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SOME OSCILLATION RESULTS

FOR SECOND-ORDER NEUTRAL
DIFFERENTIAL EQUATIONS

TONGXING LI, RAVI P. AGARWAL AND MARTIN BOHNER

ABSTRACT. This article is concerned with the oscillation of second-order
neutral differential equations. Four new oscillation criteria for such equa-

tions are given and illustrated by some examples.

1. INTRODUCTION

It is well known that neutral differential equations have many applications,
e.g., in physics and biology. Hence, there is a permanent interest in obtaining
sufficient conditions for the oscillation of solutions of various classes of second-
order neutral differential equations, see e.g., [1-9]. Following this trend, this
article is concerned with the oscillatory behavior of the second-order nonlinear

neutral functional differential equation
(r)IZ' ()7 2/ () + a(O f(x(o(8) =0, =19 >0, (1.1)
where
Z(t) = =z(t) +pt)z(r(t)) and o> 0.
Furthermore, we assume that the following conditions hold.
(A1) r,p,q,€ C(I,R), 1,0 € CHI,R), r(t) > 0, p(t) > 1, p(t) # 1 eventually,
7,0 are strictly increasing on I,

tlggcT(t) - tligloa(t) =

and ¢(t) >0 fort € I, I = [tg, 00).
(A2) f € CYR,R) and there exists k > 0 such that

|xf£:_ﬂ)1x >k forall a#0.
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By a solution of (1.1) we mean a function x € C([T,,0)), T > tp, which
satisfies (1.1) on [T}, 00). We consider only those solutions z of (1.1) which
satisfy sup{|z(t)] : ¢ > T} > 0 for all T > T,. A solution of (1.1) is called
oscillatory if it has arbitrarily large zeros on [T, c0), and otherwise it is said
to be nonoscillatory. Equation (1.1) is said to be oscillatory if all its solutions
are oscillatory.

Regarding the known oscillation criteria for equations of the form (1.1),

Grammatikopoulos et al. [4] studied the neutral equation
(z(t) + p)a(t — 7)) +q(t)x(t —o) =0 for 0<p(t) <1.

Ye and Xu [9] examined the neutral differential equation (1.1) for the case when
0 < p(t) < 1. Agarwal et al. [2] considered (1.1) for the case when p(t) > 1,
T(t) > t, and ftooo - gis) = oo. Later, Baculikovd and Dzurina [3] investigated
the oscillatory nature of differential equations of the type

(r(®)(@(t) + p(B)(r()))) + a(D)z(o () £ 0, (1.2)

under the assumptions

> ds
— = 0, Oép(t)§p0<oov
/t() r(s)

T'(t)>71 >0, and Too=o0o0T.

Han et al. [5] studied the equation (1.2) in the case when

> ds
/ — <00, ng(t)§p0<oo7
t

o (s

7'(t)> 717 >0, and Too=o0o0T.
Recently, Li et al. [7] considered equation (1.1) under the conditions

0 <p(t) <py<oo, T7(t)>1>0,

Too=coT, 7(t)>t, and o(t) >t

Obviously, the assumptions given in [7] are quite restrictive. Now a problem
is how to derive some new oscillation criteria for (1.1) which remove those
restrictions. Motivated by an idea from [2], in this paper we give some new
oscillation criteria for equation (1.1).

In this paper, we also use the following notation:
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(A3) 77! is the inverse function of 7 and
1 1
e o e e R
=i ' o)

._ 1 - 1 m(r=H(r71(t)))
0= s (= sy @) >

(for all sufficiently large ¢, where m will be specified later),

Q(t) == q@)(p*(a(2))*,  Qu«(t) := q(t)(p+(a(t))),

n(t) = /too 93), and  (p/(£))+ == max{0, ' (t)}.

ra(s

2. OSCILLATION CRITERIA

In this section, we establish four new oscillation criteria for (1.1). All
occurring functional inequalities are assumed to hold eventually;i.e., they are

satisfied for all ¢ large enough.
Theorem 2.1. Assume (A1)—(Ag). Let () < 00,
T(t) >t and o(t) <7(t) forall tel.

If there exist functions p,m € C(I,(0,00)) such that

m(t) /
) +m/(t) <0, (2.1)

JA e . 1] PR

DT P o) (s)°

and

o a+l
/t [kQ(s)ﬂa(s)(P*(a(s)))a - (a i 1) W(S):}x(s)] ds = 00 (2.3)

hold, then (1.1) s oscillatory.

