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SOME OSCILLATION RESULTS

FOR SECOND-ORDER NEUTRAL
DIFFERENTIAL EQUATIONS

TONGXING LI, RAVI P. AGARWAL AND MARTIN BOHNER

Abstract. This article is concerned with the oscillation of second-order

neutral differential equations. Four new oscillation criteria for such equa-

tions are given and illustrated by some examples.

1. Introduction

It is well known that neutral differential equations have many applications,

e.g., in physics and biology. Hence, there is a permanent interest in obtaining

sufficient conditions for the oscillation of solutions of various classes of second-

order neutral differential equations, see e.g., [1–9]. Following this trend, this

article is concerned with the oscillatory behavior of the second-order nonlinear

neutral functional differential equation(
r(t)|Z ′(t)|α−1Z ′(t)

)′
+ q(t)f(x(σ(t))) = 0, t ≥ t0 > 0, (1.1)

where

Z(t) := x(t) + p(t)x(τ(t)) and α > 0.

Furthermore, we assume that the following conditions hold.

(A1) r, p, q,∈ C(I,R), τ, σ ∈ C1(I,R), r(t) > 0, p(t) ≥ 1, p(t) 6≡ 1 eventually,

τ, σ are strictly increasing on I,

lim
t→∞

τ(t) = lim
t→∞

σ(t) =∞,

and q(t) ≥ 0 for t ∈ I, I = [t0,∞).

(A2) f ∈ C1(R,R) and there exists k > 0 such that

f(x)

|x|α−1x
≥ k for all x 6= 0.
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By a solution of (1.1) we mean a function x ∈ C([Tx,∞)), Tx ≥ t0, which

satisfies (1.1) on [Tx,∞). We consider only those solutions x of (1.1) which

satisfy sup{|x(t)| : t ≥ T} > 0 for all T ≥ Tx. A solution of (1.1) is called

oscillatory if it has arbitrarily large zeros on [Tx,∞), and otherwise it is said

to be nonoscillatory. Equation (1.1) is said to be oscillatory if all its solutions

are oscillatory.

Regarding the known oscillation criteria for equations of the form (1.1),

Grammatikopoulos et al. [4] studied the neutral equation

(
x(t) + p(t)x(t− τ)

)′′
+ q(t)x(t− σ) = 0 for 0 ≤ p(t) ≤ 1.

Ye and Xu [9] examined the neutral differential equation (1.1) for the case when

0 ≤ p(t) ≤ 1. Agarwal et al. [2] considered (1.1) for the case when p(t) > 1,

τ(t) > t, and
∫∞
t0

ds

r
1
α (s)

= ∞. Later, Bacuĺıková and Džurina [3] investigated

the oscillatory nature of differential equations of the type

(
r(t)(x(t) + p(t)x(τ(t)))′

)′
+ q(t)x(σ(t)) = 0, (1.2)

under the assumptions∫ ∞
t0

ds

r(s)
=∞, 0 ≤ p(t) ≤ p0 <∞,

τ ′(t) ≥ τ0 > 0, and τ ◦ σ = σ ◦ τ.

Han et al. [5] studied the equation (1.2) in the case when∫ ∞
t0

ds

r(s)
<∞, 0 ≤ p(t) ≤ p0 <∞,

τ ′(t) ≥ τ0 > 0, and τ ◦ σ = σ ◦ τ.

Recently, Li et al. [7] considered equation (1.1) under the conditions

0 ≤ p(t) ≤ p0 <∞, τ ′(t) ≥ τ0 > 0,

τ ◦ σ = σ ◦ τ, τ(t) ≥ t, and σ(t) ≥ t.

Obviously, the assumptions given in [7] are quite restrictive. Now a problem

is how to derive some new oscillation criteria for (1.1) which remove those

restrictions. Motivated by an idea from [2], in this paper we give some new

oscillation criteria for equation (1.1).

