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Abstract

We prove the Gr̈uss inequality on time scales and thus unify corresponding continuous
and discrete versions from the literature. We also apply our results to the quantum
calculus case.
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1 Introduction

Gerhard Gr̈uss derived a formula to estimate the deviation of the integral mean of the prod-
uct of two functions from the product of the integral means. As shown in [4], the so-called
Grüss inequality
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≤ 1
4
(M1−m1)(M2−m2). (1.1)

holds. The setup of this paper is as follows. In Section 2 we first give some preliminary
results on time scales that are needed in the remainder of this paper. Next, in Section 3 we
prove the time scales version of the Grüss inequality (1.1) and apply our result to the special
cases of continuous, discrete, and quantum calculus.
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2 Time Scales Essentials

Definition 2.1. A time scaleis an arbitrary nonempty closed subset of the real numbers.

The most important examples of time scales areR, Z andqN0 := {qk| k∈ N0}.
Definition 2.2. If T is a time scale, then we define theforward jump operatorσ : T→ T by
σ(t) := inf {s∈ T| s> t} for all t ∈ T, thebackward jump operatorρ : T→ T by ρ(t) :=
sup{s∈ T| s< t} for all t ∈T, and thegraininess functionµ :T→ [0,∞) by µ(t) := σ(t)−t
for all t ∈ T. Furthermore for a functionf : T→R, we definef σ(t) = f (σ(t)) for all t ∈ T
and f ρ(t) = f (ρ(t)) for all t ∈ T. In this definition we useinf /0 = supT (i.e.,σ(t) = t if t is
the maximum ofT) andsup/0 = infT (i.e.,ρ(t) = t if t is the minimum ofT).

These definitions allow us to characterize every point in a time scale as displayed in
Table 1.

Table 1. Classification of Points

t right-scattered t < σ(t)
t right-dense t = σ(t)

t left-scattered ρ(t) < t
t left-dense ρ(t) = t
t isolated ρ(t) < t < σ(t)
t dense ρ(t) = t = σ(t)

Definition 2.3. A function f : T→ R is calledrd-continuous(denoted byCrd) if it is con-
tinuous at right-dense points ofT and its left-sided limits exist (finite) at left-dense points
of T.

Theorem 2.4(Existence of Antiderivatives). Let f be rd-continuous andt0 ∈ T. Then f
has an antiderivativeF satisfyingF∆ = f .

Proof: See [2, Theorem 1.74].

Definition 2.5. If f is rd-continuous andt0 ∈ T, then we define theintegral

F(t) =
tZ

t0

f (τ)∆τ for t ∈ T. (2.1)

Therefore forf ∈Crd we have
bR
a

f (τ)∆τ = F(b)−F(a), whereF∆ = f .

Theorem 2.6. Let f ,g be rd-continuous,a,b,c∈ T andα,β ∈ R. Then
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ii.
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b
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cR
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f (t)∆t +
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c

f (t)∆t,

iv.
aR
a

f (t)∆t = 0.

Proof: See [2, Theorem 1.77].

Theorem 2.7(Jensen’s Inequality). Let a,b ∈ T and c,d ∈ R. If g : [a,b] → (c,d) is rd-
continuous andF : (c,d)→ R is continuous and convex, then

F

(R b
a g(t)∆t
b−a

)
≤
R b

a F(g(t))∆t
b−a

. (2.2)

Proof: See [2, Theorem 6.17].

3 The Grüss Inequality on Time Scales

Similarly as in [4], the Gr̈uss inequality can be shown for general time scales.

Theorem 3.1. Leta,b,s∈ T, f , g∈Crd and f , g : [a,b]→ R. Then for

m1 ≤ f (s)≤M1, m2 ≤ g(s)≤M2, (3.1)

we have
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≤ 1
4
(M1−m1)(M2−m2). (3.2)

Proof: To prove this theorem we first considerf (s) = g(s) and

1
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f σ(s)∆s= 0.

If we defineν(s) = f (s)−m1
M1−m1

, then we get

f (s) = m1 +(M1−m1)ν(s)

with ν(s) ∈ [0,1]. Since
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we have

D( f , f ) :=
1
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Now consider the case

1
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bZ

a

f σ(s)∆s= F(b−a) 6= 0,
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Hencef1 satisfies the assumption from the earlier part of this proof so that
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and thus

D( f , f ) = D( f1, f1)≤ 1
4
(M1−m1)2.

Now we consider the case of general functionsf andg and assume (3.1). Then
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we get

D( f ,g) ≤ 1
4


1
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If M1−m1 = M2−m2, then clearly

D( f ,g)≤ 1
4
(M1−m1)(M2−m2),

but if M1−m1 6= M2−m2, then we define

p =
√

M2−m2

M1−m1
, q =

√
M1−m1

M2−m2

and let f1(s) = p f(s), g1(s) = qg(s) and obtain

m1 = pm1 ≤ f1(s)≤ pM1 = M1, m2 = qm2 ≤ g1(s)≤ qM2 = M2.

Now we get
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If we consider the case of− f , then we can conclude

D(− f ,g) =−D( f ,g)≤ 1
4
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and finally we get

|D( f ,g)| ≤ 1
4
(M1−m1)(M2−m2).

Thus (3.2) holds.
If we apply the Gr̈uss inequality to different time scales, we will get some well-known

and some new results.

Corollary 3.2 (continuous case). LetT= R. We have
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where
m1 ≤ f (s)≤M1, m2 ≤ g(s)≤M2,

which is exactly the Gr̈uss inequality shown in [4]. The constant1
4 in the right-hand side of

(3.3) is the best possible.

Corollary 3.3 (discrete case). LetT= Z anda = 0, b = n, s= j and f (k) = xk. Then
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This corresponds to the result obtained in [3, (1.3)].

In the discrete case the sharpness of this inequality holds only for evenn. In [1] it was
shown, that
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is sharp in our sense. This inequality now holds for even and oddn.

Corollary 3.4 (quantum calculus case). LetT= qN0, q > 1, a = qm andb = qn. Then
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where
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As in the discrete case, the14 in the right-hand side may not be sharp.
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