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The logarithm on time scales
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We briefly present the well-studied exponential function on a time scale and pose the problem of finding
an appropriate logarithm function on a time scale.
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1. Introduction

An introduction to dynamic equations on time scales can be found in [1,2]. Consider the
initial value problem

Y2 =p(ty, yto)=1. (1)

(Note: If the time scale T is equal to R, then y* = y/, while if T = Z, then y2 = Ay, but T is
allowed to be any nonempty closed subset of R.) It is well known that (1) has a unique
solution (denoted by e,(f, ) and sometimes abbreviated by e,) provided p:T — R is
rd-continuous and regressive. Regressive means that 1 + w(t)p(z) # 0 holds for all ¢ € T.
(Note: If T =R, then w(r) = 0, while if T = Z, then u(f) = 1.) The set of all regressive
functions is an Abelian group under the circle plus addition:
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Next, defining scalar multiplication by a© p = apj'é(l + w(®Op(OR)* ' dh for a € R, the
set of all positively regressive functions (i.e., 1 + u(9)p(r) > 0 for all t € T) is made into a

vector space. We have:
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2. Open Problem

Define a “nice” logarithm function on time scales and present its properties.
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3. First Approach

The Euler—Cauchy differential equation t2y" — 3ty +4y = 0 has y(1) = t? and y,(¢) =
2Int as two solutions. It can be checked that two solutions of the Euler—Cauchy dynamic

equation to(r)y®* — 3ty® + 4y = 0 are

! AT
yi(t) = ey/(t,t0) and  ya(t) = ey, fo)JIO T2’

)

where t;, € T. Note that e,, is the time scales analogue of 7 2 50 that we somehow could view

the integral in (2) as the time scales analogue of Inz.

4. Second Approach

It could also be natural to define a logarithm by

' pA(7)
Ar.
to p(T) T

Lp(t) tO) = j

Pertinent to the definition (3), the following three formulas hold: .
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But now the resulting formulas are not “nice”, e.g.:
" Wnpt(ngi(7)

Lyg(t,10) = Ly(2, o) + Ly(t, t0) + L p(Ng(7)
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