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Abstract

We establish a characterization of positive definiteness of a certain discrete quadratic
functional associated to a symplectic system via disconjugacy of this system and
positive definiteness of some related matrix. This generalized discrete version of Ja-
cobi’s condition also applies to linear Hamiltonian difference systems and to Sturm-
Liouville difference equations of higher order for those objects are special cases of
symplectic systems.
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1. Introduction
In this work we wish to examine so-called symplectic systems of the form
(S) Zk41 = Skzx, M <k<N,

as well as related discrete quadratic functionals

N
F(z) =) 2 {SEMSk — M} 2z + 2! T

k=M

Here, Sy are given symplectic 2n x 2n-matrices for M < k < N (M,N € Z,n € IN)
while ZMs Rx 1= MTJZM + MZN+1 € ]RQn, z = (zk)MSkSN-Ha

M:<?8> and ‘7:(—0]6)
with n X n-zero-matrices and with n X n-identity-matrices, and 7" is some given
2n X 2n-matrix. A 2n X 2n-matrix S is called symplectic provided STJS = J
holds.

Systems (S) and functionals F have been introduced by the author and Ondfej
Dosly in [8], and systems of the form (S) are also studied in the recently ap-
peared book by Calvin Ahlbrandt and Allan Peterson [3]. These systems have the
advantage that they include so-called linear Hamiltonian difference systems (see
[1, 6,9, 10, 11]) and hence also discrete Sturm-Liouville difference equations (see
[2, 7]) as special cases. Thus our main result below applies to all those important
objects also.

Since functionals of the form F arise as so-called second variations when trying
to solve certain discrete variational problems (see e.g. [4]), we are mainly concerned
with the notion of positive definiteness for functionals F. Here, F is called positive
definite - and we write F > 0 - provided

F(z) > 0 for all z with Mz # 0, MS,z, = Mz (M <k < N), z, € ImR”

holds with some given 2n x 2n-matrix R.

We will proceed in the following manner. The next section will contain our main
result that characterizes positive definiteness as described above; however, its proof
will be postponed to Section 6. While Sections 3 and 4 are concerned with pre-
liminaries for symplectic systems and discrete quadratic functionals, respectively,
Section 5 is devoted to the study of some special, to (S) related, symplectic system
which is needed for proving our main result in the last section.



2. The Main Result on Positive Definiteness

First, we provide the notation that is necessary to state our main result. We let
Zr, M <k < N + 1, be the solution of

Zit1 = Sk 2y, M <k<N, Zy=J".
Furthermore, we put Xy = (I 0)Z4(;), Bx = (1 0)Sk(}), and
Qi1 = M+ Z5 MO ET MZy + MTYMT + MZy ),

where M' denotes the Moore-Penrose inverse of the matrix M, i.e., the unique
matrix that satisfies MMtM = M and MMM = M?' such that both MM
and M'M are symmetric. Let KerM and ImAM denote the kernel and the image
of the matrix M, respectively. We say that the system (S) is disconjugate (on
[M, N + 1] N Z) provided

KerXyi1 C KerXy, XX/, By>0 forall M<k<N

holds, where M > 0 means positive definiteness of the matrix M. Finally, condition
(B) means
R(T + Qy,1)R" >0 on ImR

while condition (C) stands for
ImR" C Im(M”" + MZyy).
With this notation our main result now reads as follows.
Theorem 1.
(i) If (S) is disconjugate and if (B) holds, then F > 0.
(ii) If F > 0 and if (C) holds, then (B) holds and (S) is disconjugate.

If we impose the condition of controllability (on [M, N + 1] N Z) on the system
(S) which means that

Mz = 0 implies z = 0 for all solutions z of (S),
then we may rewrite Theorem 1 above as follows.

Theorem 2. Suppose that (S) is controllable.
Then (S) is disconjugate and (B) holds if and only if F is positive definite.

The proofs of Theorem 1 and Theorem 2 are performed in the last section of
this paper. For them we need some preliminaries on both symplectic systems and
discrete quadratic functionals.



