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Abstract. Making use of a recently proved Reid Roundabout Theorem for
linear Hamiltonian difference systems in the so-called singular case, we derive
a Sturm Separation Theorem, a Sturm Comparison Theorem, and a charac-
terization of a discrete quadratic functional being positive definite subject to
separated boundary conditions. These results enable us to prove the main
theorem of this paper which states the equivalence of positive definiteness of
a certain discrete quadratic functional and solvability of some Riccati matrix

difference equation together with a certain matrix inequality.
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1. Introduction

Strongly related to positive definiteness of the discrete quadratic functional

N
Fo(z,u) = Z {h 41Ok + uf Bruy }
k=0

are linear Hamiltonian difference systems

(H) AXy = Ap X1 + BpUy, AU, = CpXpp1 — ALUy, 0<k<N
as well as Riccati matrix difference equations of the form

(R)  Quy1=Cr+ (I —AD)Qk(I +BxQr) "I — Ax), 0<k <N,

Here, Ay, By, Ci, Xi, U, Qr are n X n-matrices with I — Ay invertible and
By, C, Qr symmetric; x, ur € IR™; and Fy is called positive definite if

Fo(z,u) > 0 for all (z,u) with
To = TN+1 — 0, T 75 0, and A.Tk = Akl‘k—f—l + Bkuk, 0 S k S N.

In [9], L. Erbe and P. Yan who introduced systems (H) in [8], conjectured
that positive definiteness of Fy and the matrices By imply the existence of
symmetric matrices @y satisfying (R) such that the matrices (I + ByQ) ' By
are positive semidefinite. Such a result would be of great interest in optimal
control theory, where this question arises in applications including the discrete
regulator problem, discrete Kalman filtering, robust control, and H* control,
as is pointed out by C. Ahlbrandt and M. Heifetz in [2] (see also [1]). In the
present paper, we prove the following central result.

Theorem A. Let By, and C}, be any symmetric matrices, 0 < k < N. Then Fy
18 positive definite if and only if there exist symmetric matrices Q, 0 < kK < N,
which satisfy both

Qri1=Cr+ ([ — A)Qk(I + BQr) (I — 4;), 0<k<N

and
(I+ByQy) 'B,>0, 0<k<N.



This result comes much harder than the corresponding result when the
By, are assumed to be invertible (compare e.g. [8, Theorem 2.5]). Besides the
theory for systems (H) which allows the By to be singular matrices (so that
the important case of Sturm-Liouville difference equations of higher order is
included) and which has been presented by the author in [4, 5, 6] (see also an
extension to symplectic systems [7] in a joint work with O. Dosly), the proof of
Theorem A requires a Sturm Separation Theorem as well as a result on a more
general discrete quadratic functional subject to so-called separated boundary
conditions. These results are contained in Sections 3 and 4 below, and a Sturm
Comparison Theorem is added to Section 3. Section 2 contains some prelimi-
naries, e.g., Picone’s identity and Jacobi’s condition from [4], while Section 5

is devoted to the proof of our main result, Theorem A above.

2. Preliminary Results

Let n e N, Ne NU{0}, J:=[0,N|NZ, J*:==[0,N +1]NZ, and let be
given n X n-matrices Ay, By, Ci, k € J, such that A := (I — Ap)™" exists and
such that By, Cy are symmetric. We say that (X, U) is a conjoined basis of

(H) AXy, = A Xps1 + BeUy, AU = CyXpy1 — AL Uy

whenever the n X n-matrices Xy, Uy, k € J*, solve (H) with X{ Uy symmetric

and rank(X! UTI) = n, and this implies as is very well know that
XU, =Ul'X, and rank(X] Ul)=n forall keJ*

hold. Here, A is the forward difference operator, i.e., AXy, = X1 — X,
k € J. Furthermore, for any given conjoined basis (X,U) of (H) there exists
another conjoined basis (X, U) of (H) such that X7 Uy — UF X, = I (I being
the identity matrix) holds, and then we say that (X, U), (X, U) are normalized.
Also, (H) together with any initial values for X and U is uniquely solvable due

to our assumptions on the matrices A;. The solutions of (H) with
Xo=0, Up=1 and Xo=-I, Uy=0

are called the special normalized conjoined bases of (H) at 0, and (X,U) is
said to be the principal solution of (H) at 0.
Now, if g, ur € IR™, k € J*, with Axy = Agxps1 + Bruy for all k£ € J,



then (z,u) is referred to as being admissible, and

N
Folz,u) = Z {a:fHCkka + ukauk}
k=0

is called positive definite whenever Fo(x,u) > 0 for all admissible (x,u) with
2o = Zn4+1 = 0 and = # 0. Moreover, for 2n x 2n-matrices R and S such that

S is symmetric, we say that the functional

N T
F(z,u) = Z {z} 1 Crars1 + uf Byug} + ( xo) S( xo)

T T
0 N+1 N+1
is positive definite if

F(x,u) > 0 holds for all admissible (x,u) with ( > € ImR" and x # 0.