In this paper, we also use the following notation:
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(A3) τ−1 is the inverse function of τ and

p∗(t) :=
1

p(τ−1(t))

(
1− 1

p(τ−1(τ−1(t)))

)
> 0,

p∗(t) :=
1

p(τ−1(t))

(
1− 1

p(τ−1(τ−1(t)))

m(τ−1(τ−1(t)))

m(τ−1(t))

)
> 0

(for all sufficiently large t, where m will be specified later),

Q(t) := q(t)(p∗(σ(t)))α, Q∗(t) := q(t)(p∗(σ(t)))α,

π(t) :=

∫ ∞
t

ds

r
1
α (s)

, and (ρ′(t))+ := max{0, ρ′(t)}.

2. Oscillation Criteria

In this section, we establish four new oscillation criteria for (1.1). All

occurring functional inequalities are assumed to hold eventually, i.e., they are

satisfied for all t large enough.

Theorem 2.1. Assume (A1)–(A3). Let π(t0) <∞,

τ(t) > t and σ(t) ≤ τ(t) for all t ∈ I.

If there exist functions ρ,m ∈ C1(I, (0,∞)) such that

m(t)

r
1
α (t)π(t)

+m′(t) ≤ 0, (2.1)∫ ∞
t0

[
ρ(s)Q(s)− 1

k(α+ 1)α+1

((ρ′(s))+)α+1r(τ−1(σ(s)))

ρα(s)((τ−1 ◦ σ)′(s))α

]
ds =∞, (2.2)

and ∫ ∞
t0

[
kq(s)πα(s)(p∗(σ(s)))α −

(
α

α+ 1

)α+1
1

π(s)r
1
α (s)

]
ds =∞ (2.3)

hold, then (1.1) is oscillatory.

Proof: Let x be a nonoscillatory solution of (1.1). Without loss of generality,

we may assume that there exists t1 ≥ t0 such that x(t) > 0, x(τ(t)) > 0, and

x(σ(t)) > 0 for t ≥ t1. Then it follows from (1.1) that(
r(t)|Z ′(t)|α−1Z ′(t)

)′ ≤ −kq(t)xα(σ(t)) ≤ 0 for all t ≥ t1. (2.4)

Hence there exist two possible cases of the sign of Z ′(t). If Z ′(t) > 0, then as

in [2, (8.6)], we get

x(t) ≥ p∗(t)Z(τ−1(t)). (2.5)
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It follows from (2.4) and (2.5) that(
r(t)(Z ′(t))α

)′
+ kq(t)(p∗(σ(t)))α(Z(τ−1(σ(t))))α ≤ 0. (2.6)

Define

u(t) := ρ(t)
r(t)(Z ′(t))α

(Z(τ−1(σ(t))))α
.

Similar as in the proof of [9, Theorem 2.1], we can obtain a contradiction to

(2.2). If Z ′(t) < 0, then we define the function ω by

ω(t) :=
r(t)(−Z ′(t))α−1Z ′(t)

Zα(t)
, t ≥ t1. (2.7)

Then ω(t) < 0 for t ≥ t1. Recalling (2.4), we have that r|Z ′|α−1Z ′ is nonin-

creasing. Thus, we get

(r(s))
1
αZ ′(s) ≤ (r(t))

1
αZ ′(t) for all s ≥ t ≥ t1. (2.8)

Dividing (2.8) by (r(s))
1
α and integrating the resulting inequality from t to `,

we get

Z(`) ≤ Z(t) + (r(t))
1
αZ ′(t)

∫ `

t

ds

(r(s))
1
α

for all l ≥ t ≥ t1. (2.9)

Letting `→∞ in (2.9), we obtain

0 ≤ Z(t) + (r(t))
1
αZ ′(t)π(t) for all t ≥ t1,

i.e.,

(r(t))
1
απ(t)

Z ′(t)

Z(t)
≥ −1 for all t ≥ t1. (2.10)