Proof: Let = be a nonoscillatory solution of (1.1). Without loss of generality,
we may assume that there exists t; > to such that z(t) > 0, z(7(¢)) > 0, and
z(o(t)) > 0 for t > t;. Then it follows from (1.1) that

(r(0)]2' ()| *712' (1)) < —kq(t)z%(a(t)) <O for all ¢> 1. (2.4)

Hence there exist two possible cases of the sign of Z’(t). If Z'(t) > 0, then as
in [2, (8.6)], we get

z(t) > p* () Z(771(2)). (2.5)
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It follows from (2.4) and (2.5) that

(r(®)(Z'(1))) + ka(t)(p" (o) (Z(7~ (o (1)) < 0. (2.6)

Define
r(t)(Z' ()"
(Z(r=1 (o (1))
Similar as in the proof of [9, Theorem 2.1], we can obtain a contradiction to
(2.2). If Z'(t) < 0, then we define the function w by
rt)(=2'(t)*"'2'(t)

w(t) = o) o t> 1. (2.7)

u(t) = p(t)

Then w(t) < 0 for ¢t > t;. Recalling (2.4), we have that r|Z’|*"1Z’ is nonin-

creasing. Thus, we get
(r(s))=Z'(s) < (r(t))=Z'(t) forall s>t>t,. (2.8)

Dividing (2.8) by (r(s))é and integrating the resulting inequality from ¢ to ¢,
we get
ds
1
(r(s))=

forall 1>t>t. (2.9)

. 4

260 < 20)+ )+ 2'0) [
Letting ¢ — oo in (2.9), we obtain

0< Z(t) + (r(t))= Z'(@)m(t) forall t>ty,

i.e.

> —1 forall t>t. (2.10)
Hence, (2.10) together with (2.7) yields
—1<w(t)r*(t) <0 forall t>t. (2.11)

On the other hand, (2.10) also gives

> — 1 for all ¢ > t¢;. (2.12)
)m(t)

v
!
Jr
=
=
Y
jen}
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so that Z/m is nondecreasing on [t1,00). Since 771(¢) > 7= 1(771(¢)) by (A1)
and

() =~y (2671 (0) =267 (1)
B o (2.13)
_ZEN) 26 W)
2500 pr e (@)
as in [2, (8.6)], we therefore get
L (1 mE )Y
02 sy (U sy ) 200 (2.14)
— p ()2 1)),

Now differentiating (2.7), we get

() = (r®)(=2' 1) 2'(t)) _ ar®)(=2'®)* 1271 (t)(Z' (1))
Ze(t) Z2(t) ’

from where (2.4) and (2.14) imply

ar _ 7! a—1r7a—1 1 2
W (1) < —ka(®)(pa o (1)) — LDEZ (t))Zga(Zt) DA (2.15)
on noting that we assume o(t) < 7(¢). Thus, from(2.7) and(2.15), we have
W'(t) + kq(t) (p+ (o (1)) T;[(t)(—W(t))aT+1 S0/t >t (2.16)

Multiplying (2.16) by 7%(t), integrating the resulting inequality from ¢; to ¢,

and using integration by parts implies

0> 7*()w(t) — m*(t1)w(t1) + a/t r_é(s)wo‘_l(s)w(s)ds

‘ ' o(s) (2.17)
+ [ o)) s +a [ T o)

We now use Young’s inequality
1 1 1
lab] < =|a|P+ ~|b|? for a,beR, pg>1, —+-=-=1
p q D
with p = (a +1)/a, ¢ =+ 1, and

—(a+ D s (w(t), b= — ()

to obtain

ie.,
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from which we conclude by (2.17) that

0 > 7(H)w(t) — 7 (11 )w(t)
t a+1
+/t kq(s)m*(s)(p«(0(s)))* — (ai 1) w(s)ié (8)1 ds

holds, a contradiction to (2.11) when using (2.3). This completes the proof.

Theorem 2.2. Assume (A;)—(Ag). Let () < oo,
T(t) >t and o(t)>7(t) forall tel.
If there exist functions p,m € CL(I,(0,00)) such that (2.1),

> '(s))4) T r(s
/to [p(s)Q(s) i +11)a+1 (e );:()S) ( )} ds = oo, (2.18)

and

[ st ooty (2Lt

m(s)

_ (ai 1)““ W(S):i(s)] ds =00 (2.19)

hold, then (1.1) is oscillatory.

Proof: Let 2 be a nonoscillatory solution of (1.1). Proceeding as in the proof
of Theorem 2.1, we have (2.4), and thus there exist two possible cases of the
sign of Z'(t). If Z'(t) > 0, as in [2, (8.6)], we get (2.5). It follows from (2.4)
and (2.5) that (2.6) holds. Define

r(t) (2" ()

Similar as in the proof of [9, Theorem 2.1], we can obtain a contradiction to
(2.18). If Z'(t) < 0, then as in the proof of Theorem 2.1, Z/m is nondecreasing.
Hence we get (2.14). Next, define the function w by (2.7). Differentiating (2.7)
and using the condition o(t) > 7(t), we get

m(r(o(t))) ) "

W' (t) < —kq(t)(p«(o(t)) ( m(t)

ar(t)(=2'(t)* 1271 (1)(Z'(t)?
72 ()

The rest of the proof is similar to the proof of Theorem 2.1 and so is omitted.

This completes the proof.

We note that Theorem 2.1 and Theorem 2.2 focus on the oscillation of equa-
tion (1.1) for the case when 7(t) > ¢t. Now we will establish some oscillation
results for (1.1) under the condition 7(t) < t.