TN+1

For a conjoined basis (X, U) of (H) we use the notation
Dy = X, X}, Ay By,

where M1 stands for the Moore-Penrose inverse of the (arbitrary) matrix M,

see e.g. [3, Lemma 1.5], and, of course, the notations
KerM, ImM, M>0, M>0

stand for the kernel of M, the image of M, M is positive semidefinite, and M
is positive definite, respectively.

We now state some elementary results which will be used in Sections 3, 4,
and 5 below. The reader may find these results and their proofs (respectively
results that differ only in minor inessential details from the stated ones) in the

given references.

Lemma 1 ([5, Lemma 1] or [8, (1.7)]). Let (z,u) be admissible such that

Auy = Caypi1 — Afug for allk € J. Then Fo(z,u) = T, unt1 — T4 uo.

Lemma 2 ([4, Lemma 4] or [5, Lemma 2 (ii)]). If (X,U) is a conjoined
basis of (H) and if KerX,,,1 C KerX,, for somem € J, then Dy, is symmetric.

Lemma 3 ([8, Proposition 1.3] or [9, Theorem 6]). There exist symmet-
ric matrices Qx, k € J*, satisfying (R) iff there is a conjoined basis (X,U) of
(H) such that Xy are invertible for all k € J*. In this case, Qy := UpX, ',
k € J*, are symmetric matrices satisfying (R), and Dy, = (I + ByQy) "' By
holds.



Proposition 1 ([5, Propositon 1]). Let (X,U) be a conjoined basis of (H).
Let m € J. If Ker X, 11 ¢ KerX,,, then there erists an admissible (x,u) with

1o = Xod € ImXy, x4 =0, 2#0, and Fo(r,u)=—d" XIUpd.
Otherwise, for any c € IR", there ezists an admissible (x,u) with
1o = Xod €ImXy, wnxy1 =0, and Fo(z,u)=c" Dyc—d XZ Usd.

Proposition 2 (Picone’s Identity; [5, Propositon 4 and Lemma 2]).
Let (X,U), (X,U) be normalized conjoined bases with KerXy,, C KerXy for
all k € J. Then, for admissible (z,u) and o € IR™ with o + Ul 7y € ImX{,
we have

T *
A {(;,c) @ (;k)} = 231 Chp1 + uf Brug — 2 Dz,

T + Dz = {f — Ay — BrAL (Qr41 — Ck)} Tr1 — BRATQT
for all k € J, where
Qi = Up X} +(Up X X =T (I- X X)) UL and Qy = X[+ X} X, (I- X! X, )UF,

0 — ~XIXp X[ X Qu
’ &G

) 18 symmetric, and where 2 = up — QrTy —Qfa.

Now, as is done in [4, Definition 4] or in [5, Definition 3|, it makes sense to
say that a conjoined basis (X, U) of (H) does not have a focal point in (0, N +1]
iff

KerXy,; CKerXy and Dy>0 forall kelJ
hold. The following result then is an immediate consequence of Proposition 2
(with a = 0) and of Proposition 1, while Proposition 2 (with o = —z) gives

proof for the subsequent result.

Proposition 3 (Jacobi’s Condition). Fy is positive definite if and only if
the principal solution of (H) at 0 does not have a focal point in (0, N + 1].

Proposition 4. If the principal solution of (H) at 0 does not have a focal
point in (0, N + 1] and if R(S + Qi_,1)R" > 0 on ImR, then F is positive
definite.



3. Sturmian Theory

Theorem 1 (Sturm Separation Theorem). If the principal solution of
(H) at 0 has a focal point in (0, N + 1], then any conjoined basis of (H)
does as well.