Hence, (2.10) together with (2.7) yields

−1 ≤ ω(t)πα(t) ≤ 0 for all t ≥ t1. (2.11)

On the other hand, (2.10) also gives

Z ′(t)

Z(t)
≥ − 1

r
1
α (t)π(t)

for all t ≥ t1. (2.12)

By (2.12) and (2.1), we have(
Z

m

)′
(t) =

Z ′(t)m(t)− Z(t)m′(t)

m2(t)

≥ − Z(t)

m2(t)

[
m(t)

r
1
α (t)π(t)

+m′(t)

]
≥ 0
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so that Z/m is nondecreasing on [t1,∞). Since τ−1(t) ≥ τ−1(τ−1(t)) by (A1)

and

x(t) =
1

p(τ−1(t))

(
Z(τ−1(t))− x(τ−1(t))

)
≥ Z(τ−1(t))

p(τ−1(t))
− Z(τ−1(τ−1(t)))

p(τ−1(t))p(τ−1(τ−1(t)))

(2.13)

as in [2, (8.6)], we therefore get

x(t) ≥ 1

p(τ−1(t))

(
1− 1

p(τ−1(τ−1(t)))

m(τ−1(τ−1(t)))

m(τ−1(t))

)
Z(τ−1(t))

= p∗(t)Z(τ−1(t)).

(2.14)

Now differentiating (2.7), we get

ω′(t) =
(r(t)(−Z ′(t))α−1Z ′(t))′

Zα(t)
− αr(t)(−Z ′(t))α−1Zα−1(t)(Z ′(t))2

Z2α(t)
,

from where (2.4) and (2.14) imply

ω′(t) ≤ −kq(t)(p∗(σ(t)))α − αr(t)(−Z ′(t))α−1Zα−1(t)(Z ′(t))2

Z2α(t)
(2.15)

on noting that we assume σ(t) ≤ τ(t). Thus, from (2.7) and (2.15), we have

ω′(t) + kq(t)(p∗(σ(t)))α +
α

r
1
α (t)

(−ω(t))
α+1
α ≤ 0, t ≥ t1. (2.16)

Multiplying (2.16) by πα(t), integrating the resulting inequality from t1 to t,

and using integration by parts implies

0 ≥ πα(t)ω(t)− πα(t1)ω(t1) + α

∫ t

t1

r−
1
α (s)πα−1(s)ω(s)ds

+ k

∫ t

t1

q(s)(p∗(σ(s)))απα(s)ds+ α

∫ t

t1

πα(s)

r
1
α (s)

(−ω(s))
α+1
α ds.

(2.17)

We now use Young’s inequality

|ab| ≤ 1

p
|a|p +

1

q
|b|q for a, b ∈ R, p, q > 1,

1

p
+

1

q
= 1

with p = (α+ 1)/α, q = α+ 1, and

a = (α+ 1)
α

α+1π
α2

α+1 (t)ω(t), b =
α

(α+ 1)
α

α+1
π−

1
α+1 (t)

to obtain

−απα−1(t)ω(t) ≤ απα(t)(−ω(t))
α+1
α +

(
α

α+ 1

)α+1
1

π(t)
,

i.e.,

−απ
α−1(t)ω(t)

r
1
α (t)

≤ απ
α(t)(−ω(t))

α+1
α

r
1
α (t)

+

(
α

α+ 1

)α+1
1

π(t)r
1
α (t)

,
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from which we conclude by (2.17) that

0 ≥ πα(t)ω(t)− πα(t1)ω(t1)

+

∫ t

t1

[
kq(s)πα(s)(p∗(σ(s)))α −

(
α

α+ 1

)α+1
1

π(s)r
1
α (s)

]
ds

holds, a contradiction to (2.11) when using (2.3). This completes the proof.

Theorem 2.2. Assume (A1)–(A3). Let π(t0) <∞,

τ(t) > t and σ(t) ≥ τ(t) for all t ∈ I.

