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We study second order scalar delta derivative expressions of Sturm–Liouville type on our newly defined Sturmian
time scales. Sturmian time scales include the discrete and continuous cases studied by Sturm. A form of second order
differential expression on a Sturmian time scale considered here satisfies a Green’s identity and hence is “formally
self-adjoint”. A unified variable change method is developed which allows simultaneous change of independent and
dependent variable for expressions which include continuous and discrete theories as special cases. This unifies a
continuous result of Coppel with a discrete result of Voepel. For the fourth order case, we explore unification of a
continuous result of Ahlbrandt, Hinton and Lewis [4] with a discrete result of Voepel [32].
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1. DIFFERENTIAL EXPRESSIONS ON TIME SCALES

We define a time scale as in [3, Section 1], i.e., let X be a nonempty subset of the real

numbers with the property that every Cauchy sequence in X converges to a point of X with

the possible exception of Cauchy sequences converging to a finite infimum or a finite

supremum of X. Use Hilger’s notation [21] as employed in the recent monograph of Bohner

and Peterson [10] or in the first book on time scales by Kaymakçalan et al. [27]. In particular,

let s be the right jump function on X and let r be the left jump function on X. Hilger used s in

two ways: (i) as a mapping from X into X, and (ii) as a shift operator on a function which was

denoted by f s(x ) ¼ f(s (x )). When working with composites of operators, we may choose to

replace his f s by Sf. We sometimes use Df to denote f D. We will consider even order

differential equations defined on functions y(x ) with x [ X. Background material can be

found in [1,4,8,17,22–26,33].

Time scale differential equations of the form

ryD
� �D

ðtÞ þ ð pysÞðtÞ ¼ 0 ð1Þ
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were introduced by Erbe and Hilger [18] and have been studied by several authors in

[2,9,10,19].

Atkinson [7, Section 0.7] considered “the discrete case presented by the recurrence

relation”

cnþ1ynþ1 þ ðanlþ bnÞyn þ cn21yn21 ¼ 0:

That form stimulated an enormous literature (see the references in [6]). In particular, the

associated coefficient matrix is symmetric and this recurrence relation can be viewed as

arising from discrete variational theory. Discrete nonsymmetric equations of the form

DðrnDxnÞ þ pnxnþ1 ¼ 0 and matrix versions of this equation have been studied in [11–13],

where they were called “self-adjoint”. The form of (1), or the form of expression determined

by the left side, even though called “self-adjoint” in [2,10,19] appears to be unsatisfactory

from the classical viewpoint of formal self-adjointness and from the classical viewpoint of

self-adjointness of standard boundary value problems. The concept of a self-adjoint extension

of a symmetric operator which is densely defined on a Hilbert space is an important topic in

functional analysis and spectral theory. Refer to [28, pp. 84, 255], [29, Ch. X], and [14,

pp. 308–309]. See [16, p. 2 and Section 6] for a discussion about some difficulties caused by

calling the differential expressions arising in (1) “self-adjoint”.

In the discrete equations considered in [11–13], one can make the expression formally

self-adjoint by replacing n by m ¼ n 2 1; i.e., set m ¼ rðnÞ: In order to carry out a similar

idea on (1), let us restart by considering a time scale differential expression of a form arising

as a special case of a Jacobi equation in the calculus of variations on time scales (see Section

4 below or [3, Section 1])

L2½ y�ðtÞ ¼ 2 ryD
� �D

ðtÞ þ ð pysÞðtÞ: ð2Þ

We will make the substitution t ¼ rðxÞ in (2). However, we find it useful to introduce shift

operator notation so as to avoid ambiguous expressions like y s(r(x )).

