

scattered so that we have o(a)>a and u(a)>0. By Lemma 2(3) and Theorem 3
(with ¢ =0) we have

o{a) b
F)=[ {O0®Ry¥® =P A+ ( ){(yA)TRyA - () Py N At
={(*)"Ry® — ()" Py Ha)u(a)
b

+ ( ){[yTQy]A +(Ry® ~ Oy)'D(Ry® — Oy)H1) At

={°) Ry’ = (»*) Py u}(a) + {y" Q¥ }b)

—{y"Qy}(a(a)) + ;) {(Ry* — Q¥)' DRy — Qy)}1) At
> ()R = (") Py @) + {yTOy}b) — {¥y" Qy}a(a))
={O")RY" 1 = (V) PY u— () [RYAY 7 }Ha)
=) {Ru~"' = Pu— (RY® + u[RY®12)(¥°) '} y%(a)
= () {Ru™" = Pu— (RY ™! = pPY*)(Y*)7'}y(a) =0,
If however, #(y)=0, then because of Lemma 2(4)
{Ry® — QyH1)=0 for all 1€[a(a), p(®)INT,
ie., y2()={Y2Y~'y}() for all 1€ [o(a), p(b)]NT. Since
[+ pY2Yy ' =+ Y’ Y]y ' =YY,

the map Y2Y ! is regressive on [a(a),p(b))NT so that by Lemma 2(2) the initial
value problem

yA={Y2Y="}®)y on [o(a).p(B)INT, ¥(b)=0

admits only one, namely the trivial solution. Hence y =0 on & so that % >0 follows.
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Next, let @ be right-dense and pick a right-sequence {am}men CZ for a. With

liMy 00 @m =a. Let m € N. We put a, = —{(¥*)TRy}(an) and apply Picone’s identity
(with o =a,) to obtain the following:

b
JRCR LY IO
" b
=/ [yTOy + 20 Y 'y — al Y V0] () At

b
+ / {Ry® — 0y — (Y "} D{RY* — Qy — (Y™ o }(1) At

m

> /b Oy + 200 Y~y — al Y1 ¥ a0, |2(2) At
= —{ma;Y—‘Ylame) {0y + 20, Y 'y — 4y Y V10 }(am)
= —{a, Y Yian }(6) + {¥"Qy + " QY (Y*) Ry}(am)
= —{on Y "' V10 }(B) + {3 Qy + yT (" [YTRY - 1 (Y*) Ry}(an)
= —{on Y ' 10n}(B) + {YTRY(Y2) Ry}(an),
and hence by Lemma 2(5)
#(y) = lim / {OATRY - TP Y A
> = Hm {o (Y~ V1)(0)tm + Y (RY T Nam)atm} =0.

Finally, if #(y)=0, we know that lim, f:;{z,f,Dzm}(t)A exists and equals 0,
where

Zn =Ry = Qy — (Y Ny = RY® ~ Qy=12, m—

holds uniformly (observe also Lemma 1(1)) on [at,b]N T for each £ € N. Now let
ke N. We first note

b b
/ {2} Dz }(t) AL > / {zx Dz, }(t) At for all m > k.
[ %
Hence, by applying Lemma 2(6) we have
b b
lim / (2! Dz, }(2) At2/ {z'Dz}(t) At
m— o0 am a
Now we let £ — oo and apply Lemma 2(5) to obtain

b b
0= lim [ {zIDz,}(¢)Ar> / {z"Dz}(t) At > 0.
m—0o0 am a
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Hence, again by Lemma 2(4), we have z=0 on F* so that as in the first part of this
proof the triviality of y follows. Therefore, # is again positive definite and the proof
of our result is complete. [

We say that the equation (E) is disconjugate (on ) if the principal solution ¥ of
(E) satisfies

¥ invertible on (a,5)NT and F(¥°)"'R~! positive definite on (a, p(b)]NT.

Now we are ready to prove the main result of this paper (see also Result 3 of
Section 1).

Theorem 5 (Jacobi’s condition).
F >0 if and only if (E) is disconjugate.

Proof. First, if (E) is disconjugate, then we may apply our Theorem 4 with ¥ and ¥,
where ¥ is the principal solution of (E) and ¥, is the associated solution of (E), and
hence disconjugacy implies % >0.
Conversely, suppose that (E) is not disconjugate. Then there exists a € T with
exactly one of the following two properties:
(1) to € 7 \{a} such that ¥(¢) is invertible for all # € (a,4)N T and ¥(t,) is singular,
(2) to€ I \{a} such that F(r) is invertible for all z€(a,b]NT and D(f)=
{Y(¥°)~1R~'}(#y) is not positive definite.
Let d € R"\{0} with ¥(t)d =0 in Case (1) and dT(YTRY?)(to)d = (R¥°d)"D(RY°d)
(#0) < 0 in Case (2). Putting
Y(t)d for t <,
Ho= { 0 otherwise
yields y(a)=y(b)=0, y(¢)#0 for all t&€(a,t), and, moreover, y € Cg(ﬁ ) except
for Case (2) with # right-dense. Hence we assume for the moment not being in this

situation, and we will deal with this special case later. Now it is easy to see that both
yA(t) and »°(¢) are zero for all t>#, so that