If there exist functions ρ,m ∈ C1(I, (0,∞)) such that (2.1),∫ ∞
t0

[
ρ(s)Q(s)− 1

k(α+ 1)α+1

((ρ′(s))+)α+1r(s)

ρα(s)

]
ds =∞, (2.18)

and∫ ∞
t0

[
kq(s)πα(s)(p∗(σ(s)))α

(
m(τ−1(σ(s)))

m(s)

)α
−
(

α

α+ 1

)α+1
1

π(s)r
1
α (s)

]
ds =∞ (2.19)

hold, then (1.1) is oscillatory.

Proof: Let x be a nonoscillatory solution of (1.1). Proceeding as in the proof

of Theorem 2.1, we have (2.4), and thus there exist two possible cases of the

sign of Z ′(t). If Z ′(t) > 0, as in [2, (8.6)], we get (2.5). It follows from (2.4)

and (2.5) that (2.6) holds. Define

u(t) := ρ(t)
r(t)(Z ′(t))α

(Z(t))α
.

Similar as in the proof of [9, Theorem 2.1], we can obtain a contradiction to

(2.18). If Z ′(t) < 0, then as in the proof of Theorem 2.1, Z/m is nondecreasing.

Hence we get (2.14). Next, define the function ω by (2.7). Differentiating (2.7)

and using the condition σ(t) ≥ τ(t), we get

ω′(t) ≤ −kq(t)(p∗(σ(t)))α
(
m(τ−1(σ(t)))

m(t)

)α
− αr(t)(−Z ′(t))α−1Zα−1(t)(Z ′(t))2

Z2α(t)
.

The rest of the proof is similar to the proof of Theorem 2.1 and so is omitted.

This completes the proof.

We note that Theorem 2.1 and Theorem 2.2 focus on the oscillation of equa-

tion (1.1) for the case when τ(t) > t. Now we will establish some oscillation

results for (1.1) under the condition τ(t) < t.
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Theorem 2.3. Assume (A1)–(A3). Let π(t0) <∞,

τ(t) < t and σ(t) ≤ τ(t) for all t ∈ I.

If there exist functions ρ,m ∈ C1(I, (0,∞)) such that

m(t)

r
1
α (t)

∫ t
t1

1

r
1
α (s)

ds
−m′(t) ≤ 0 for all sufficiently large t1, (2.20)

∫ ∞
t0

[
ρ(s)Q∗(s)−

1

k(α+ 1)α+1

((ρ′(s))+)α+1r(τ−1(σ(s)))

ρα(s)((τ−1 ◦ σ)′(s))α

]
ds =∞, (2.21)

and ∫ ∞
t0

[
kq(s)πα(s)(p∗(σ(s)))α −

(
α

α+ 1

)α+1
1

π(s)r
1
α (s)

]
ds =∞ (2.22)

hold, then (1.1) is oscillatory.

Proof: Let x be a nonoscillatory solution of (1.1). Without loss of generality,

we may assume that there exists t1 ≥ t0 such that x(t) > 0, x(τ(t)) > 0, and

x(σ(t)) > 0 for t ≥ t1. Then it follows from (1.1) that (2.4) holds. Hence there

exist two possible cases of the sign of Z ′(t). If Z ′(t) > 0, then as in [2, (8.6)],

we get (2.13). On the other hand, we have

Z(t) = Z(t1) +

∫ t

t1

(r(s)(Z ′(s))α)
1
α

r
1
α (s)

ds ≥
(
r

1
α (t)

∫ t

t1

1

r
1
α (s)

ds

)
Z ′(t).

Hence (
Z

m

)′
(t) =

Z ′(t)m(t)− Z(t)m′(t)

m2(t)

≤ Z(t)

m2(t)

 m(t)

r
1
α (t)

∫ t
t1

1

r
1
α (s)

ds
−m′(t)

 ≤ 0

and thus Z/m is nonincreasing. From (2.13), we therefore obtain (2.14). It

follows from (2.4) and (2.14) that

(r(t)(Z ′(t))α)
′
+ kq(t)(p∗(σ(t)))α(Z(τ−1(σ(t))))α ≤ 0. (2.23)

Define

v(t) := ρ(t)
r(t)(Z ′(t))α

(Z(τ−1(σ(t))))α
.

