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Abstract

A fixed point theorem of Leray—Schauder type is used to establish existence results
for the time scale system y2(t) = A(t) y(t)+ F(t,y(t)) for t € [a,00), Ly =1 € R™

1 Introduction

Let T (time scale) be a closed subset of R. Define the forward (respectively, backward) jump
operator at ¢t for t <sup T (respectively, for ¢ > inf T) by

o(t)=inf{r >t: 7€ T} (respectively, p(t) =sup{r<t: 7€T})

for all £ € T. We assume throughout that T has the topology that it inherits from the
standard topology on R.

If a < b are points in T, then we let
[a,b] ={t€T: a<t<b}

Throughout this paper ¢ € T is fixed, and we assume that there exists ¢, € T, n €
{1,2,...} =N, with
o<ty <ty <.... <tp < . with t, T oo as n — oo.
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Let
[(J,, OO) = U?f:l [a‘7 tn]

In this paper we consider the system

(1.1) Yo () = A(t)y(t) + F(t,y(t) for t€ [a,00),
or
(12) y2(t) = A y(t) + Ft,y(o (1)) for t € [a,00),

where A : [a,00) —+ B(R") is rd—continuous and regressive [11, 14], and a € T is fixed.
Throughout this paper Cl[a,00) will denote the space of continuous functions u : [a, c0) —
R", and B[a,00) will denote the functions u € Cla,o0) with ||ullcc = SUP,en ||ulln < oo;
here ||ull, = supiefy, ()] and |laf| = 37, |ai] if @ = (v, -...., @) € R™. To understand
(1.1) we need to recall some standard definitions (see [11, 14] for an introduction to this
subject).

Definition 1.1. Fix ¢t € T. Let y : T — R. Then we define y“(¢) to be the number (if it
exists) with the property that given ¢ > 0 there is a neighborhood U of ¢ with

[y(o(t)) —y(s)] —y=(®) [o(t) — s]| < elo(t) = ]

for all s € U. We call y“(t) the derivative of y(t).
Definition 1.2. If F2(t) = f(t) then we define the integral by

In this paper we study (1.1) (or alternatively (1.2)) subject to the boundary condition
(1.3) Ly=1eR"
here L is a bounded linear operator mapping Bla,o0) into R™.

In Section 2 we begin by considering the system (1.1) with F(t,y) = b(t) i.e. the linear
system

(1.4) Yo (t) = A y(t) +b(t), for t < [a,o0),

where b : [a,00) — R"™ is rd-continuous. We give necessary and sufficient conditions for the
existence of a solution to (1.3), (1.4). This result is then used, together with a fixed point
result of Leray—Schauder type, to establish existence results for the nonlinear system (1.1),
(1.3). For the convenience of the reader we state here the fixed point result [3] we will use
in this paper.

Theorem 1.1. Let C' be a convex subset of a Banach space E, and let U be an open subset
of C with 0 € U. Then every compact, continuous map N : U — C has at least one of the
following two properties:
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(A1). N has a fized point in U; or

(A2). there is a © € OU and A € (0,1) with x = AN z.

2 Existence

‘We begin by considering the linear system

(2.1) { yA(t) = A(t) y(t) + b(t) for t € [a,00),

y(a) =ceR”

where A : [a,00) — B(R") is rd—continuous and regressive, b : [a,00) — R" is rd-
continuous, and a € T is fixed. Recall [11, 14] any solution of (2.1) has the form

1
y(t) = @at,a)c+ [ a(t,o(s)b(s) As
where ®(t,a) = P4(t) is the fundamental matrix solution of
y® = At)y

with ®4(a,a) = I (the identity matrix).

Theorem 2.1. Let A : [a,00) — B(R™) be rd—continuous and regressive, b : [a,00) — R"
be rd-continuous, and L be a bounded linear operator mapping Bla,o0) into R"™. Assume
the following conditions hold:

(2.2) sup || @4l < o
neN
and
(2.3) sup sup [ [|Dalt, () b(s)]| As < oo

neN t€fa,ty] Y@
here for the matriz ®4(t) = (a;;(t)) we let

[@4(®)l] = sup llas; @) and | @alln = sup [[a(t)]]-

Ela,tn

Then a necessary and sufficient condition for the ezistence of a unique solution to
S =At)y+b(t) for t€la,0),
- & ())y+5(t) for t& [a,00)

is that

(2.5) G = L{@a(t)
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(constant matriz whose columns are the values of L on the corresponding columns of ®4(t))
is nonsingular. Furthermore this solution y(t) can be written as

Y1) =2a() G 1+ [ "B a(t,0(s))b(s) A s

— 0.6 GL [ / " Bt 0(s)) bls) As] .