3. Symplectic Systems
We start this section with the following basic lemma on symplectic matrices.

Lemma 1. If S is symplectic, then so are S~ and S7.
Proof. Let S be symplectic, i.e., STJS = J hold. Then S is invertible since J
is, and we have
j — (ST)—ljs—l — (S—I)Tjs—l

so that S~ is symplectic. Moreover, J~! = J7 = —F implies S = 7' (S7)"'J
and hence

(ST)TJST — J—I(ST)—ljjsT — _J—I(ST)—lsT — _J—l — J
so that ST is symplectic also. |

For a 2n X n-matrix Z); the sequence Z = (Z;)m<ip<n+1 With Zyi1 = SpZy,
M < k < N, is called a conjoined basis of (S) provided

ZLJZy =0 and rankZy =n
hold. Let Z and Z be two conjoined bases of (S). Then the sequence
Z = (Zp)m<kens:r With  Zy=(Zx Zy), M <k < N +1,
is called a normalized conjoined basis of (S) if Zj, is symplectic.

Lemma 2 (Wronskian Identity). Let Fy, Gy, M < k < N + 1, be any matrices of
size 2n x my and 2n X m, with my, my € IN, respectively, such that

Fri1 = SiFi, G = SiGy, M <k <N.

Then F TGy = F, TGy forall M <k < N + 1.
Proof. For M < k < N we have

FL TG = FLSITSGr = FL TGy,
so that our assertion follows immediately. |

Of course, the Wronskian identity implies that Zj is symplectic for all M < k <
N + 1 whenever Z is a normalized conjoined basis of (S). Also, if Z is a conjoined
basis of (S) we have that Z} JZ; = 0 holds for all M < k < N + 1. Finally,
rankZ, = n for all M < k < N + 1 in this case is trivial since the matrices S}, are
all symplectic and hence of full rank. We conclude this section with the following
easy observation.



Lemma 3. If Z is a conjoined basis of (S), then there exists another conjoined
basis Z of (S) such that Z = (7 Z) is a normalized conjoined basis of (S).
Proof. Let Z be a conjoined basis of (S) and put

Znu =T Zu(Z5 7).

Observe that the occuring inverse exists due to the fact of rankZy, = n. Hence
rankZ;s = rankZ;r = n and

ZuJTZu = (ZuZu) " ZudIT " Zu(ZiZu)™
= (ZyZu) ' Zy T Zu(ZyZy) ™t =0

so that Z defined by Z,,, = SkZy, M < k < N, is indeed a conjoined basis of (S).
Moreover, we have

2V T 70y =2 T T Zu(Z5 Z0y) =1

and hence Zy = (Zy ZM) yields

r oo _ (Zh s v ZuTZw ZyTZuw N _ (0 T _
ZMJZM_(ZAZ I (Zm Zm) = ZngM Zgsz “\-10)=7

Thus Z with Z; = (Z Zk), M < k < N + 1, is a normalized conjoined basis of
(S). |

4. Discrete Quadratic Functionals
Proposition 1. If z solves (S), then we have
F(z) = 2 1 Mz — z2igMan + 21 Tz,
Proof. Let z solve (S). This implies
N N
Z zp {SEMSy — M} 2, = Z {2l i Maiy1 — 2 Mz}
k=M k=M

N
§ : T T T
= A {Zk MZk} = ZN+1MZN+1 - zMMzM,
k=M

and hence our simple result follows. |



Our next result may be viewed as a symplectic version of Picone’s identity. Under
certain assumptions it provides a formula for F(z) also for these cases when z is
not a solution of (S).

Proposition 2 (Picone’s Identity). Let M < k < N. Suppose there exist
Ck, ck+1 € R™ such that

MZk - MZka and MSka = MZk+1Ck+1
hold, where Z is any conjoined basis of (S). Then we have
2 {SEMSy — M}z = A cf ZEMT Zyer } + 2L TT 2 {Acy}
Proof. We assume that such ¢y, ¢y, 1 exist. This implies
At ZEMT Zyer} + 2 T" Zp { Ay}

= CZHZ,?HMTZ,CHC,CH — CZZI?MTZka + z,?JTchkH — ZZJTZka

= ZgSgMTZk+1Ck+1 — Z;{.MTZICCIC - Zngka+1 + Z;ijka

= Z?SgMTSkaCk+1 — szjchkH — {Z]ZMTZka — szjchk}

= Z,q; {SgMTSk - j} chk+1 - Z;{ {MT - ._7} chk

= Z,? {S};(M + j)S}c - j} chk+1 - Z]ZW./\/tZkC]c

= ZgSEMSkaCk+1 — ,Z]?./\/iZ]cC]c

= 2, SEMSizp — 2 Mz = 2 { S MSp — M} 2,

which is our desired result.