NEUTRAL DIFFERENTIAL EQUATIONS 103

Theorem 2.3. Assume (A1)—(Ajz). Let 7(ty) < oo,
T(t) <t and o(t)<7(t) foral tel.
If there exist functions p,m € CL(I,(0,00)) such that
m(t)
ra(t) [} #(S)ds

- 1 (P () ) r(r N ;.
/to {P(S)Q*(s) THe R () (Lo o) (s) } ds =00, (2.21)

—m/(t) <0 for all sufficiently large t1, (2.20)

and

/t:o [kQ(S)Wa(S)(p*(U(S)))a - ( e )QH W(S)l ] ds=o00 (2.22)

a—+1

hold, then (1.1) is oscillatory.

Proof: Let « be a nonoscillatory solution of (1.1). Without loss of generality,
we may assume that there exists ¢; > ¢¢ such that x(t) >0, &(7(¢)) > 0, and
x(o(t)) > 0 for t > t1. Then it follows from (1.1) that (2.4) holds. Hence there
exist two possible cases of the sign of Z’(t). If Z'(t) > 0, then as in [2, (8.6)],
we get (2.13). On the other hand, we have

Z(t) = Z(t1) + /t st > (ré(t) /tt 11d5> Z'(b).

t “(s) v e (s)

Hence

(Z) () = Z'(t)ym(t) — Z(t)m/(t)

m?(t)

Z(t 4
< 2() : WZ() _l(t) ] <0
m2(t) \ ra(t) I, j( )ds
and thus Z/m is nonincreasing. From (2.13), we therefore obtain (2.14). It
follows from (2.4) and (2.14) that

(r(O(Z" (1)) + ka(t)(p< (o (£)*(Z(r~ (o (1))))* < 0. (2.23)

Define o
o) = p(t) fLE

(Z(r=1(e(1))))
Similar to the proof of [9, Theorem 2.1], we can obtain a contradiction to (2.21).
If Z'(t) < 0, then, using [2, (8.6)], we have (2.13). From 7=1(t) < 7=1(771(2))
and (2.13), we get (2.5). The remainder of the proof is similar to the proof of

Theorem 2.1 and hence is omitted. This completes the proof.
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Theorem 2.4. Assume (A1)—(A3). Let 7(ty) < oo,
T(t) <t and o(t)>7(t) forall tel.

If there exist functions p,m,h € C*(I,(0,00)) such that (2.20),

ri}(Lt(;)r( ) +H(t) <0, (2.24)
e’} / s a+1,r, s
| 0.0 - g R e 2)

and

a+1
1
—( 2 ) | ds Zs0 (2.26)
a+1 ﬂ(s)rE (s)
hold, then (1.1) is oscillatory.

Proof: Let = be a nonoscillatory solution of (1.1). Without loss of generality,
we may assume that there exists t; > to such that x(t) > 0, z(7(¢)) > 0, and
x(o(t)) > 0 for t > t;. Then it follows from (1.1) that (2.4) holds. Therefore,
there exist two possible cases of the sign.of Z/(t). If Z'(¢) > 0, then as in |2,
(8.6)], we get (2.13). On the other hand, we see that Z/m is nonincreasing due
to Theorem 2.3. From (2.13), we have (2.14). It follows from (2.4) and (2.14)
that (2.23) holds. Define

r(t)(Z'(t))

(Z6)~
Similar as in the proof of [9, Theorem 2.1], we can obtain a contradiction to
(2.25). If Z'(t) < 0, then, similar as in the proof of Theorem 2.3, we get
(2.5). On the other hand, by the proof of Theorem 2.1, we see that Z/h is
nondecreasing. Thus, we have

Z(r(o(t)))
Z(t)

oft) == p(t)

h(r~H (e (1))
ht)

>

The rest of the proof is similar to the proof of Theorem 2.1 and so is omitted.

The proof is complete.

3. EXAMPLES AND REMARKS

In this section, we give two examples to illustrate the main results.
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Example 3.1. Consider the equation
!/
(et (z(t) +2* 2(t + 277))’) +V2(1 + 2e*)elx (t = %) =0,t>1. (3.1

Let p(t) = 1 and m(t) = e~*. It follows from Theorem 2.1 that every solution of
equation (3.1) is oscillatory. For example, x(t) = sint is an oscillatory solution
of (3.1).

Example 3.2. Consider the equation
!/
(et ((t) + 202 (t — 277))’) FV2(1 + 26%)etz (t . %) —0,t>1. (32

Let p(t) = 1, m(t) = €' and h(t) = e~*. It follows from Theorem 2.4 that
every solution of equation (3.2) is oscillatory. For example, z(t) = sint is an

oscillatory solution of (3.2).

Remark 3.1. The obtained results improve some results in the literature, e.g.,
it is easy to see that criteria given in [5,7] cannot be applied to equations (3.1)
and (3.2).

Acknowledgements: The first author would like to express his gratitude
to Professors E. Thandapani, J. Dzurina and B. Baculikova for their selfless

guidance.
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