Similar to the proof of [9, Theorem 2.1], we can obtain a contradiction to (2.21).

If Z ′(t) < 0, then, using [2, (8.6)], we have (2.13). From τ−1(t) ≤ τ−1(τ−1(t))

and (2.13), we get (2.5). The remainder of the proof is similar to the proof of

Theorem 2.1 and hence is omitted. This completes the proof.
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Theorem 2.4. Assume (A1)–(A3). Let π(t0) <∞,

τ(t) < t and σ(t) ≥ τ(t) for all t ∈ I.

If there exist functions ρ,m, h ∈ C1(I, (0,∞)) such that (2.20),

h(t)

r
1
α (t)π(t)

+ h′(t) ≤ 0, (2.24)∫ ∞
t0

[
ρ(s)Q∗(s)−

1

k(α+ 1)α+1

((ρ′(s))+)α+1r(s)

ρα(s)

]
ds =∞, (2.25)

and∫ ∞
t0

[
kq(s)πα(s)(p∗(σ(s)))α

(
h(τ−1(σ(s)))

h(s)

)α
−
(

α

α+ 1

)α+1
1

π(s)r
1
α (s)

]
ds =∞ (2.26)

hold, then (1.1) is oscillatory.

Proof: Let x be a nonoscillatory solution of (1.1). Without loss of generality,

we may assume that there exists t1 ≥ t0 such that x(t) > 0, x(τ(t)) > 0, and

x(σ(t)) > 0 for t ≥ t1. Then it follows from (1.1) that (2.4) holds. Therefore,

there exist two possible cases of the sign of Z ′(t). If Z ′(t) > 0, then as in [2,

(8.6)], we get (2.13). On the other hand, we see that Z/m is nonincreasing due

to Theorem 2.3. From (2.13), we have (2.14). It follows from (2.4) and (2.14)

that (2.23) holds. Define

v(t) := ρ(t)
r(t)(Z ′(t))α

(Z(t))α
.

Similar as in the proof of [9, Theorem 2.1], we can obtain a contradiction to

(2.25). If Z ′(t) < 0, then, similar as in the proof of Theorem 2.3, we get

(2.5). On the other hand, by the proof of Theorem 2.1, we see that Z/h is

nondecreasing. Thus, we have

Z(τ−1(σ(t)))

Z(t)
≥ h(τ−1(σ(t)))

h(t)
.

The rest of the proof is similar to the proof of Theorem 2.1 and so is omitted.

The proof is complete.

3. Examples and Remarks

In this section, we give two examples to illustrate the main results.
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Example 3.1. Consider the equation(
et
(
x(t) + 2e2πx(t+ 2π)

)′)′
+
√

2(1 + 2e2π)etx
(
t− π

4

)
= 0, t ≥ 1. (3.1)

Let ρ(t) = 1 and m(t) = e−t. It follows from Theorem 2.1 that every solution of

equation (3.1) is oscillatory. For example, x(t) = sin t is an oscillatory solution

of (3.1).

Example 3.2. Consider the equation(
et
(
x(t) + 2e2πx(t− 2π)

)′)′
+
√

2(1 + 2e2π)etx
(
t− π

4

)
= 0, t ≥ 1. (3.2)

Let ρ(t) = 1, m(t) = et and h(t) = e−t. It follows from Theorem 2.4 that

every solution of equation (3.2) is oscillatory. For example, x(t) = sin t is an

oscillatory solution of (3.2).

Remark 3.1. The obtained results improve some results in the literature, e.g.,

it is easy to see that criteria given in [5,7] cannot be applied to equations (3.1)

and (3.2).
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