Proposition 3. Let Ker(MSyZ;) C Ker(MZ;) hold for some M < k < N,

where Z is any conjoined basis of (S). Then we have with £ = ( 8 ? )

Next, if Mz, = MZici holds for some zi, ¢, € IR", then there exists cxy; € R"
with MSgz, = MZg11ck+1. Finally, in this case we have for some s, € IR"

ZngZk {Ack} = SszSk,

where D), = XkX,LrlBk is symmetric.
Proof. Let Z be a conjoined basis of (S) with Ker(MS;Z;) C Ker(MZ;). We

then pick according to Lemma 3 a conjoined basis Z of (S) such that Z = (Z Z)



is a normalized conjoined basis of (S). Then (see Lemma 2) Zj is symplectic and
hence (see Lemma 1) so is Z}'. Thus

. (0 I\ /ZF

s = armwn( %) (@
= 7. 7, Zi =z - 7,77
_(_kk)Z;;r_kk_kk'

Let ¢ € Ker(Z'SF M™). Then

0 = MSZ,ZESTMTc = MS(Z, ZL — J)SEMT e
= MSZ ZFSIMPe — MIMP e
— MSZ 7L ST M.
Thus Z}' S M¥c € Ker(MS,Z;,) C Ker(MZy) so that
0 = MZITSIM e = M(Z 2" + T)SEMTe
= MJISiMTe=LTSFMTc
follows. This proves Ker(MS,Z;)! C Ker(MS,£)T, and hence our first claim is

established. Now, Mz, = M Z;c,, for some ¢, € IR™ implies

MS]CZ]C = MSkj(M — MT)ZIC = MSijZka — MSijTZk
MSk(I — ,C)chk + MS]C,CZ]C
= MSkaCk + MSkL(Zk — chk) € Im(MSka),

and hence there exists cx; € R™ with MSkzp = MSyZcp1 which is our second
assertion. To prove the remainder of the proposition we make use of the well-known
result (see e.g. [6, Remark 2 (iii)])

KerV c KertW if W =WVVv.

Hence, with Z, = ()5,’:), 2y = (z’“), Sk = ( Ay By ), and s, = uy — UkX};xk we

Uk Cr Ex
have
SszSk = SZX]CX]I+1X]C+1AC]€ = SZX]CAC]C = szTZkACk,
and Dy, = BYE, — Bl (X} )" X, Uxs1 X[, By is symmetric. H



5. The “Big” Symplectic System

In order to prove our main result, Theorem 1 from Section 2 above, we will apply
Picone’s identity together with the preceding Proposition 3. However, we will not
apply it to our system (S) but to another symplectic system (S*) related to (S).
The purpose of this section is to introduce system (S*) and to study its properties.
To do so we define 4n x 4n-matrices S;, M < k < N, by

. (Mo (M ([ TIM 0
si= ()5 (2) (70" o)
First of all we have the following.

Proposition 4. S are symplectic for all M <k < N.
Proof. Let M < k < N. The computation

Tk ok M M 0 0 I ..
skJSk:{<£>skT(MT£)+(jo jM>}<_IO)Sk

- {()steemore (L OH () (%0 A

_ (Mg e (M) 0 IM

= <L>Sk(_M+M)Sk<E> +(—JM 0 )

(M M\" 0 JIM

- (2)stos () + (om0

(MY (M 0 JIM

= (2)7(2) +(om ")

_ MIMT MIL+IMYN (0 I _

N LIMT — TM LITL S \-10) Y

where we used J* for the “big” 4n X 4n-matrix J, shows that S} is symplectic.ll

Our next two results illustrate the relationship between the symplectic systems

(S) and
(S%) Zpy1 = SkZp M <k<N.