Proof. Let (X,U) be a conjoined basis of (H) without focal points in (0, N+1].
For k € J* we put

Qk :UkX,];—{-(UkX]IXk—Uk)(I—X;;Xk)Ug and ZL :Uk—Qk.’I)k,

and then Proposition 2 with o = 0 yields that for any admissible (x,u) with

To=2ny1 =0
N

Folz,u) = szTDkzk >0
k=0

holds. If Fy(z,u) vanishes, then we have Dyz, = 0 for all k¥ € J, and the
second formula in Proposition 2 yields zy = zy_1 = ... = ;1 = 0 so that
Fo is positive definite. This in turn shows by Proposition 3 that the principal
solution of (H) at 0 does not have a focal point in (0, N + 1], and this proves

our result. [ |

While we make use of the Sturm Separation Theorem when proving our
main result, the Sturm Comparison Theorem is not needed later on. However,
since it fits into the context, we give it here for completeness. Observe first

that we have

[ Tr+1 4 —C, — AEBZAk AZBZ Tk+1Y) 2T Oz
AfEk B]ZAk _Blz A.fEk- k+1YkLk+1
= a:fHAfB,iAkackH — acfHAfB};Axk — AxfB};Akka + A:L'ZB);ACC;C
= {A,Z‘k —_ Akl‘k+1}T BIZ {A,Z‘k —_ Ak-Tk—I—l} = uZBkB,tBkuk = uZBkuk

for all £k € J whenever (z,u) is admissible.

Theorem 2 (Sturm Comparison Theorem). Let zflvk, %c, (,Zk satisfy our

general assumptions as well and put

. (—@—ﬁmmxﬁm Gy~ A{ByA, ALB
k:

and Hy =
P B R B ek



for k € J. Then, if the principal solution of
(H) AXy = ApXyp1 + BelUy, AU, = CpXyp1 — Ak U
at 0 has a focal point in (0, N + 1] and if
Iik < H, and Im(@v;C — A, %c) CImB, forall kelJ
hold, then any conjoined basis of

(H) AXy = Aka—H + BU,, AU, = CrpXky1 — AgUk

has also a focal point in (0, N + 1].
Proof. Again we assume that there exists a conjoined basis of (H) without
focal points in (0, N 4 1]. Hence,
N
kzjo {z] Crars1 + ul Byug} > 0
for all (w.r.t. (H)) admissible (z,u) with g = x4 =0 and x # 0

by Theorem 1 and Proposition 3. Now let (z, u ) be admissible w.r.t. (I—NI ) such
that o = zy4+1 = 0 and x # 0 hold. Due to our assumptions, there exist wuy,
k € J, with

Buy = {&C - Ak} Tpy1 + %c% = ékxk;-kl + %cy\lj: - Ak$k+1 = Al‘k - Akka
so that (x,u) turns out to be admissible w.r.t. (H). Thus,

N T
x x
T C ’U,TB U — _ z k+1 k+1
{7k Cymnr + v By Az ) T\ Ag,

k=0 k=0
_ Z Th+1 Tk+1
A.Tk Aﬂ?k

= Z {$Z+1Ck$k+1 + uZBkuk} > 0.
k=0

N

v

Hence,

N
Z {.Z'£+1Q£cxk+1 + uf%uk} >0

for all (w.r.t. (H )) dmissible (x,u) with 2o = zny41 =0 and x # 0

so that the principal solution of (H) at 0 does not have a focal point in (0, N +1]
again by Proposition 3. |



4. Separated Boundary Conditions
The proof of our main theorem still requires one more result which we give in
this section. We say that the boundary conditions are separated whenever the

matrices R and S are of the form

R 0 -5 0
R=|"" and S = ’
0 Ryi: 0 Sy
with n X n-matrices Ry, Rnx11, S0, Sn+1 such that both Sy and Sy, are sym-
metric. These assumptions yield

F(z,u) = Fo(w,u) + 51 Snn1@n+1 — 25 Soo

and (w:le) € ImR” iff zy € ImR] and zy4; € ImRY ;. Now we choose
invertible matrices T’ and T such that T~ RyT = é 8 ) holds (I being the
rank Ry x rank Ry-identity matrix) and put

R =TT" + Ry(So —TT") and S; =TI —-T'RT)T".

Then we have R; = RoSo + Si, RoS;" = 0, RoR:" = RySoR} = R5RY and
(see also [10, Corollary 3.1.3])

rank(R; Ry) =rank(S; Rp)
- T-HT I
= rank{7T (S Ry) ()" 0 = rank 00 0 =n.
0 T 0 I 00

Now, let (X, U) be the solution of (H) with
Xo=—-R' und Uy=R}.