For a time scale X, let Xk be Hilger’s truncated above (kappen ¼ lop off) set consisting of

X except for a possible maximal isolated point. Use the notation Xk for X truncated below by

deleting a possible minimal isolated point. Also, let Xk
k ¼ Xk > Xk: Let V(X) be the vector

space of real (or complex) valued functions defined on X. Let S be the shift operator on V(X)

defined by v ¼ Su if vðxÞ ¼ uðsðxÞÞ for x [ X: Introduce the notation L for the shift operator

on V(X) defined by g ¼ Lf with

gðxÞ ¼
f ðrðxÞÞ; for x [ Xk;

0; for x [ X n Xk:

(
ð3Þ

In the example of X ¼ N (the naturals), the subspace of V(N) consisting of sequences

ða1;a2; . . .Þ with convergent
P1

1 jaij
2
; together with inner product ka;bl ¼

P1
1 ai

�bi; is the

Hilbert space ‘
2. Our operator L agrees with the “unilateral shift” on ‘

2 [14, Prop. 2.10, p. 32]

(our L is Conway’s S ), where Lða1;a2; . . .Þ ¼ ð0;a1;a2; . . .Þ; and the Hilbert space adjoint

L* ¼ S is given by L* ða1;a2; . . .Þ ¼ Sða1;a2; . . .Þ ¼ ða2;a3; . . .Þ:

The substitution t ¼ r(x ) in (2) gives the differential expression

‘2½y� ¼ 2ðLðryDÞÞD þ Lð pÞSðLyÞ
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for y defined on X and ‘2[ y ](x ) defined for x [ Xk
k: See [10, Exercise 1.12, p. 5] for a reason

why we omit a maximum isolated point. If y is defined on a real interval X, then D is the usual

derivative, r(x) ¼ s (r(x )) ¼ x, and ‘2 is the usual Sturm–Liouville differential expression

‘2½y�ðxÞ ¼ 2ðr y 0Þ0ðxÞ þ pðxÞyðxÞ:

In case y is defined on a strictly increasing discrete set of distinct points xn, n [ N, then D is

the forward difference quotient

yDðxnÞ ¼
yðxnþ1Þ2 yðxnÞ

xnþ1 2 xn

:

If n . 1; then rðxnÞ ¼ xn21; s ðrðxnÞÞ ¼ xn; and

yDðrðxnÞÞ ¼
yðrðxnþ1ÞÞ2 yðrðxnÞÞ

rðxnþ1Þ2 rðxnÞ
¼

yðxnÞ2 yðxn21Þ

xn 2 xn21

:

Then ‘2 is the discrete expression

‘2½y�ðxnÞ ¼ 2ðrðxn21Þy
Dðxn21ÞÞ

D þ pðxn21ÞyðxnÞ; n [ N:

These continuous and discrete forms of ‘2 are special cases of Jacobi operators in,

respectively, continuous variational theory [30, pp. 398–399] and discrete variational theory

[6, Section 4.2]. However, the expression L2[y ] in (2) appears to arise naturally from

variational theory on time scales [5,9]. We will see in Section 6 that L2, as well as another

form, can be generated from Hamilton–Jacobi systems on time scales as presented in [3].

2. STURMIAN TIME SCALES

Because our goal is unification of discrete and continuous variable change methods for

Sturm–Liouville expressions and because Sturm studied both continuous and discrete cases,

we will subsequently consider only time scales X as defined in the previous section which

have the properties

i) s (r(x )) ¼ x for all x [ Xk;

ii) rðs ðxÞÞ ¼ x for all x [ Xk:

We will call such time scales Sturmian.

If X is a real interval, then X is Sturmian. Note that in the discrete case, where X is a

strictly increasing set of points {xnj n ¼ 1; 2; . . .;N} with N $ 2; we have r(s (xn)) ¼ xn for

n – N and s (r(xn)) ¼ xn for n – 1: Thus the continuous and discrete problems studied by

Sturm involved our so-called Sturmian time scales.

