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Abstract: We present an oscillation criterion for first order delay dynamic equa-
tions on time scales, which contains well-known criteria for delay differential equa-
tions and delay difference equations as special cases. We illustrate our results by
applying them to various kinds of time scales.

Keywords and Phrases: Oscillation, first order delay dynamic equations, time
scales.

2000 AMS Subject Classification: 39A10, 34C10.

1. INTRODUCTION

As is well known (cf. [3, Theorem 2.3.1]), a first order delay differential equation
of the form

y'(t) +p)y(t—7)=0
(where t € R, p is continuous and positive, and 7 > 0) is oscillatory provided

t

1
liminf/ p(s)ds > —
t—o0 t—r e

holds. Tt is also well known (cf. [3, Theorem 7.5.1]) that a first order delay difference
equation of the form

Ayn + PnYn-k =0
(where n € Z, p, > 0, k € N, Ay,, = yn+1 — yn) is oscillatory if

1 n—1 k'k
{5 b ot

holds. In this paper we present a generalization and extension of these two
results for first order delay dynamic equations (see also [4]) of the form

(1) y2 () +p(t)y(r(t) =0,

where t € T, T is a time scale (i.e., any nonempty closed subset of the reals) that
is unbounded above, p is rd-continuous and positive, the delay function 7 : T — T
satisfies 7(t) < t for all t € T and lim;_, 7(t) = 0o, and y(¢) is the delta derivative
of y:T—RatteT. If T=R,then y» =/, while if T = Z, then y® = Ay. For
further details concerning the time scales calculus we refer to [1, 2].

A function p : T — R is called positively regressive (we write p € R™) if it is
rd-continuous and satisfies 1 4+ p(t)p(t) > 0 for all ¢ € T, where p : T — [0,00) is
the graininess of the time scale defined by u(t) = o(t) — t with the forward jump
operator o : T — T defined by o(t) = inf {s € T: s> ¢}. It is well known that for
any p € R there exists a positive function y satisfying the initial value problem

y® =p(t)y, ylto) =1
1
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(where to € T), and we denote this y(t) by e,(¢,t0) and call it the exponential
function. Now let us assume that (1) possesses a positive solution y. Then

y> () = —p()y(r(t) <0
so that y is decreasing and therefore
0 = —p(®) [y ) +pMy(r()] = y(t) —y(a(t)) — u®)p(D)y(r(t))
< y(t) —p®p®)yt) = [1—pt)p)]y@).

Hence 1 — p(t)p(t) > 0, which implies that —p € R, and thus there exists A > 0
such that —Ap € R*. The quantity

(2) a:=limsup sup {Ae_xp(t,7(¢))}

t— o0

A>0
teT —ApcR+
is therefore well defined. Now we can formulate our main result.

Theorem 1. If (1) has an eventually positive solution, then a defined by (2)
satisfies a > 1.

In the next section we present some auxiliary results, while we prove Theorem 1
in Section 3. Section 4 contains applications of Theorem 1 to various kinds of time
scales. In the final section we present a result for a different dynamic equation and
give more examples and applications.

2. SOME AUXILIARY RESULTS

The following two easy lemmas are needed in the proof of Theorem 1.
Lemma 1. Suppose —p € R™ and s € T. If

y2 () +p(y(t) <O forall t>s,
then
y(t) <e_p(t,s)y(s) forall t>s.

Proof. We put f :=y” + py and use [1, Theorem 2.77] to solve
y® = —p(t)y + f(t), y(s) given.
Thus for t > s,
t
o) = eyt 9)y(s) + [ eyltotu) WA
The integrand is nonpositive as —p € R* and f < 0, so our claim follows. ([

Lemma 2. For nonnegative p with —p € RT we have the inequalities
t t
1- / p(u)Au < e_p(t,s) < exp {—/ p(u)Au} forall t>s.

Proof. Fix s € T, denote y(t) = — f: p(u)Au, and observe that
y™ (1) = —p(t) < —p(t) = p()y(t).
We put f := y® + py + p and use [1, Theorem 2.77] to solve

y® = —pt)y + f(t) = p(t), y(s)=0.



Thus for t > s,

y(t) = e_p(t,9)y +/ e_p(t,o(uw)) [f(u) — p(u)] Au

< - / e_p(t, o (w))p(u)Au
= e_p(t,s)—1,

where we have used [1, Theorem 2.39] in the last step. This establishes the left part
of the asserted inequality. For the right part we use the representation [1, (2.15)]

st = e { [ gu-ptandu}

where we have for any p with —p € R*
Eu(u) (—p(w)) = —p(u)
if pu(u) =0, and if p(u) > 0,

oy Los(l - pwp() _ log(1 — p(wp(u)
Cutur (=2 () (w) ()
= —pu) - f= l:fzg)p( ) o —p(w),
where f : (=1,00) — R is defined by f(z) = x — log(1 + ) and hence satisfies
f(z) >0 for all z > —1. O

We conclude this section with some remarks.
Remark 1. Let s € T. If p is rd-continuous and nonnegative, a similar proof as in
Lemma 1 can be used to show that if

22(t) +p(t)z(o(t)) <0 forall t>s,
then
x(s) > ep(t,s)z(t) forall ¢>s.

