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Abstract

For Sturm-Liouville eigenvalue problems on time scales with separated boundary
conditions we give an oscillation theorem and establish Rayleigh’s principle. Our results
not only unifiy the corresponding theories for differential and difference equations, but
are also new in the discrete case. © 1999 Published by Elsevier Science Inc. All rights
reserved.
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1. Introduction

A time scale T is a closed subset of R, and for a function  : T — R it is
possible to define a derivative 2 in such a manner that

AN =1() foral teR fT=R
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and
A =Af() = f(t+1)=f(t) forall teZ if T=2Z.
Moreover, jump operators g, p : T — T can be introduced so that
o(t) =p(t)=1t forall 1€ R ifT=R
and
o(t) =t+1, p(t)=t—1 forall reZ if T=2.
Further details of time scales will be provided in Section 2; but for reading this
introduction it is sufficient to know the particular cases R and Z of T.

In this paper we shall consider a Sturm-Liouville eigenvalue problem with
separated boundary conditions on an arbitrary time scale T of the form

(E)  LO)V+AH" =0, Z0)=2A0)=0,
where (we put 3° = yo g and y* = (32)%)

L) =y + g
with ¢ : T — R continuous, a,b € T with a < b, and

Ra(y) = ay(p(a)) + By"(p(a)), Rs(y) = y¥(b) + 0y*(b)

with (o? + /32)()’2 + 52) #+ 0. Eigenvalues and eigenfunctions of (E) are defined
in the usual manner. Our main result is an oscillation theorem for the eigen-
value problem (E), and to state this theorem, we need the concept of gener-
alized zeros of solutions of L(y)+ 4 =0. For this, a solution y of
L{y)+ 4" = 0 is said to have a zero at t € T if y(¢) =0, and it has a node at
(t+ a(2))/2 if y(£)y(o(t)) < 0 (observe that there are no nodes in the case
T = R). A generalized zero of y is then defined as its zero or its node. Our main
result reads as follows:

Theorem 1 (Oscillation Theorem). The eigenvalues of (E) may be arranged as
—00 < A <A< A3<..., and an eigenfunction corresponding to Ay has
exactly k generalized zeros in the open interval (a,b).

By introducing a scalar product and the corresponding norm

b

) = [ xooar and el = Vi)
pla

on the set of so-called rd-continuous functions (the integral will be defined in

the next section; however, for the moment we note that it is the “usual” in-

tegral from a to b if T = R and the sum from a — 1 to b — 1 if T = Z), we shall

also consider the Rayleigh quotient

R(x) = ——M, x # 0.

e
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Our main result concerning this Rayleigh quotient then reads as the following
theorem.

Theorem 2 (Rayleigh’s Principle). We have

A = min R(x),
s R (X)=Rp(x)=0 ( )
& )=0. 1<v<k

where y, are the normalized eigenfunctions corresponding to A,, 1 <v<k.

The plan of this paper is as follows: Section 2 gives an introduction of the
concept of time scales and provides some preliminaries of the eigenvalue
problem (E) such as a characterization of eigenvalues and Lagrange’s identity.
In Section 3 we state and prove the extended Picone’s identity on time scales.
This identity is the essential tool for proving most of the results in this paper.
The proofs of Theorems 1 and 2 are contained in the final Section 4. Here, we
shall also provide estimates for the Rayleigh quotient in terms of eigenvalues
and eigenfunctions of

(E) L) +4H" =0, A()=y0b)=0.

A comparison result between eigenvalues of (E) and (E*) is also given.

Finally, we review the literature on this subject. The concept of time scales
has been introduced by Hilger [1] in order to unify continuous and discrete
calculus (see also [2]). An up-to-date information of the subject is available in
the recently published monograph [3]. Section 4.7 deals with Sturm-Liouville
equations on time scales (see also [4]), and we will use some of their results.
Further results that we need are contained in [5,6]. The methods we apply are
rather similar to those in the recent monograph “Quadratic Functionals in
Variational Analysis and Control Theory” [7] ch. 0. However, a great deal of
additional effort has to be made which is due to the existence of nodes in the
case of general time scales (of course there are no nodes in the case of T = R).
We also wish to add that many of our results are new even for the case T = Z.
However, for the discrete case, Theorem 1 can be found (with § = é = 0) in [8],
Theorem 7.6 while [8] Theorem 7.7 gives a result related to Theorem 2
(with p = = k = 0). Further references for the case T = Z are contained in
[9-12).

