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Abstract

We prove the Giss inequality on time scales and thus unify corresponding continuous
and discrete versions from the literature. We also apply our results to the quantum
calculus case.
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1 Introduction

Gerhard Giiss derived a formula to estimate the deviation of the integral mean of the prod-
uct of two functions from the product of the integral means. As shown in [4], the so-called
Griss inequality
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< —(Mp—my)(Mz—mp). (1.1)
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holds. The setup of this paper is as follows. In Section 2 we first give some preliminary
results on time scales that are needed in the remainder of this paper. Next, in Section 3 we
prove the time scales version of thelSs inequality (1.1) and apply our result to the special
cases of continuous, discrete, and quantum calculus.
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2 Time Scales Essentials

Definition 2.1. A time scalds an arbitrary nonempty closed subset of the real numbers.
The most important examples of time scalesBr& andg™° := {g*| k € Ng}.

Definition 2.2. If T is a time scale, then we define tfoeward jump operatoo : T — T by
o(t) :=inf{se T| s>t} forallt € T, thebackward jump operatop : T — T by p(t) :=
sup{se T|s< t} forallt € T, and thegraininess functiop: T — [0,) by p(t) ;= o(t) —t
for allt € T. Furthermore for a functiofi : T — R, we definef®(t) = f(a(t)) forallt € T
andfP(t) = f(p(t)) forallt € T. In this definition we usenf® = supT (i.e.,o(t) =tif tis
the maximum ofl") andsupd = infT (i.e.,p(t) =t if t is the minimum ofT).

These definitions allow us to characterize every point in a time scale as displayed in
Table 1.

Table 1. Classification of Points

t right-scattered t<o(t)
t right-dense t=o(t)
t left-scattered p(t) <t
t left-dense p(t) =
t isolated p(t) <t <ao(t)
t dense p(t)=t=o0(t)

Definition 2.3. A function f : T — R is calledrd-continuougdenoted byC) if it is con-
tinuous at right-dense points @fand its left-sided limits exist (finite) at left-dense points
of T.

Theorem 2.4(Existence of Antiderivatives)Let f be rd-continuous anth € T. Thenf
has an antiderivativé satisfyingF2 = f.

Proof: See [2, Theorem 1.74]. O
Definition 2.5. If f is rd-continuous anty € T, then we define thimtegral

Zt
F(t)= f(y)At for teT. (2.1)

to

3
Therefore forf € C;qg we have f(1)At = F(b) —F(a), whereF2 = f.
a
Theorem 2.6. Let f,g be rd-continuousa,b,c € T anda, 3 € R. Then
. P P 3
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i. R)f(t)At:—Rﬁf(t)At,
a b
P
ii.  fHat= fH)At+ f(t)At,

R
iv. f(t)At=0.
a

Proof: See [2, Theorem 1.77]. O

Theorem 2.7 (Jensen’s Inequality)Leta,b € T andc,d € R. If g: [a,b] — (c,d) is rd-
continuous andr : (c,d) — R is continuous and convex, then

R R
F( §g(t)At> < :F(g(t))At'

b—a b—a (2:2)
Proof. See [2, Theorem 6.17]. O
3 The Gruss Inequality on Time Scales
Similarly as in [4], the Giiss inequality can be shown for general time scales.
Theorem 3.1. Leta,b,se T, f,ge Cqgandf, g: [ab] — R. Then for
my < f(s) <My, mp<g(s) <My, (3.1)
we have
1 Zb 1 Zb Zb
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< Z(Ml —my)(M2—mp). (3.2)
Proof: To prove this theorem we first considgfs) = g(s) and
b
1 ’ f°(s)As=0
b—a -

a

If we definev(s) = f,\;?:;f, then we get

f(s) =m+ (M1 —m)v(s)
with v(s) € [0,1]. Since
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we have

D(f, )

IN

Now consider the case

whereF € R and letfi(s) =

b
s
b—a

a

with
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f(s)—F(b—a). Therefore
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fl(S) € [m]_— F(b—a),Ml— F(b—a)].
Hencef; satisfies the assumption from the earlier part of this proof so that

D(f1, ;) < %[Ml— F(b—a)— (m—F(b—a))*= %(Ml— m)2.