Proposition 1 Suppose X is Sturmian, u is any real or complex valued function defined on

Xk, and v is any real or complex valued function defined on Xk. Then

SðLðuðxÞÞÞ ¼ uðxÞ for x [ Xk and LðSðvðxÞÞÞ ¼ vðxÞ for x [ Xk:

Proof For x [ Xk; LðuðxÞÞ ¼ uðrðxÞÞ and SðLðuðxÞÞÞ ¼ uðsðrðxÞÞÞ ¼ uðxÞ: For x [ Xk;

we know that s(x ) is not a minimal isolated point of X and hence

LðSðvðxÞÞÞ ¼ LðvðsðxÞÞÞ ¼ vðrðsðxÞÞÞ ¼ vðxÞ: A
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3. FORMAL SELF-ADJOINTNESS

Under the assumptions that the time scale X is Sturmian and y is a function defined on X, then

S(L(y(x ))) ¼ y(x ) for x [ Xk; and we can write ‘2 in the Sturm–Liouville form

‘2½y� ¼ 2 L ryD
� �� �D

þðLpÞy

on Xk
k: For Sturmian X we now show that ‘2 is formally self-adjoint. If the expression ‘2

satisfies identity (4), Green’s identity, we will say that ‘2 is formally self-adjoint. For the case of

X a real interval ½a; b�, (4) agrees with the second order case given in Hartman [20, pp. 398–

399], also see [30, pp. 120–122]. For discrete case even order expressions, see [32] for

definitions of formal adjoints and forms of formally self-adjoint expressions.

Proposition 2 Suppose that X is a Sturmian time scale and a, b are points of Xk
k with

a , b: If y and z are such that ‘2[y] and ‘2[z] are uniquely defined and rd-continuous for

x [ ½a; b� except at b if b is left scattered, thenðb

a

ð‘2½y�ðxÞ�zðxÞ2 yðxÞ ‘2½�z�ðxÞÞDx ¼ 2 L ryD
� �� �

�z þ yL r�zD
� �� �

j
b
a: ð4Þ

Proof Use the derivative of a product formula [10, Thm. 1.20 (iii)] on (Lf )g to write

½ðLf Þg�D ¼ ðLf ÞDg þ ðSðLf ÞÞgD

which gives the integration by parts formulaðb

a

ðLf ÞDgDx ¼ ðLf Þgj
b
a 2

ðb

a

SðLf ÞgDDx:

Then, in this notation,ðb

a

2 L ryD
� �� �D

�zDx ¼ 2 L ryD
� �� �

�zj
b
a þ

ðb

a

S L ryD
� �� �� �

�zDDx;

where

S L ryD
� �� �� �

�zD ¼ ryD
� �

�zD ¼ yD r�zD
� �

¼ yDS L r�zD
� �� �

since SðLuÞ ¼ u: The derivative formula

ð ygÞD ¼ ygD þ yDðSgÞ

gives the integration by parts formula
Ð b

a
yDðSgÞDx ¼ ygj

b
a 2

Ð b

a
ygDDx: Set g ¼ Lðr�zDÞ for

the conclusion (4). A

4. CALCULUS OF VARIATIONS

Let c and d be given real numbers. For y defined at t0; t1; . . .; tN with yðt0Þ ¼ c and yðtNÞ ¼ d;

the discrete variational problem of minimizing

Jð yÞ ¼
XN

n¼1

f ðtn21; yðtnÞ; yDðtn21ÞÞDtn21
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can be rewritten as

Jð yÞ ¼
XN

n¼1

f ðtn21; Sð yðtn21ÞÞ; yDðtn21ÞÞDtn21

or as

Jð yÞ ¼
XN21

m¼0

f ðtm; Sð yðtmÞÞ; yDðtmÞÞDtm;

which is the time scale integral ðtN

t0

f t; Sð yðtÞÞ; yDðtÞ
� �

Dt:

Thus we are led to consider time scale calculus of variations problems of the type considered

in [9], see also [5]. Let ½a; b� be a time scale and consider the time scale integral

Jð yÞ ¼

ðb

a

f t; Sð yðtÞÞ; yDðtÞ
� �

Dt ð5Þ

on the class of functions y defined on the time scale interval ½a; b� for which the indicated

derivative and integral exist and y satisfies fixed end conditions yðaÞ ¼ c; yðbÞ ¼ d: Note that

as in the discrete case, if b is left scattered, then the integrand of J(y ) does not depend upon

the value of t ¼ b:

Under suitable hypotheses on f ðt; u; vÞ and on a minimizing arc y the Euler–Lagrange

equation

f vðt; Sð yðtÞÞ; yDðtÞÞ
� �D

¼ f u t; Sð yðtÞÞ; yDðtÞ
� �

must hold for t [ ð½a; b�kÞk: This is a consequence of setting fð1Þ ¼ Jð y þ 1hÞ and setting

f0ð0Þ ¼ 0: The condition f00ð0Þ $ 0 gives rise to the condition that the second variation

J2ðhÞ ¼

ðb

a

2v t; SðhðtÞÞ;hDðtÞ
� �

Dt;

where 2v has the form 2vðt; u; vÞ ¼ PðtÞu2 þ 2QðtÞuv þ RðtÞv2; must be nonnegative on the

class of admissible h. The Euler–Lagrange equation for J2 is the Jacobi equation

2 RyD þ QSð yÞ
� �D

þQyD þ PSð yÞ ¼ 0:

Thus the form of the equation L2½y� ¼ 0 for L2 of (2) is a special case of the Jacobi equation

of the calculus of variations on time scales. However, we needed the assumption of a

Sturmian time scale to obtain a Green’s identity for the shifted form of the associated

operator, namely ‘2.

5. VARIABLE CHANGE ON S–L EXPRESSIONS

We will now carry out a simultaneous change of independent and dependent variables on

L½y�ðxÞ ; L2½y�ðxÞ: We use X for our time scale so as to use the results of [3, Section 3].
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Let hðxÞ ¼ s ðxÞ2 x be the stepsize (or the graininess) of X. Use the concept in [3, Section 3]

(also see [10, Section 8.3]) of a “generalized time scale” T which is defined by T U f ðXÞ;

with generalized jump function t ðtÞ ; f ðs ðxÞÞ; for t ¼ f ðxÞ; where we assume that f is a real

valued class C 1 strictly monotone function defined on the smallest interval [X] which

contains X. Also, let kðtÞ ¼ t ðtÞ2 t and let z t(t ) be the shift of z(t ) defined by z tðtÞ ¼

zðt ðtÞÞ: Note that t ¼ f ðxÞ implies kðtÞ ¼ hðxÞf DðxÞ: Let o be the alpha derivative with respect

to t as defined in [3, Section 3] (also see [10, Section 8.3]). If X is discrete, xn is strictly

increasing, and tn ¼ f ðxnÞ; then

zoðtnÞ ¼
zðtnþ1Þ2 zðtnÞ

tnþ1 2 tn

and z tðtnÞ ¼ tnþ1:

Coppel obtained a general transformation result for second order Sturm–Liouville

differential equations [15] under a simultaneous change of independent and dependent

variables. We consider variable changes of the form

yðxÞ ¼ mðxÞzðtÞ; t ¼ f ðxÞ; x [ X: ð6Þ

The corresponding discrete version of Coppel’s result was given by Voepel [31]. Let us

assume that m is in the domain of L2 and the induced derivative z o(t ) is the alpha derivative

on the induced time scale as given in [3, Section 3]. A second expression Lo[z ] induced by

this variable change is of the form

Lo½z�ðtÞ ¼ 2ðRzoÞoðtÞ þ ðPz tÞðtÞ:

The following theorem generalizes the continuous and discrete transformation results to

time scales.

Theorem 3 (Variable Change for Second Order) A variable change

yðxÞ ¼ mðxÞzðtÞ; t ¼ f ðxÞ; x [ X;

defined for x [ X and t [ T ¼ f ðXÞ with f a strictly monotone class C 1 function on X is

made on the expression L½y� ; L2½y�: Define R and P by

RðtÞ ¼ ðrmmsf D ÞðxÞ and PðtÞ ¼ ððms= f D ÞL2½m�ÞðxÞ; ð7Þ

where t ¼ f ðxÞ for x [ X: Then for y and z related by (6), the expressions Lo and L are related

by

Lo½z�ðtÞ ¼ ðms= f D ÞL½y�
� �

ðxÞ for t ¼ f ðxÞ: ð8Þ

(Note that if we intended to use these variable changes to induce unitarily equivalent self-

adjoint operators, then our first step would be to interpret this result as starting with ‘2

rather then L2.)