2. Preliminaries on time scales and eigenvalue problems

We let T C R be closed so that the jump operators
o(t)=inf{se€T: s>t} and p(r)=sup{seT: s<r}

(supplemented by inf@:=sup T and sup @:= inf T) are well-defined
and map T into T. We call a point ¢ € T left-dense, left-scattered, right-dense,
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right-scattered if p(t) = ¢, p(t) <t, o(t) = ¢, o{t) > t, respectively. The graini-
ness it : T — Ry is defined by u(f) = o(f) — . We put T = T if T is unbounded
above and T* = T\(p(maxT),max T]) otherwise. A function f: T — R is
called differentiable at t € T if

— i (9(0) = S (s)
A0 = ?Q“—m—,

where

s—t, seT\{a(t)}

exists, and it is called differentiable on T provided it is differentiable at each
t € T". A function F: T — R with F2(¢) = f(¢) for all t € T is called an an-
tiderivative of £ on T, and in this case we define

/ f(0)At = F(t) — F(s) forall s,t€T.

Moreover, [ is called rd-continuous on T if it is continuous at all right-dense
points and has left-sided limits at all left-dense points ¢ € T. The following
results from [3], ch. 1 (see also [5], Lemma 1) will be needed.

Lemma 1. Let f,g: T — R and t € T". Then the following holds:
(i) If () exists, then f is continuous at t;
(ii) if t is right-scattered and f is continuous at t, then f(t)=
(f(a(2)) = £(8))/ m(2);
(iii) if £3(2) exists, then f(a(£)) = £(0) + (e)f4(0);
(iv) if fA0),g2(1) exist and (fg)(t) is defined, then (fg)"(t) =
S (a()g*() + f*(1)g(t); .
(v) if £ exists on T* and f is invertible on T, then (f~")* = —(f°) 7 f25-!
on T%,
(vi) if f is rd-continuous on T, then it has an antiderivative on T.

Now we proceed to give some preliminaries on Sturm-Liouville eigenvalue
problems. For x,y € C2,(T), the set of twice differentiable functions with rd-
continuous second derivative, we define the Wronskian

w(x,y) = x* — .

Lemma 2 (Lagrange’s Identity, Green’s Formula). For x,y € Cfd(T) we have
(i) Lp)x® = L(x)y” = wi(x,y) on [p(a),p(6)] NT;
(”) (L()’)7XU> - <L(x)’ya) = W(X,y)(b) - w(x,y)(p(a))

Proof. We refer to [4], Lemma 3.9. O
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It is easy to see that w(x,y)(p(a))=0 if R,(x)=Z.,(y)=0 and
w(x, y)(b) = 0 if &,(x) = #&,(y) = 0. Hence the problem (E) is self-adjoint and
all eigenvalues are real. In what follows we shall always assume without loss of
generality that

B> au(p(a)) if B#au(p(a)), o=—1if f=au(p(a)),
60>0if 6#0, y=1if 6=0. (1)
We will also assume throughout that

if a is right-scattered, then it is also left-scattered, and
(2)

if b is left-scattered, then it is also right-scattered.

Now we shall provide a characterization for the eigenvalues of (E). For this,
we denote the unique solutions (see [4]) of the initial value problems

Ly)+4° =0, y(pla)) =8, »(p(a))=~2

by y(-,4), where i € R, and we put A(1) = &,(y(-, 4)). With this notation, we
have the following lemmas.

Lemma 3. A is an eigenvalue of (E) if and only if A(4) = 0.
Proof. If Z,(y(-,4)) =0, then y = y(-, 4) satisfies
Ly)+4°=0, R.0)=%() =0,

i.e., Ais an eigenvalue of (E). Conversely, let 1 € R be an eigenvalue of (E) with
corresponding eigenfunction y. Then because of the unique solvability of initial
value problems (observe #,(y) = 0),

By(p(a)) — ay*(p(a))
o2 + B .

y=cy(-,4) with ¢=
Hence #,(y(-,4)) =0. [

The proof of Lemma 3 also shows that all eigenvalues of (E) are simple.
Furthermore, in view of Lemma 2, eigenfunctions x,y corresponding to dif-
ferent eigenvalues are always orthogonal in the sense

x Ly, e, (%)) =0.
Lemma 4. We have for all t € [p(a),b] NT and A € R

§6 1) g (12) ~ A oyt 1) = — [ (e YA

pla)
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Proof. Let v, 1 € R with v # A. Then