PROOF. Any solution of y* = A(t)y + b(t) for ¢ € [a,00) can be written as

y(t) = 2att,a)ct | " B4t () b(s) As

where ¢ is a constant vector. This solution satisfies Ly =1 if and only if

¢
L[®a(t,a)d + L [ [ ®at,o(5)) b(s) As] —1
Now since G is nonsingular we get

e=Gl-GL [/t ®a(t,0(s)) b(s) B3]

In what follows, for a fixed integer m, let Cla,t,,] denote the space of all real n—valued
functions defined and continuous on [a, t,,,), and with Cfa, t,,] we associate the norm ||y||m =
SUP¢e(an) 1Y) (here y € Cla,tn)). For y € Cla, t,] let

Y(tm), t € [tm,00).

o) — { y(t), € fo,tn)

The set of all such functions will be denoted by D|a,t,,], and with Dla,t,] we associate
the norm

17l patm) = 1Yllm-
Clearly Dla,t,,] is a Banach space.

Next we consider the system

(2.6) { y2(t) = A@) y(t) + p f(t,y(t)) for t € [a,00),

Ly=1eRY
here > 0 is a constant.

Theorem 2.2. Let A : [a,00) — B(R™) be rd-continuous and regressive, f : [a,00) x R™ —
R™ be continuous, and L be a bounded linear operator mapping Bla,o0) into R™. Assume
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(2.2) holds and G (gwen in (2.5)) is nonsingular. Suppose the following conditions are
satisfied:

there exists a continuous, nondecreasing function 1 : [0,00) — [0,00)
(2.7) with || f(s,z(s))|| < 7(s) ¥ (llz(s)I]) + g(s) for all z € Bla,o0)
and s € [a,o0)
ta

(2.8) sup sup [Palt,o(s))r(s)As =W <

neN telat,) Ja

tn

(2.9) sup sup [Pa(t,o(s))]g(s) As = P <
neN tefaty] Ya
and
T

2.10 >0 satisfies su > 1;

( ) Ho fi me(OI,)oo (Eoﬂo Y(z) + By M0+E2>

here

Eo=W+WQ|G L], BE: =P+ PQ|G LI, Es= QG|

and

Q = sup [|24]|n-
neN
If 0 < < o then (2.6) (for every | € R™) has a solution in Bla,0).

PROOF. Fix u < po. Let My > 0 satisfy

My

2.11 >
(2.11) Eo po(Mo) + Ey po + Eo

1.

Fix m € N. Consider the operator T,, : Dla,tn] — Dla,t,,] defined by
Tn(Z)(t) =7Y(t) (here T € Dla,tm))

where for ¢ € [a, tm),

YO =840 G 1+ [ @a(t,009) 1 (5,7(s)) s
D) G { / " Dut0(s)) p f(5,7(s)) As) .

We wish to apply Theorem 1.1. First we show T, : Dla,t,,] — Dla,tn] is continuous. To
see this let Z, T, € Dla,t,,] and define F(t) = T (Z)(t) and 7,(t) = Tm(Tn)(t). Then
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1T0(@) = T (@) I Dfaston] = 1T = Tnll Dla,tm) = [1Y = nllm = sup ly(t) — v (@)

t€[a,tm]

<u sw [T @altoGDIIF(5,3(5) ~ fsTa(s)| b5

te{a,tm]

+uQIGHILY sup [ (@At oD 11(5,7(5) ~ Sl Tl 55
It is also easy to see that

|Z — ZTm||Dlatm) — 0 implies p, = sup | f(s,Z(3)) — f(s,Zn(s))|| = O

s€(a,tm]

as n — oo. This together with

tm
ITn() ~ @ Dtain) S o 50 [ @40 0(s))| 5

aytm

tm
+ QUG I pm sup [ |@alt o))l A8
t€[a,tm] V@

a,lm,

guarantees that Ty, : Dla,t,] — Dla,t,] is continuous. Next we show T, is completely
continuous. Let € be a bounded subset of Dla, t.,], so there exists 79 > 0 with ||Z]|pja,t,] <

ro for each T € Q. Let §(t) = T,,(Z)(t) for T € Q. Then
(2.12)