Proposition 5. If Z is a normalized conjoined basis, then Z* defined by

T
7 = (f)zw @/‘M> M<k<N+1,

7

0

)}



is a conjoined basis of (S*).
Proof. Let Z and Z* be as above. First we have for M <k < N

s - ()= (% A HC)a ()

(M r JMMT
= ()sacs 2 (TH0)

M M M M )
- (c)s’“z” (JM) - <£>Z’““+ (JM) = D

Next,

T
ziizy = {2hem o+ g () zu+ (7))}
= ZyZu+ MM + IM=Z} 2y +1

is invertible, i.e., rankZ}, = 2n holds, and finally

7577, = {ZL(MT L)+ (M jM)}(_OI é)ZM

- teiesireomont{ (e (1)
= {Z}(-L M")+( jMM)}{(ﬁ)ZM+(jM
= Zy(-M+M"Zy — TMM" + MIM

= ZLIZu - M+ M=J-M"+ M=0.

Hence Z* is indeed a conjoined basis of (S*). H

Proposition 6. Let o € R*. If z = (z)m<k<n1 satisfies Mz, = MSgz,
M <k <N, then 2* = (2}) m<k<n+1 defined by

T
Z = (’Zl>zk+ (MOJO‘), M<k<N+1,

satisfies M*2; , = M*S;z;, M < k < N. Moreover, in this case we have
e {S,:TM*S;; - M*} 2 = {STMS, — M) 2.

Proof. Let z and z* be as above. Then we have for M <k < N

s (st 5 (50 A )} {(2)+ (7))



jMMTja> }

_ M*{(M)Sk(MTM—i-E)zk—i-( .
o

M T
(7o { (29 ("))
= (s ar70) = (rte  aanza)
T \WMSiz + MTTa)  \ Mz + MT T

00 M MTT . .
(e (477 -0

Now,

implies because of (/\LA)T(M) =1

*T *L * Q% * * *T M M 4 O 0 *
2 {SkMSk—M}zk:zk { E)S,{Msk<£> _(c 0>}zk
0 0 M
= 2 S{ MSyz, — 2 (MT L) ( oo ) (E )zk
so that all our assertions are shown. [ |

To conclude this section we wish to remark the following. We have Z; = ()
k

with
0o I I 0
X* = ~ *— ~
% ( X, X, ) and Uy ( U, U, )



provided we denote Z; = ( );k )U(k ) In [5, Lemma A6|, the Moore-Penrose
ko Uk
i X" = 0 1) ted to b
inverse o =\ y x ) iscomputed to be
o —(S72X)ts 32X (S~2X)t5~2
“\1-xrs {I _X(ST3X)ts } X Xrs {1 - X(S*%X)TS*%}

with S = I + XX7T, and this formula may be also checked directly using the
definition of the Moore-Penrose inverse. We hence have

* [ S *Trrx +1 * 0 0
Dk = Bk Ek: - Bk; Uk—f—]_XkH']-Bk - ( 0 BEEIC - Fk >

provided KerXy,; C KerXy holds, where
F, = B} {Uk+1(5_%Xk+1)T57% + U1 X, S
—Uk+1X1?+1S_1Xk+1(S_%XkH)TSP%} Bf
= BI? {(X11+1)TUICT+1Xk+1(S_%XkJrl)fS_%XkHX/IH + ﬁkHXkTﬂS_l
—ﬁk+1Xk+1S_1Xk+1(S_%Xk+1)TS_%Xk+1XII+1} By
= BgUk+1X]Z+1Bk

0 O

sothatD;:(O D
k

) holds for all M < k < N.

6. The Proof of the Main Result

We use the notation from Section 2 and start with proving part (i) of Theorem
1. Let (S) be disconjugate and assume that (B) holds. We pick z with Mz, =
MSpz, M < k<N, and z, = RTc € ImnR”. Then z* defined as in Proposition 6
with a = 2z, satisfies M*z; | = M*Sizp, M < k < N, where S; is defined as in
the previous section. Then we have

. M MT T 2
AN+1 = r ZN+1 T 0 = Loni

. 00 M+ MTT 0
Mz = (19 L ME M MTg )M

0 * *
S 1m<MT+MJT) = Im(M*Z3,).