A 2) =540} =Ml 2) =y, )]
= [t (6 2) = A )Mt )
= V(A (1, 4) = YA Y (4 5) = (v = DY (V) (1, 1),
We divide both sides by 4 — v, let v — A, and integrate from p(a) to ¢ (observe

that (9/04)y(p(a), 1) = (8/8A)y*(p(a),2) = 0) to obtain our desired equa-
tion. [J

From Lemma 4 it follows that (y*(z,4))/(y(¢,2)) is for each ¢ € (a,b]NT
strictly decreasing in A whenever y(f,4) #£0. Note that Lemma 4 implies
(8/04)y(b,2) #0 if y(b,A}) =0, and it also implies (8/9A){y + (*(b, 1)
(y(b,4))} #0. This together with Lemma 3 (observe A(A) = y(b )
x{y +8(2(b, 1))/ (y(b ANY shows that all eigenvalues of (E) are isolated.

Our main concern in this paper is to give the so-called oscillation number for
any eigenfunction of (E). We define n(1) to be the number of generalized zeros
of y(-,A) in the open interval (a, b). The following result is needed later, and
since its proof is analogous to the proof for the continuous case (in view of
Lemma 1 (i), y(¢, 4} is continuous in ¢, whereas its continuity with respect to A
follows from [3], Section 2.6), it is omitted here.

Lemma 5. limsup,_,; n(v) <n(d) + 1 for all /. € R; and if equality holds, then
y(b,4) =0.

Lemma 6. Pur 2" = —{1 + maxejp(q)nrq(t) }. Let A< 2" and y be a nontrivial
solution of L(y) + 4y° = 0. Then we have the following:
(i) If y has for some t €{p(a),bjNT a generalized zero in ¥ =
{0} U(t1,0(t1)), then y* has no generalized zero in .5;
(ii) if y has a generalized zero in ¥, then yy® has a generalized zero in # also;
(iii) yy* strictly increases on [p(a),b] N'T;
(iv) if ()0*)(t2) = 0 for some t, € [p(a),b] N'T, then y has no generalized zeros
I (tZab}
( v) [pla), b] contains at most one generalized zero of y;
(vi}) if n(1) =0, then lim,_,_,n(v) = 0.

Proof. Assertion (i) follows from (use Lemma 1 (iii))

YA (1) (o(n)) = y4 (1) {}’A (t) + 1)y M(’l)}
= (A1) = (¢ + g)u(n) (o (t)y (1)
= (A1))" ~ (24 g)y(e(n){p(o(n)) — y(1)}
= (A1) = (4 g0) o) + (A + g(n)y(n)¥(e(n))
> (1)) + (9(a(1))) = y(n)y(e(n)) > 0.

~ o~ o~ —
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For (ii), (0p°)(1) <0 implies (*y*")(t1) > 0 by (i), and these two inequalities of
course force (3*(3»*)7)(t;) € 0. Next,

e = (yA<r>)2 + Y0y (1)
= (A1)’ = A+ 4O (1)

> (A1) + 07(1)* >0
proves (iii). The identity (use Lemma 1 (iii))
y(0)y* (1) = y(t){¥(t) VA1) } = ¥2(1) + u(y(0)y* (1)

takes care of (1V), while (v) follows from (ii), (iii) and (iv). Finally assume that
n(4) = 0 and put k = milyeya)op)r ¥ (¢, 4). Then x > 0 and

oAy = b+ [ {025 9) = (4 a()07 () e

> —af+ (2" = V(e — p(@) > 0

for all sufficiently small v so that (vi) follows from (iv). [

Theorem 3. We have lim;_,_o, n(4) =0 and lim;_,_, A(4) = o0

Proof. Let 1" be as in Lemma 6 and A< A*. Then n(1*) € {0, 1} according to
Lemma 6 (v). If n(1*) = 0, then lim,_._, n(v) = 0 because of Lemma 6 (vi).
Hence we assume n(4*) = 1. Thus «f > 0 (observe y(p(a), A*)y?(p(a),4*) =
—off and use Lemma 6 (iv)), and [p(a), a] does not contain a generalized zero of
¥(,A*) (observe Lemma 6 (v)). Therefore there exists some ¢ € (p(a),b]NT
such that [p(a), £] contains no generalized zero of y(-, ). Put 7 = (p(a),f| N'T.
Hence 7 # 0. Therefore