1T (@) Die,t) = NI Dl st} = l1Ylm
< QUG + 1 5Pty Ja™ [ @alt () [1£(s,Z ()] A s
+p Q|GHHILN suptefa s, Ja™ 1@alt, (DI £ (5,2 () & s

< QUG + 1 W p(ro) + Pl + nQIGHHILI [W (ro) + P,
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and for z;, z; € [a,t,] we have

|Tn(Z) (1) = Tm(@) (22)]| = [T(z1) — B(22) | = [19(21) = y(=2)]
< [|[@az1) — @alz2)] G|
+ 11 ®alz1,0()) p F(5,(s)) D5 = [ Balz,0(5)) p f(5,7()) L s
+[[@a(z1) = @alz2)] G L[J; alt, o(s) 1 f(s,F(s)) L5
(2.13) < |l[@a(z) — @al22)] G|
+ i | @a(21,0(5)) = Balz, 0(s)] 1 [r(s) b(ro) +a(s)] As

_l’_

J22 | ®alz2, o ()| 1 [r(s) w(ro) + a(s)] A
+[|1®a(z1) = Ba(z2)|l 1G] [|Z]] %

SUPcfa,im) Ja” 1Ra(t, ()] 1 [r(s)$(ro) +a(s)] As.

The Arzela—Ascoli theorem [15] guarantees that T, : Dla,t,] — Dla,ty] is completely
continuous. Now assume the equation

(2.14), T(t) = AT, (7)(2)

has a solution in Dla,t,,] for some 0 < A < 1. Then

I#lotetny = el < QUG+ stp [ @ate, oI55 2N 25

tm
+pQ|GHIILI sup / [@a(t, o (NI f(s,Z(s)I A s
t€[atm] Y@

<QIG Nl + & [W o (I7llgsn) + P
+u@QIGHNZ [W 4 (I lpte i) + P)
=Fy+ E p+ Egpt (llTHD[a,tml) ;
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and so _
1| Dlatrm]

Es+ By pi+ Eo pt (|l pjam))
This together with (2.11) implies

(2.15) IZl| Dlatm] # Mo
for any solution Z € Dla,t,| to (2.14),. Apply Theorem 1.1 with
U={Z € Dla,tm: |Zllppet. < Mo}, C=E = Dla,ty]
to deduce (note (A2) in Theorem 1.1 cannot occur because of (2.15)) that T, has a fixed
point T, i.e. Tm(t) = T (Tm)(t) with ||Zml|Dla,tm) < Mo. We can do this for each m € N.

Hence we can find a sequence {&,}men such that Z,,, € D{a, tp] and ||Zml| Diatn] = [|Zmllm <
My, and for t € [a,t,] we have

on(®)=8a(t) G+ [ Balt,0(5)) 1 (5, () A

B0 G L Ut Balt, 0(s)) 1 (5, Fm(s)) As) .

The Arzela—Ascoli theorem (similar reasoning as in (2.12) and (2.13)) guarantees a subse-
quence S; of N and a z* € Cla,t;] with

T — ' in Cla,t1] as m — co through Si.
Similarly there exists a subsequence S, of S; and a z? € C[a, 2] with
T — 22 in Cla,t3] as m — oo through Ss.

Notice z! = 22 on la,t;] since Sy C S;. Proceed inductively to obtain for ¢ € N a

subsequence S; C S;_; and a z* € Cla,t;] with
Ty, — 2" in Cla,t;] as m — oo through S;.
Define z : [a,00) — R™ as follows. Fix ¢ € [a,00) and let j € N with ¢ < ¢;. Then define

z(c) = z7(c). Now z is well defined and sup,,cy ||%l» < Mo. Again fix ¢ € [a,00) and choose
j €N with ¢ <t;. Then for m € S; and ¢t € [a,t;] we have

Tnt) = 2a(t) G+ [ "Bt 0(5)) 1 f(5,Fm(s)) As
_ B0 G L Ut Balt,o(s)) (5, Tm(s)) As] .