Remark 2. If p is rd-continuous and nonnegative, a similar proof as in Lemma 2
can be used to show

¢ ¢
1 +/ p(u)Au < ey(t, s) < exp {/ p(u)Au} forall t¢>s.

Remark 3. Denote P := f: p(u)Awu for t > s, where p is nonnegative with —p € R™.
Then by Lemma 2, 1 — P < e_,(t,s) < ef’. For all A € (0,1] we have —A\p € R
and hence by Lemma 2, 1 — AP < e_,,(t,s) < e*", so that

A= NP < de_yp(t,s) < AP

and therefore

1
— < Ae_xp(t < —.
p S S Deoplts)) <
—ApeERT
Thus we always have
1 1

7 sas 7
Aliminfe .o [, p(s)As eliminf, oo [, (s)As

and
I 1
o < lim inf p(s)As < —.

« t—oo (t) ex



3. THE OSCILLATION CRITERION
Now we have all the tools needed to prove our main result.

Proof of Theorem 1. Throughout we assume that y solves (1) and is eventually
positive and that a < 1. We proceed in two parts showing

)
(3) llggf ORI
and

o y(r(t)
(4) htrglor.}f ") < 00

This contradiction shows o > 1 and hence finishes the proof. First we show (3).
Let 8 € (1,1/). Then there exists Ty € T such that

1
5
) W o e 670
—ApeRT
As y is eventually positive, it is eventually decreasing and hence y(7(¢)) > y(t)
eventually so that

>0 forall t>Ty.

0=y2(t) +p(t)y(r(t) = y™(t) + p(t)y(t)
implies by Lemma 1 that there exists T} > Ty with
y(7(t) 1
v~ e L)

()
> B forall t>1T.

Thus A A
0=y=(t) +p)y(r(t)) = y=(t) + Bp(t)y(t)
implies again by Lemma 1 that there exists T > T7 with

y(r(®)) R S
u(t) = e(tr ()~ Begpltirey = 0 forall £2Ta

Proceeding in this manner we obtain a sequence {T},} C T with

M >p" forall t>1T,.
y(t)
This proves (3) as § > 1. Now we show (4). Let M € (1/4,1/(4«)). By Lemma 2
(see Remark 3) there exists T € T such that

t
/ p(s)As > M forall t>T.
7(t)

Now

o(t) t
/ p(s)As > / p(s)As> M forall ¢>T.
7(t) 7(t)

Let t > T. We consider the function f: T — R defined by

“ M
fw= [ poas-
7(t)
and find f(7(t)) < 0 and f(t) > 0. By the intermediate value theore [1, Theorem
1.115] there exists t* € [7(¢),t) such that f(t*) =0, or f(¢*) <0 and f(o(t*)) > 0.
Hence

o (t%)
() [, rers=Trreenzg



and
o(t) o(t) M M M
@ [ s = [ pwas— [rey+ ] = Y- pe) = 5
- ) 2 2 2
Now we can estimate
(1) a(t)
wt) =y o) 2 [ peureas
i
o(1) OIRY;
>y ) [ pds = Gue)
"
M W) Mot
> M) -voen L 27 pyrs)as
2 2 Jrw
M o (t") ©) 2
> Sur) [ peds = Sryee)),
which proves (4). O
4. APPLICATIONS
FEzample 1. Clearly, if T = R, then we get
sup  {Ae_xp(t,7(t))} = sup {/\G—Af:(t) p(s)ds} = %,
A>0 A>0 e p(s)ds
_)\peR+ T(t)

and hence Theorem 1 yields the well-known result cited in the introduction as
t
1
a<l = liminf/ p(s)ds > —.
t—o0 T(t) e
We now consider a time scale of the form
(8) T=A{t,: neZ},

where {t,} is a strictly increasing sequence of real numbers such that T is closed.
For such time scales we present the following results.