VA5 47)
»(t, A7)

because of Lemma 6 (iv).
We now assume that

A *
yA(t’i)E (y (t’i),O) forall t€ 7 andall A< A"

<0 foralle T

¥t 4) y(t, A7)
This implies for all t € 7 and all A < 1" (use Lemma 1 (iii))
yna) VLA _ i)

>0

1+ u(2) + u(t)%

w(t, /1) y(t,4) oy, )
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and hence for all A < A’

yA(ta A) 2

B[] _ (YA !

D M*M{ e &@M)lﬂmgm}m
I Ll Y P (P 1

> ¢+Aw{u 2= G +4(0) (y“f))l+“mﬁ%?}m
YA A

which tends to infinity as 1 — —oo, a contradiction.

Hence and because (32/y)(t, -) is strictly decreasing according to Lemma 4,
there must exist an s € 7 and 1 < 4* such that y*(s,4) = 0. Then y(s,A) # 0
and y(-, ) has no generalized zero in (s, b) according to Lemma 6 (iv). If y(-, 4)
had a generalized zero in [p(a),s), then (»*)(#,4) >0 for some
ti € [p(a),s) N'T because of Lemma 6 (ii), and this contradicts Lemma 6 (iii).
Hence n(4) = 0 and lim,_._ n(v) = 0 due to Lemma 6 (vi).

Finally, using what we have shown so far (note also —)*(b,4) =
a+ [ :(a)(/l +q())y°(H)Af) and from the proof of Lemma 6 (vi) it follows
that

R T
Jim p(6,2) = Jim y2(6.4) = lim Sy =

Hence
AEﬁAMﬁU@&{ﬂh”(”+3ﬁﬁg>}=“°

according to our assumption (1). []

From the results obtained so far, we know that the eigenvalues of (E) may
be arranged as —oco < 4; < Ay < - -- We shall write 4, = oo for all p > & if only
k eigenvalues exist.

3. The extended Picone’s identity

Besides elementary results in Section 2, the proof of our main results re-
quires appropriate applications of the extended Picone’s identity on time
scales, which we shall derive in this section. Let us introduce some notation
which is used below. By Ker M we denote the kernel of the indicated matrix M,
and we put def M = dim Ker M. Moreover, we let ¢! = 1/cif ¢ # 0 and 0" = 0.
Finally, for a set S we abbreviate the number of elements of S by |S].
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Theorem 4 (Picone’s Identity). Let ¢ € [p(a), p(b)] N T. Suppose
Ker y(t) c Kerx(¢) and Ker y°(¢) C Ker x?(¢),
where x € C%(T) and y solves L(y) + 4y° = 0. Then at t,
el a A (e}
—{L(x) + 7}x = [ w(x, )] + ) W (x, ).

Proof. First suppose that (337)(¢) # 0. Then Lemmas 1 (iv), (v) and 2 provide
at 1,

o A A
e )] = S + (;— - )w(x,y>

X w(x,¥)
=—{Ly)x" —L{x)y°} — —=
y,,{ ) x)"} e
= —{L(x) + a7} — () W (x, ).
Next, suppose that r is right-scattered with ()»°)(¢) = 0. Then we have
(xx®}(#) = 0 and hence at ¢,

A_oa_ Yoy xX—x xy -’
wix,y) =x" —;x® =x -y = = 0.
( H H 4
If ¢ is left-scattered, then xy'w(x, ) is obviously continuous at ¢, and if ¢ is left-
dense, then it is also continuous at ¢, since according to 'Hopital rule (see [5],

Theorem 3),

a

xA(1)
yA(e
Hence we may apply Lemmas 1 (ii) and 2 (i) to obtain at ¢,

lim [ w(x, )] () = 5wl ) () = 0 = [ohw(zy)] ().