Let m — oo through S; (using [11 pp. 38 or 14 pp. 35]) to obtain
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. t .
() =@a(t) G U+ [ @alt,0(s) i f(s5,07(s) A5
1 .
~@u() G L[ [ @alt,o(s) s f(5,27(5)) 23]

That is

2(t) = Ba(t) G-I + /: Ba(t, o(s)) 1 f(s,3(s) D s

_0,()G L [ / LBt 0(s)) (s, 3(5)) A s

for ¢ € [a,t;] (in particular for t = c¢). Since ¢ is arbitrary the result follows.

If in (2.7), 9 is at most linear growth, then we can obtain another result of Theorem 2.2
type if we use Gronwall’s inequality [11 pp. 54 or 14 pp. 61].

Theorem 2.3. Let A : [a,00) = B(R") be rd-continuous and regressive, f : [a,00) X R* —
R™ be continuous, and L be a bounded linear operator mapping Bla,o0) into R™. Assume
(2.2) holds and G (given in (2.5)) is nonsingular. Suppose the following conditions are
satisfied:

016 {Hﬂaw@DHSr@HmwNL+ﬂ$ for all
z € Bla,00) and s € [a,00)
(2.17) 3b: [a,00) — [0,00) and K >0 with for s € [a,00),
|®a(t,o(s))|| < Kb(s) forall te a,o0)
(2.18) sup " b(s)r(s)As = Wy < o0
(2.19) sup " b(s)g(s) As = Py < o0
and

tn
(2.20) u>0 satisfies pFEs (1 + u K sup sup b(s)r(s) ec(t,o(s)) As) < 1

neN telat,] VO

here c = uK b(s)r(s), e. is asin [11], and E3 = Q||G7*|| |L|| K Wy. Then (2.6) (for every
I € R™) has a solution in Bla, o).
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PROOF. Fix m € N and let T,, : Dla,t,] — D|a,t,] be as in Theorem 2.2. Essentially
the same reasoning as in Theorem 2.2 guarantees that Tp, : Dla, t.,] — Dla, t,) is continuous
and completely continuous.

Now assume that the equation
(2.21), T(t) = AT Z(t)

has a solution in Dla,t,,] for some A € (0,1). Then for ¢ € [a,t,,] we have

2@ < QG +MK/ s) lz(s)ll + g(s)] &
+ QG L] K [Wo Hﬂ?HD{a,tm] + R,

and so

lz@)]| < [QUGT I IE] + K Po+ 1 Bs |7l platw) + £ Q1G]] K Po]

+#K/ r(s) |a(s)]| &s.

From Gronwall’s inequality [11 pp. 54 or 14 pp. 61] it follows that

(] < (Be+ pBs + B 3l ptt) (140K [ 8(s)7(0) et o(s)) 25)

where
Ey=Q| G|l and Es =K P+ Q|G| ||LI| K Po.
As a result

tn

IZ1l Dlatm] {1 —pE; (1 + K sup sup b(s) r(s) eclt, o(s)) A s> }

neN tela,tn]
tn

< (Es+ pEs) (1 + p K sup sup b(s)r(s) e,,(t,a(s))As) .

neN tefat,] Ja

Thus

(Bs+ pEs) (1+ pK sup,ey SuDielay, o~ b(s)r(s) ec(t, o(s) As)

1— wBs (1+ pK SuPey SUPieiar,) Jo™ b()7(s) eclt, o(s)) As)
M.

|1Z]| Dlatm] <

Let My= M +1 and apply Theorem 1.1 with

U= {7 € Dlatm]: |Tlpptn < Mo}, C=E =Dla,tn
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to deduce that 77, has a fixed point Zn, i.e. Tn(t) = T (Tr)(t) With ||Zm|lDja,tm) < Mo-

We can do this for each m & N. Essentially the same reasoning as in Theorem 2.2 completes
the proof of Theorem 2.3.

To conclude this paper we remark that the ideas in this section extend to the problem

y2(t) = A®) y(t) + p f(t,y(o(t))) for t € [a,00),
Ly=1leR"

(2.22)

(i.e. it is easy to obtain the analogue of Theorem 2.2 for (2.22)).
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