Corollary 1. Consider a time scale as described in (8). If

y2 () +pt)y(p(t) =0 for teT

has an eventually positive solution, then

liminf {(t)p(t)} <

t—o0
Proof. We let 7(t) = p(t), find

Xexp(t (1)) = A = N2pu(r())p(7 (1)),
maximize, and apply Theorem 1. O

A~ =

Example 2. If
y(At) = y(t) - p(OpWY(E/A)  for e {4 ne Ny}

has an eventually positive solution, then

liminf {4"p(4")} < %

n—oo 2
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Corollary 2. Consider a time scale as described in (8). If

y2 () + pt)y(p(p(t))) =0 for teT

has an eventually positive solution, then
L NG + M) [N((0) + M ()]
=0 [N(t) + N(o(t) + M(1))*

>1

)

where
N(t) = p(t)p(t) and  M(t) = /(N(1)? + (N(o(t))? = N()N(a(t)).
Proof. We let 7(t) = p(p(t)), find
Ae_xp(t, 7(t)) = AL = AN (p(p(t)))] [1 = AN (p(t))],
maximize, and apply Theorem 1. U
Example 3. Let h > 0. If
y(t+h) =y(t) —hpt)y(t —2h) for te{hn: neZ}=:hZ

has an eventually positive solution, then

lim inf

[p(t) + 31(®)] [p(t + ) + N1 (1)]
)l

fent [()+p(t+h)+M

>h

- )

where

M(t) = v/ (p(1))2 + (p(t + 1)) — p(t)p(t + h).
Theorem 2. Consider a time scale as described in (8). Let k € N and 7(t,) = tn—k
foralln € Z. If (1) has an eventually positive solution, then

t k k+1
im i <|-—— .
(9) 11££f /7-(t) p(s)As < (k n 1)

Proof. We assume that (9) does not hold and show o < 1, which is a contradiction
with Theorem 1. Note now that

Ae ap(tn, T(tn)) = H [1 — Au(ts)p(ts))
S, p(s)8s) "
} A{HT}

= A1 -9k,

where we used the arithmetic-geometric inequality and put

tn % - ti tz
/ AS _ z n— k( i+1 )p( )
k‘ tn—k

k
Now f(\) = A(1 — AS)* satisfies
F'N) =1 =AM —EAS(1 = AS)F 1 = (1 = A 1[1 — (k+1)\S]
so that

1 1 1" k"
0= () = ars () sws e

k+1
< k 1
Hence a < (kJrl) lim inf; oo f:(t)p(s)As <l .
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FEzample 4. If we let T = Z in Theorem 2, then we get the following result: Let
keN. If

y(n+1) = y(n) — p)y(n —k) for neZ
has an eventually positive solution, then

n—1 If k+1
lim inf ) < [ —— .
minf > p(0) < (751
Ezample 5. If we let T = ¢% := {¢¥ : k € Z} U{0} with ¢ > 1 in Theorem 2, then
we get the following result: Let k € N. If
y (") =y(@") — (¢—Dg"p(g")y (¢" %) for neZ
has an eventually positive solution, then
k+1
ct e ()
lim inf 'n(q") < ~~—~L—.
iminf Y ¢'p(q’) < 1

i=n—k
5. FURTHER OSCILLATION CRITERIA
In this last section we consider the equation
(10) z2(t) + p(t)a(r(a(t))) = 0,

where p and 7 satisfy the same assumptions as before. Since Ap € R* for all A > 0,
clearly the quantity

t t
(11) o := liminf inf {46’\1’( .70 )))}
t—oo  A>0 A
teT
is well defined. Our main result about equation (10) reads as follows.
Theorem 3. If (10) has an eventually positive solution, then «* defined by (11)
satisfies o < 1.

Proof. Throughout we assume that z solves (10) and is eventually positive and that
a® > 1. We proceed as in the proof of Theorem 1 and show that x satisfies

L a(r(o(0)
(12) ltﬂoof @)
and
e x(7(e(t))
(13) htrgg)lf O < 0.

This contradiction shows then a* < 1 and finishes the proof. We first show (12).
Let 8* € (1,a*). Then there exists Ty € T such that

. eAP(t7 T(t)) > * >
(14) }\I;fo {7)\ >0 forall ¢ >Ty.

As z is eventually positive, it is eventually decreasing, and hence we conclude that
x(r(a(t))) > z(o(t)) eventually so that

0 =2(t) + p(t)a(r(o(t)) = 22 (t) +p(t)z(o(t))
implies by Remark 1 that there exists T} > Ty with

Rr(o®) | () 0 ()
oty = TN 2 P G

Therefore
0=a2(t) + p(t)z(7(c(t)) > z2(t) + Bp(t)x(t),

> 3" forall t¢>1T.
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implies again by Remark 1 that there exists T, > 17 with

re®) L al)  epy(tr(e®) e
oy = T ey = T e T ey
(124) (ﬁ*)Q;C(xg(EZ))Z(ﬁ*)Z for all ¢ > Ts.