~—

A [otwix, »)]” — xptwix, xytw(x, y)]°
[eyhw(x, )] = [ey'wix, y)] ) yiw(x,y) [ L y)]
= x* (") (x,3) = 2" (") {LO)X - L(x)y°}
=2 (") { = &7 = L(x)} = =x"{L(x) + &}
= —x"{L(x) + "} - (10°") W (x, ).
Finally, if ¢ is right-dense with y(¢) = p(o(t)) =0, then we have
x(¢t} = x(o(¢)) = 0, and ’Hopital rule yields
[xy/wir, )] = lim [xy*w<x,y)1(o(f2§ = byl

w(x, y)(s) — wix,»)(1)
s—t

= limmx—’ﬂ—@ = lim [xy'] (S)LI_IB

st s—t st

_ LR U

=" (6, 9)(8) = 0 = —{L(x) + Ax"}(t) — (") W (x,»)(2).

This proves our result. []
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For a special case of Theorem 4 we refer to [6], Theorem 3. With the aid of
Theorem 2 it is now possible to prove the following key result:

Theorem S (Extended Picone’s Identity). Let y be a solution of L(y) + 4y° =0
and k€ N. Let x, be solutions of L(x,)+ px° =0 with p,eR, 1<v<k
Moreover, let x € CX(T) satisfy x° Ly, 1<v<k, and suppose xj L x3,
ISv<p<k K=1 1<v<k Pur % =5%_ Bx with B‘eR
I<v<k and X=x+X%. Suppose Kery(t) CKerx(t) holds for all
t € [p(a),b]N'T. Then

—mw+mw95£jwwwmwNMt

+> B4 —p,) + T(b) — T(p(a)),
where

T= )’Eny(i,y) + W(il,X).

Proof. We apply Theorem 2 and Lemma 2 (ii) to obtain

bM@M@@%{WMmﬂ@—/TwWW@MMN

pla)

=(L(5c)+b~c",5c">:< +ZBL(x‘ + Ax% + 2F],x° +xl>

k
= {L{x) + &%, x%) + (L(x), % Zﬁ X0, XT) + AET, XD)
= {L{x) + &%, x7) + (L(%1), x) + w(%1, x)(b)

— w(%,x)(p(a)) + Zﬁf(i —-p)

and hence our claim follows. [

4. Proof of the main results

Let ] < 4; < --- denote the eigenvalues of (E*) with corresponding nor-
malized exgenfunctlons y* (i.e., |[y2]| = 1). In all the proofs of the results from
this section we use the notation from Theorem 5.
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Theorem 6. If A € (A, ;) NR, then
n(l) = k.

Moreover, define a k x k-matrix Z* = (z},) by

. vt if t, is a zero of y(, 1)
z
w w(y, ) () if t, is a node of y(-, 1),

where t| < t, < ... <t are the generalized zeros of y(-, A). Then Z* is invertible.

Proof. Let x=0, p, =4}, x, =), y=y(-,4). Then T(p(a)) =T(b)=0.
Suppose that y has no generalized zeros in (a, ). Then by Theorem 3 (observe
%(b) = 0 and %(p(a)) = 0 if y(p(a)) = 0),

0< i(ﬁ —4)=- / b (o) w0 (Ar<o,

pla)

a contradiction. Hence y has at least one generalized zero in (a,b), say
H<thb< - < t are all of them. Define a p x k-matrix Z* with z¥, as above. Let
(B, B, - - ﬁk) € KerZ*and i = 3*_, B,y7. Hence ¥(z,) = 0 for all zeros ¢, of
y and w(i, y)(t ) = 0 for all nodes ¢, of y. Therefore, by Theorem 5,

k b
0<Y B -5) == [ o n]oa<o

so that §, = f, = .- = ff, = 0 and hence Ker Z* = {0}. Thus p > %. Further
by Lemma 5 and Theorem 3 we have p<k. Therefore p=4k and Z* i
invertible. [J

According to Theorem 6, we have y(¢,4]) > 0 for all 7 € (a,b) N T. Hence
¥A(b, 4]) < 0 (note that if b is left-scattered, then it is also right-scattered due to
(2), and observe also Lemma 6 (i)) and

A(2}) = 5*(b,4]) <0, hence 4; <4
(observe (1) and Theorem 3). Because of Theorem 6 if  # 0, we also have

sgn A(4;,) = sgn 8y*(b, dppt) = sgnyA(b A1) = (= 1)k+l
and hence Agyy < Agyy-

Theorem 7. If A; < oo, then

< in R(x) and 1, , < inf R(x).
FHL 2p(@)=x(b)=0 () L g, ()= (=0 &)
X1y 1<vsk x0Ly®, 1S vk
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Proof. Let x € C2(T) with x(p(a))R,(x) = x(b)Rp(x) =0, x #0, x, =7,
Py =4y A€ (A, 2] MR, y = y(-, A). Then T(p(a)) = T(b) = 0. By Theorem
6 we may choose fy,...,f, € R such that ¥(z,) = 0 for all zeros ¢, of y and
w(¥,y){(t,) =0 for all nodes ¢, of y (observe that Z* is invertible). Then, by
Theorem 35,