{G®YRYA — 7)Y He)=0 for all £>1,.
In the following we use Lemmas 5 and 2(3), and for « € R we put for convenience

at=0if x=0and of =a~! if ®£0. We have

a(to)
FO) = / (YRS — (°YPY )1 At

t a(to)
- / {GARYS = °Y P} At + / (G2 RY: — ()P }(0) At

ho
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={d"PTRYAd}(00) + {(V)RYS — (3")TPy" H1o (o)
=dT{YTRY® + Y"RY u'}(to)d
=dT{u'YTRY? +[1 — pt ] PTRY 2} (10)d < 0.
Therefore # % 0.
Now we will discuss the remaining Case 2 with right-dense #. This situation implies
R(t) # 0, i.e., there exists a d € R” such that dTR(%)d <0. We have to show F % 0,
and for the sake of achieving a contradiction we assume % >0. First we suppose that

to is left-scattered. Then fo # b. Let {tm}men CF be a right-sequence for #. For me N
we put

ty — 1 .
P d if te€(ty,ty]NT,
ym(r)={¢—tm—zo (to, ]

0 otherwise.

Hence ym(a)=ym(b)=0, ym(ts)=/tn — fod #0, and y € C}(F"). Therefore

0 < F(ym)= / {OARA - (7B )(1) At

f

- [ L 4 o), o)
_/ro {\/tm—tOR(t)\/tm——tO d' \/—P()\/— }A:

(im) G (tm) — 2
=dT { ! / R(t)At} d-d { / Q'L—l(’—))-P(t)At}
thn — lp to to by —

—dTR(t)d <0, m — oo,

which yields our desired contradiction. The remaining case of left-dense #, can be
treated the same way with

0%y,

o {%d if tee, )N,
ym(t)=

0 otherwise,

or
—
to—tr

d if te[t,t)NT,

ym(t)= Ja=d if 1€ (0, tn]NT,

0 otherwise,

if fo = b or otherwise, respectively, using a strictly increasing sequence {£}}nen cd
with limy—.oc 1y, =1. [
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6. Sturmian theory on time scales

We call a solution Y of (E) basis whenever

Y(a) \ _
rank(YA(a)) =n.

A conjoined solution is said to have no focal points in (a,b] provided it satisfies
Y invertible on F\{a} and Y(Y°)"'R™! positive definite on F*\{a}.
Using this terminology, equation (E) is disconjugate (on ) if and only if the principal

solution of (E) (at @) has no focal points in (a,b]. Concerning conjoined bases of (E)
we have the following version of Sturm’s separation result on time scales.

Theorem 6 (Sturm’s separation theorem). Suppose there exists a conjoined basis of
(E) with no focal points in (a,b). Then equation (E) is disconjugate (on ).

Proof. Let Y be a conjoined basis of (E) satisfying
Y invertible on (a,6]NT and Y(Y°) 'R~ positive definite on (a, p(b)]NT.
Since Y is a basis, we note that the matrix
K =Y"a)Y(a) + (Y*)(@)R*(a)Y2(a) is invertible.
Let Y; be the solution of
(E), Yi(a)=—-R@)Y>@)K™', YP@)=R N a)Y(a)Kk™".
Then in view of the Wronskian identity, Lemma 3, Y, satisfies
{YTRY{ — (YP)RY }(t) = {Y[RY] - (Y?)"RY, Ha)
=—(K YY" (@R@Y (@K™ + (K YT (@R@)Y (@)K
=K HI{YTRY2 — (Y2 RYHa)K ! =0,
and
{YTRY{ — (Y2)RY, }(t) = {Y"RY] — (Y*)"RY, a)
=Y @)Y (@)K~ + (Y (@)R*(a)Y2(a)K ' =KK™ ' =1,

and hence Y and Y, are normalized conjoined solutions of (E). An application of
Theorem 4 now yields that # >0. However, now Jacobi’s condition, Theorem 35, in
turn shows that (E) is disconjugate, i.e., the principal solution of (E) has no focal
points in (a,b]. O
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In the final result of this paper we shall also consider the equation
(E) [R()Y212 + P(1)Y° =0,

where R and P satisfy the same assumptions as R and P.

Theorem 7 (Sturm’s comparison theorem). Suppose we have for all t€ T
R(r) < R(tr) and P(¢) > P(¢).

Then, if (E) is disconjugate, then (E) is also disconjugate.

Proof. Suppose (E) is disconjugate. Then by Jacobi’s condition, Theorem 5,
F(y)= / TOARA - (70 A0

for all nontrivial y € C},(ﬂz ) with y(a)=y(b)=0. For such a y we also have
F(y)= / TOATRA - TR0 A

b
> / (TR — By} (1) At = F () >0,

Hence # >0 and thus (E) is disconjugate by Theorem 5. [
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