Moreover we have
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and thus

D(f, f) = D(f]_, f]_) < %(Ml— ml)z.
Now we consider the case of general functidrendg and assume (3.1). Then
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aZb Zb
f(s)As  g°(s)As| .
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Note that

1
D(f+9,f+9) < Z(M1+Mz—m —mp)®

by what we have shown earlier. With the help of the notation

which results in

and Jensen’s inequality (see Theorem 2.7) for the convex quadratic function

2 ® (119~ o (9)) s

(179 - g7(9)s> | 2 — = (f-97?,
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we get
zb 2
Df.g) < = [>MitMp—m—m)P+ | (9 +(s)ns
9) < 2(M1+Mz—my (b_a)?
a
Zb
~ L (19(9 — P (5))%ns— 4Tg
b—a
a
_ 1 M M 2
= TG( 1+ 2_ml_m2)
1 1 2
“1(F_ml_ _— O(a) O 2
+7 (f-19) b a (f%(s) —g°(9))°As
a
< 1 M;+M 2
< TG( 1+ My —m — )
1

= Z |:(M1—m1)(|\/|2—mz)+i(Ml—ml—Mz—l—mz)Z:| .

If M1 —my = M> —mp, then clearly
1
D(f,g) < 7 (M1 —my)(Mz2 —mp),

but if M1 — my £ M — mp, then we define

Mz —mp o= My —m
M1 —my’ Mz —mp

and letfy(s) = pf(s), 91(s) = qg(s) and obtain

m = pm < fi(s) < pMy =M1, M =qgme < gi(s) < gMy = Ma.

Now we get
— Mz —mp
Mq—my v (Mg —my) = /(Mg —my) (M2 — )
1—M
My —my _
My — mp) = M, —
Mz—mz( 2—Mp) 2—Mp
and

D(f,9) = PaD(f,g)=D(f1,01) < 5 (Ms —m)(V, o)

1
= Z(Ml — m]_)(Mz — rr12)
If we consider the case of f, then we can conclude

= %PQ(Ml —mg)(Mz — )

D(~1.0) = ~D(f,6) < 7(~Mh + M) (M — 1),
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and finally we get
1
ID(f,9)| < Z(Ml_ mg ) (M2 — mp).

Thus (3.2) holds. O]
If we apply the Giiss inequality to different time scales, we will get some well-known
and some new results.

Corollary 3.2 (continuous case)Let T = R. We have

Zb Zb Zb
(3.3)

where
m < f(s) <M1, mp<g(s) <My,

which is exactly the Grss inequality shown in [4]. The constabtn the right-hand side of
(3.3)is the best possible.
Corollary 3.3 (discrete case)LetT =Z anda=0,b=n, s= j and f (k) = X«<. Then

n

1 1 n n
n 2 Vi J;x,- J;Yj

1
< Z(Ml_ml)(MZ— mp),
=

where
m <Xj <Mz, mp<y;< M.

This corresponds to the result obtained in [3, (1.3)].

In the discrete case the sharpness of this inequality holds only fomevari1] it was
shown, that

<o l3] (15 5]) - mooee —mo

is sharp in our sense. This inequality now holds for even anchodd

Corollary 3.4 (quantum calculus casebetT = g, > 1,a= g™ andb = g". Then

:zl SRTC TG s R 1
=m — B — 5 (z qkf(qk+l)) (z qu(qurl))
k:zmqk <kz qk>

where
my < £(q) <M1, mp<g(qd) <M.

As in the discrete case, tlﬂkein the right-hand side may not be sharp.
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