— (L) + ) = / ()W E )] @A+ Y B (- 2) 20
so that —(L(x),x") = A(x*,x"}. O

Theorem 8. The number of eigenvalues of (E) is |[a,b] NT|— def(f—
x4(p(a))) — defd.

Proof. First note that, if |[a, 5] N T| = co and 1} < oo, there exists an x € C(T)
with x(p{a)) = x(b) = 0, x # 0 which is orthogonal to all y;, 1 <v< k. Hence
Theorem 7 implies that i;., < oco. Therefore (E*) has infinitely many
eigenvalues.

Next, suppose |[a,b] N T| =b ~ a+ 1 < co. Then all points of [,b] N T are
right-scattered (observe that b is right-scattered since it is left-scattered due to
Eq. (2)). Hence

y(@) = B — au(p(a)),
and the recursion formula

y(a*(1)) = {a(t) + 2b() }y(a () + c()y(2), t € [p(a),p(A)INT
with

a=1+%—quu“, b=—m’, c¢=-—
can be easily verified so that our claim follows from Lemma 3. [

Proof of Theorem 1. We let x=10, x, =, p, =4, k€ Ny, 1=y if
Age1 < 0o, and y = y(+, 4). Then T(p(a)) = T(b) =0, and as in the proof of
Theorem 6 we apply Theorem 5 to find n(A) < k. Hence our claim follows as
before. Moreover, we observe that the analogously defined £ x k-matrix Z is
invertible. [J

Theorem 7 (Comparison Theorem). If k € Ny with A; < oo, then

A <AL < Mgy

Proof. This is clear from Theorem 1 and the remark after Theorem 6. [J
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Proof of Theorem 2. We let x(p(a))#.(x) = x(b)#(x) =0, x#0, x, = n,
P, =4y, kENy, A=A If Ay <oo, and y =y(',;.). Then T(p(a)) =
T(b) = 0 and as in the proof of Theorem 7 we apply Theorem 5 to find
A< inf R(x).
St )
x?Ly?, 1<v<k

We note that R(y,1) = 441, and this implies our claim. [

We conclude this paper with specializing our results for the continuous and
the discrete case.

Remark 1. If T = R, then our results are well-known (see e.g. [7], ch. 0), and
they may be summarized as follows (we put a =0 and b = 1): There exist
infinitely many eigenvalues 4; < 1 < A3 < --- of

P+ (A+4q)y=0, ay(0)+ By(0) =yp(1) + oy(1) =0,
and an eigenfunction corresponding to 4;,, vanishes exactly &£ times in (0,1).
We can compute A;,; by taking the minimum of

fo 1) + q()x(2))x(2) d¢
fo x2(t) dt

over all C?-functions x that satisfy the boundary conditions and
fo yv(tP dt =0, 1 <v<k (where y, are the eigenfunctions corresponding to
4, with ) y2(r) de = 1).

Remark 2. If T = Z, then only special cases of Theorem 1 (with f = é = 0) and
Theorem 2 (with B = § = & = 0) are known (see e.g. [8], ch. 7). Our results may
be summarized as follows (we put a=1 and b=N € N). there exist
N —def(ff — o) — def J eigenvalues i) < A3 < A3 < --- of

Ay + (A+q(@)(Ay+y) =0, ay(0) + BAY(0) = y¥(N) + Ay(N) = 0,

and an eigenfunction corresponding to 4., has exactly k zeros or changes of
sign in (0, 1) (where an interval (i,i + 1) for i € Z is said to contain a change of
sign of y whenever y(i)y(i + 1) < 0). We can compute ., by taking the
minimum of

T (Ax(0) + g(i — Dx(i)x(0)
va 1 X2(7)
over all sequences x that satisfy the boundary conditions and Z‘ _oX(Dy(i) = 0,
1<v<k (where y, are the eigenfunctions corresponding to A, with

Ziioyf(z‘) =1).
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