and

10



Proposition 3, applied to the “big” system (S*), yields that
M*z; € Im(M*2Z;) holds forall M <k<N+1.
We then have, again by applying Proposition 2 and Proposition 3 to the “big”

system (use also Propositions 5 and 6)

N
F(z) = Z zp {SEMSy — M} 2y, + 21 Tz,

k

i
g

2 {S;;TM*S;; - M*} 2+ 2T,

I
M) =

i
<

= Zz

* 9

N
* T L s %
Qny12e + 2. T2 + E sk Disi
k=M

N
= "R(T+ Q)R c+ Z st ( g lg ) sy > 0.
k
k=M

If F(z) =0, then z, = RT¢ = 0 and Djs; =0 for all M < k < N imply 2y, =0
and hence zj = 0 for all M < k < N also (by putting z; = (zk)) and therefore
k

Mz = 0. Thus we have F > 0 and the proof of part (i) is complete.

To show (ii) also, we now assume that F > 0 and (C) hold. Suppose KerXj; C
KerXy for all M < k < m < N but KerX,,;; ¢ KerX,,. With ¢ € KerX,,,; \
KerX,, we put

Zki={ch M<k<m
0 m<k<N+1.
Then z, = Mzy + MP Tz =0, Mz, # 0, and
MSzm = MSZe = MZy1ic=0= Mz,1.
However, Proposition 1 yields
Fz) = zfEMzm — 2y May + 28 {SEMS, — M}z,
= 22 ST MSmzm =0
so that F # 0. We hence have KerX;,; C KerXy for all M < k < N. Thus Dy
are symmetric for all M < k < N according to Proposition 3. We now assume

the existence of some M < m < N and some d € R" with d’' D,,d < 0. We put
¢:=—X] . Bnd and

AN M<k<m
2k = ch—i-(g) k=m
0 m<k<N+1.

11



Again we have z, = 0, Mz # 0, and
MS12m1 = MSpy1Zp_1¢c = MZc = Mz,

0
B,.d

However, Proposition 2 yields

- 0 - Mzm+1.

M2, = MSpZc + ( )
—Xm+1c

) = MZm+1C+ (

Fz) = chrZpmM" Zyiicmir — ey Zyg M Zyen + Z 2 T' Zp {Ack}

k=M

0 T
= 22T Ze=— {ch + ( d) } TI* Zme

= 72T Zpme—d" Xppe = —d" Xpuc
d*Dpd < 0

so that again F % 0. Hence (S) is indeed disconjugate. Finally, to prove that (B)
holds also, we assume that it doesn’t, i.e., that there exists ¢ € ImR \ {0} with

c"'R(T + Q)R c < 0.
Then we have d := R"c # 0, and (C) yields
d=RTc € ImRT C In(MT + MZy.,).
Let 8 € R?* with d = (MT + MZy,1)8 and put v := (MT + MZy,1)td and
2k = 2k, M<E<ZN+1.
Then we have

Zx = MTJZ() + MZN+1 = (MTJZ() + MZN—H)’Y
(MT + MZyi1)y = MT + MZy ) MT + M2y )T (M + MZy11)B
(MT + MZy,1)3=d=R"c e ImRT.

Since z is a solution of (S) we may apply Proposition 1 to obtain

F(z) = zypaMaeny — 2yMau + 2 Tz,
= Y {2 MZEy1 — ZyMZy}y+d Td
= d"Qyd+d"Td=c"R(T+ Q. 1)R"c<0

so that again F # 0. Hence (B) holds and the proof of Theorem 1 is complete.

12



For the proof of Theorem 2 we just remark that disconjugacy of (S) on [M, N +
1] N Z together with controllability of (S) on [M, N + 1] N Z imply invertibility of
MT + MZy,1 (so that condition (C) is automatically satisfied in this case), and
this can easily be seen as follows: Supppose (S) is controllable and disconjugate
on [M,N+1]NZ and let ¢c € KerXy,;. Then ¢ € KerXj, forall M <k < N +1
due to disconjugacy. We define a solution z of (S) by

2k = ZC, M<E<N-+1.

Then Mz = 0 and hence controllability implies z = 0 so that ¢ = 0. This consider-

0 I
ation yields invertibility of Xy, and hence of MT+MZy., = ( X % ) )
N-+1 N+1
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