By what we have shown, (X, U) is a conjoined basis of (H). In our central result
concerning separated boundary conditions we use the notation introduced so

far.

Theorem 3 (Separated Boundary Conditions). Let (X,U) be the con-
joined basis of (H) with Xo = —RY and Uy = RY", put

Qv = UpX] + (U X[ X}, — U (I = XX )UE, ke J,

and consider the two conditions



(i) (X,U) does not have a focal point in (0, N + 1];
(ZZ) M = RN+1(SN_|_1 + QN-I-I)R%-H >0 on ImRN+1.

Then (i) and (ii) imply the positive definiteness of F. If F is positive definite
and if InRY ., C ImXy_4 holds, then (i) and (ii) hold as well.

Proof. First assume (i) and (ii) hold. Let (z,u) be admissible with =, = Rl ¢,
and Ty = R£+10N+1. This yields g € Im X so that we may apply Picone’s

identity, Proposition 2, with o = 0. Hence,

N

T T T
Flr,u) = Ty 1Q@ni12n41 — 2o QoZo + Z 2y, Dy zg
k=0

+Ty 1 Snr1Zn41 — 24 SoTo
N
= KMoy + Y 2l Dy — e { RoUoXURS + RoSoRY } o

k=0

N
T § : T
= CN+1MCN+1 + 2L Dkzk Z 0
k=0

since

RyUoX{RI = —RoR:" (R)TRI = —R:RI' = —R,SyRY.

If F(z,u) vanishes, then we have ¢y 1 = 0 and Dyz, = 0 for all k € J so that
xn11 = 0 follows which implies 1y =25 1 = ... =2, = ¢ = 0 by the second
part of Proposition 2. Thus F is positive definite.

Now there are two possibilities that (i) doesn’t happen: First there might
be m € J with KerX,,,; ¢ KerX,, in which case Proposition 1 yields the
existence of an admissible (z, u) with 2o = Xod € ImR{, zy11 = 0 € ImR} 4,
x # 0, and

F(x,u) = dTRORSTd — 23 Sozo = 0.

Otherwise, if KerX;,1 C KerXy for all k € J but D,, 2 0 for some m € J,
there exists ¢ € IR™ with ¢ D,,c < 0 (see Lemma 2), and then Proposition 1

shows the existence of an admissible (z,u) with

To = Xod € ImROT, rny1 =0 € ImR%H, and
F(z,u) = " Dpe+ d"RoRy d — 21 Soxg = ¢" D < 0.

It follows from what we have shown so far that F is not positive definite

whenever (i) doesn’t hold.



For the remaining part of the proof we suppose ImR%le C ImXpy,; and
assume that (ii) does not hold. Pick ¢ € ImRy41 \ {0} and let d = R} ¢ so
that d # 0. We define

o = XpXhd and  w,=UpXL,d, ke

Thus zo € ImR}, zy41 = d € ImR%, ., \ {0}, and (by Lemma 1)

Flz,u) = :cf,HuNH - acOTuo + $%+1SN+1$N+1 - a:gSoxo
= ' Mc—d" (XL, )" {XJUs + Xg SoXo} XL, 1d
= ¢"'Mc<0,
which proves the desired result. |

5. Solvability of Riccati Equations
Now most of the work is done but there is still one crucial result missing. How-
ever, this result then will yield Theorem A right away by the aid of Proposition

3 and Lemma 3, and it reads as follows.

Theorem 4. The following conditions are equivalent:

(i) The principal solution (X,U) of (H) at 0 does not have a focal point in
(0, N +1], i.e.,

KerXy,; C KerXy and XkX,IHAkBk >0 forall 0<EKE<ZN
hold;

(it) There exists a conjoined basis (X,U) of (H) without focal points in
(0, N + 1] and such that )r(;o is inwvertible, i.e.,

X} invertible forall 0<k<N+1,
{kX/glAkBk >0 forall 0<k<N
holds.