Proceeding in a way similar as in the first part of the proof of Theorem 1, we obtain
(12). Now we show (13). By Remark 2 (see also Remark 3) there exists M > 0 and
T € T such that

t
/ p(s)As>M forall t>T

T(o(t))
so that
o(t) t
/ > / p(s)As>M forall t>T
T(o(t)) T(o(t))
and hence
a(t)
(15) / >M forall t>T
T(o(t))

holds. As in the second part of the proof of Theorem 1 we may find t* € [7(o(t)),t)
such that

o(t”) M o(t) M
(16) / p(s)As > — and / p(s)As > —.
(o (t)) 2 ¢ 2

Now we can estimate

1 o(t)
a(t”) = a(t”) —x(a(t) (:())/t p(s)x(7(0(s)))As

*

o(t)
> alrlo) [ plas 2 Hatr(o)
1 o(t™)
> ol lo) ~alo( )] D E [ plea(r(a()As
(o (1))
M § o(t") (16) pf2 .
> Gl [ pe)as 2 T,
(1) o(t*) > M a(r(o(i').
Clearly (17) implies (13). O

We can improve the condition from Theorem 3 by imposing an additional as-
sumption. Define now

(18) & := lim inf inf {M}

t—oo  A>0 A
teT

Theorem 4. Assume that there exists K > 0 such that

t
(19) / p(s)As > K for all large t € T.
7(o(t))

If (10) has an eventually positive solution, then & defined by (18) satisfies & < 1.
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Proof. We assume that x solves (10) and is eventually positive and that @ < 1. We
proceed as in the proofs of Theorems 1 and 3 in two parts to show

imin 2(r(t)) =00
(20) ltﬁoof o)
and

o a(T(1)
(21) htIElOIolf o) < 00

With the same notation as in the proof of the first part of Theorem 3, we find

z(7(t)) 0

20(0) >ep(t,7(o(t))) > p* foral t>T
and may proceed as in the proof of the first part of Theorem 3 to reach (20). To
show (21), note that there exists M > 0 and T' € T such that (15) holds. Therefore
we can proceed with the same calculation as in the second part of Theorem 3 to
obtain (17). Observe now the estimate

2(r(0(t)) > a(r(o(t) —a(t) © / IR CECCONEE

t (19)
> atr®) [ plo)ds 2 Ka(r(t)
(o (1))
for large ¢ € T, which combined with (17) yields (21). O
Ezample 6. For T =Z and 7(t) =t — 2 for t € Z, we have
exp(t, 7(1) [T+ Ap(t = 2)][1 + Ap(t — 1)]

A A ’

which is minimized for ,
(Velt=2)+ vt - 1))

Hence by Theorem 4,

2

lim inf (\/p(n) + /p(n + 1)) >1

n—oo
and there exists K > 0 with p(n) > K for all large n € N, then
(22) z(n+1)=x(n) —pn)z(n—1) for neZ
is oscillatory.
FEzxample 7. For a more specific example of the kind as discussed in Example 6,
consider (22) with

1 for n even
—J3B

p(n) {% for n odd.

Here,
1 1
lim inf =-< -
iminfp(n) = 2 <7,
so the oscillation criterion from Corollary 1, i.e., the one known in the literature
for difference equations, does not apply. However,

lim inf (\/p(n) +/p(n + 1)) = <12 + \}§> > 1,

n—oo

so Example 6, i.e., Theorem 4 applies and shows that the equation (22) is oscillatory.
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A similar discussion as in Example 6, applying Theorem 4 for T = Z, yields the
statements given in the following last examples of this paper. Of course similar
examples (e.g., of the forms as presented in Section 4) can also be given for other
time scales.

Ezxample 8. Consider a difference equation of the form

(23) z(n+1)=z(n) —pn)x(n—2) for nezZ,
where p is three-periodic and takes values as follows:
p(1)=a, p(2)=a, pB)=b, ... with a,b>0.

Then (23) is oscillatory provided

3a+M\*a+M+2b
(CH_ )a—i— + >1, where M =+/a2+ 8ab.

a+ M 2

Ezample 9. Consider equation (23), where p is three-periodic and takes values as
follows:
p(l)=a, p2)=b, pB)=¢, ... with a,b,c>0.

3 3/2
=abc| ——m— .
" ac(ab+ac+bc>

By the arithmetic-geometric inequality it can be shown that 0 < m < 1. Now
define ¢ € [0, 7/2) such that

Let

m =cosy, and also put k= 2cos %

Another way to calculate k is to use the formula

k= (m+i\/1—m2>1/3—|—(m—I—i\/l—mz)

Then (23) is oscillatory provided

—-1/3

a+b+c+

3(ab+ ac+ be) [k+ 1} 51

2 k
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