Proof. Of course, (ii) implies (i) by our Sturm Separation Theorem, Theorem
1 from Section 3. Now we assume (i) and let (X,U), (X,U) be the special
normalized conjoined bases of (H) at 0. Since Q := —X}L\,HX’NHX;'VHXNH is



symmetric (compare Proposition 2), there exists an orthogonal matrix P such
that
PQPT = P :=diag(A1, Mgy - -+, M),

where A1, Ag, ..., A, € IR are the eigenvalues of Q. We define

1_H/\|>O with )\::1I£z'lgnn)\i’

and then we have for all x € IR\ {0} (put y = Px)

(I +eQ)z = |z +ea” PT PPz = |y|* + ey Py

= JyP+e) uih >yl +erd vl
=1 =1

= 2 1 > 2 1 —

so that I + eQ > 0. We now let

_ 1
p=| 0 and s=[ 1 0},
0 0 0 0

With Q% _, from Proposition 2 we have

e2 (LI + Q) 0

R(S + Q7v+1)RT = ( 0 0

>>O on ImR

from what we have shown above. Proposition 4 (which is part of our main

result from [5]) now shows

N
> {af  Chwpsr + ui Brug ) + Lzo)? > 0
k=0
for all admissible (z,u) with 2y, = 0 and z # 0.
On the other hand, the present boundary conditions are of course separated
with

1
R() = —81, S() = —gI, RS = I, SE; = 0, and RN_|_1 = SN_|_1 = 0,

so we could as well make use of our central result concerning separated bound-
ary conditions, Theorem 3 from Section 4. To do so, let (?V( , Q ) be the conjoined
basis of (H) with

Xo=-Ry=el and Up=R; =1



Since Ryt1 = 0, we have ImR ., C ImXy 4, so that (X,U) does not have
a focal point in (0, N + 1] by condition (i) of Theorem 3. Since Xo = eI is
invertible, this yields

{k invertible forall 0<k<N+1,
X Xgn 4B, >0 forall 0<k<N

so that we are done. |

Concluding Remarks. The solution Q of

(R) Qi1 =Cr+ (I — AD)Qr(I + BrQr) ™" (I — Ax), ke,

which has been constructed in Theorem 4 above, satisfies the initial condition
Qo =UpXy ' = é[ = {1+ A},

where \ is the maximal eigenvalue of X}, +1)~( N Xk +1Xn41 with the special
normalized conjoined bases (X,U), (X, U) of (H) at 0. Of course, any @ with
initial condition @)y = pl such that 4 > 1 4 |A| will do as well. However,
sometimes it may be difficult to compute A at all.

In [5, Theorem 2| it was shown that Fy > 0 iff

Qr = Up X} + (U X[ Xy — U — X X)UE, ke J
satisfies the “implicit Riccati equation”
(Ri) {AZ(QIH—I — Cp)Ap(I + BrQi) — Qk} Gr=0, keJ

and the inequalities By, — kalf(QkH — C’k)flkBk > 0. Here, the controllability
matrices G are defined by

Gy :(Akflgk—z---AOBO Ap1Ag_ 9. A1By - Ap_1Ap_2By_» Aklekfl)a

and if the system (H) is controllable on J* with controllability index x € J*
(see [4, Definition 3| or [5, Definition 5]), then we have rankGy = n for all
k < k < N+1, and (R;) will become (R) in case of Fy > 0 and for k < k < N.
The advantage of equation (Rj) is that we know the solution very well and

also the initial value of the solution which is just ()9 = 0. However, the price



for this advantage is a rather complicated equation (Rj) for 0 < k < k — 1,
while equation (R) is much easier to deal with.

Finally, we wish to discuss a special situation with separated boundary
conditions that has been entitled by “C-disfocality” (see e.g. the papers [11,
12, 13] by T. Peil, A. Peterson, and J. Ridenhour). We may call a system (H)
C-disfocal on J* if

N

Z {foCkka + ukauk} — .’13’1]:[_'_10]\].’171\/'_}_1 >0
k=0

for all admissible (z,u) with 2o =0 and z # 0

holds. Using our notation we then have
ROZS():O, RN+1:I; SN—H:_CN; and SE;ZRSZI,

and the conjoined basis of (H) from Theorem 3 is the solution of (H) with
Xo = —Rl = 0and Uy = RST = I, i.e., the principal solution of (H) at
0. If (H) is controllable on J (and this assumption is satisfied e.g. when the
By, are invertible as is assumed in the main result of [12], Theorem 2), then

C-disfocality of (H) on J* is equivalent to each of the following two conditions:

e The principal solution (X, U) of (H) at 0 has no focal point in (0, N + 1]
and
Uvi1Xyy > Cn (e, Uyn(Xy+ ByUy) > 0);

e There exists a solution @ of (R;) with Qo = 0 and

Qniy1>Cy (e, Qn(I+ ByQn) > 0).
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