Proof Rewrite the systems transformation result of [3, Thm. 3.1] in neutral notation as

follows. Let L be an expression defined on X by

L
u

v

" #
¼

u

v

" #D
2MðxÞ

u

v

" #
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with M Hamiltonian on Xk, i.e., M*JþJM þ hM*JM ; 0; where

J ¼
0 In

2In 0

" #
:

Assume N is symplectic on X, i.e., N* ðtÞJNðtÞ ¼ J: Then the matrix QðtÞ U ðð f DN sÞ21 


ðMN 2 N DÞÞðxÞ is Hamiltonian on Ti ; f(Xk), i.e., Q*JþJQþ kQ*JQ ; 0 on Ti, and

the expression Lo defined by

Lo

U

V

" #
¼

U

V

" #o

2QðtÞ
U

V

" #

is related to L by the identity

Lo

U

V

" #
ðtÞ ¼ ð f DN s Þ21L

u

v

" # !
ðxÞ ð9Þ

when

uðxÞ

vðxÞ

" #
¼ NðxÞ

UðtÞ

VðtÞ

" #
for t ¼ f ðxÞ:

Use the product rule and chain rule [3, Section 3] on uðxÞ ¼ yðxÞ ¼ mðxÞzðtÞ to obtain

ruD ¼ rmDz þ rmsf Dzo:

Now apply this to our present second order expression L2[y] by setting L2 ¼ L and

L
y

ryD

" #
U

y

ryD

" #D
2MðxÞ

y

ryD

" #
for M ¼

0 1=r

p hp=r

" #
;

where

y

ryD

" #
ðxÞ ¼ NðxÞ

z

Rzo

" #
ðtÞ for N ¼

m 0

rmD 1=m

" #
:

Note that the (2,2) entry of N is determined by demanding that N is symplectic. Also,

Lo

z

Rzo

" #
U

z

Rzo

" #o

2Q ðtÞ
z

Rzo

" #
for Q ¼

0 1=R

P Q22

" #

with

Q22ðtÞ ¼ kðtÞ
L2½m�

rm f D
� �2

 !
ðxÞ ¼ ðkP=RÞðtÞ
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since Q is Hamiltonian on Ti. Then

L
y

ryD

" #
¼

0

2L½y�

" #
; Lo

z

Rzo

" #
¼

0

2Lo½z�

" #
;

and

Lo

zðtÞ

RzoðtÞ

" #
¼ ð f DN sÞ21L

y

ryD

" # !
ðxÞ for t ¼ f ðxÞ

gives the identity (8). A

6. GENESIS OF L4

In this section, we again consider Sturmian time scales. A linear Hamiltonian system [3,

Prop. 1.1] is given by

uD ¼ Aus þ Bv; vD ¼ Cus 2 AT v; ð10Þ

where A, B, and C are n £ n matrices such that I þ mA is invertible. The matrices A, B, and C

that correspond to Sturm–Liouville dynamic equations are given by

A ¼ 0; B ¼
1

r
; C ¼ p

in case n ¼ 1; and by

A ¼
0 1

0 0

" #
; B ¼

0 0

0 1
r

2
4

3
5; C ¼

p 0

0 q

" #

in case n ¼ 2: Before we present the case n ¼ 2; we first consider n ¼ 1; where the

corresponding Hamiltonian system (10) is

uD
1 ¼

1

r
v1; vD

1 ¼ pus
1 :

Letting y ¼ u1 gives

ryD ¼ v1; vD
1 ¼ pys; hence ryD

� �D
¼ pys:

Again we arrive at

L2½y� ¼ 2 ryD
� �D

þpys:

Letting y ¼ us
1 gives (for Sturmian time scales)

ry rD ¼ v1; vD
1 ¼ py; hence ryrD

� �D
¼ py

(where we abbreviated (y r)D by y rD). We therefore consider

m2½y� ¼ 2 ry rD
� �D

þpy
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and note that m2[ y ] ¼ L2[ y r] holds. Next apply the product rule to obtain

ðryrDÞDx ¼ ðryrDxrÞD 2 ry rDxrD;

and therefore a Green’s identity for m2 may be derived from

m2½y��z 2 ym2½�z� ¼ r�zrDyr 2 ryrD�zr
� �D

:

Next, we look at n ¼ 2: The corresponding Hamiltonian system (10) is

uD
1 ¼ us

2 ; uD
2 ¼

1

r
v2; vD

1 ¼ pus
1 ; vD

2 ¼ qus
2 2 v1:

We first let y ¼ u1; then

u2 ¼ yDr;
1

r
v2 ¼ uD

2 ¼ yDrD; v2 ¼ ryDrD;

hence

qyD 2 v1 ¼ qus
2 2 v1 ¼ vD

2 ¼ ryDrD
� �D

;

and therefore

qyD
� �D

2pys ¼ ryDrD
� �DD

:

Thus L4 arises as

L4½y� ¼ ryDrD
� �DD

2 qyD
� �D

þpys:

Now let y ¼ us
1 ; then yr ¼ u1 and

py ¼ pus
1 ¼ vD

1

so that

ðryrDrDÞDD ¼ ru
DrD
1

� �DD
¼ ruD2
� �DD

¼ vDD
2

¼ qus
2

� �D
2vD

1 ¼ quD
1

� �D
2py ¼ qyrD

� �D
2py:

Hence, define m4 by

m4½y� ¼ ryrDrD
� �DD

2 qy rD
� �D

þpy

and note that m4[y] ¼ L4[ y r] holds. Next apply the product rule twice to obtain

ryrDrD
� �DD

x ¼ ryrDrD
� �D

xr
n oD

2 ryrDrD
� �D

xrD

¼ ryrDrD
� �D

xr
n oD

2 ryrDrDxrDr
� �D

þryrDrDxrDrD;
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and therefore a Green’s identity for m4 can be derived from

m4½y��z 2 ym4½�z� ¼ ryrDrD
� �D

�zr 2 r�zrDrD
� �D

yr þ r�zrDrDyrDr
n

2 ryrDrD�zrDr þ q�zrDyr 2 qyrD�zr
�D

:

Thus both m2 and m4 are formally self-adjoint.

7. TRANSFORMATION OF FOURTH ORDER

Theorem 4 (Variable Change for Fourth Order) A variable change

yðxÞ ¼ mðxÞzðtÞ; t ¼ f ðxÞ; x [ X; ð11Þ

defined for x [ X; with X Sturmian, and t [ T ¼ f ðXÞ with f DðxÞ never 0 on X (assume f is

strictly monotone, f D, f DpD, and r D exist) is made on the expression L½ y�ðxÞ ; L4½y�ðxÞ: Put

s ¼ rmDrD; w ¼ mrf Dr; b ¼
rðmwÞD

m
; a ¼

sw 2 bmDr

m

and define R, P, and Q by

RðtÞ ¼ ðrmrmsð f DÞ2f DrÞðxÞ; PðtÞ ¼ ððms=f DÞL4½m�ÞðxÞ;

and

QðtÞ ¼ ðqmmsf DÞðxÞ2 ðamÞsðxÞ2 ðbmÞDðxÞ;

where t ¼ f ðxÞ for x [ X: Then for y and z related by (11) the expressions Lo defined by

Lo½z�ðtÞ ¼ ðRzo@oÞooðtÞ2 ðQzoÞoðtÞ þ ðPz tÞðtÞ

(t and @ are the forward and backward shift on T) and L are related by

Lo½z�ðtÞ ¼ ððms=f DÞL½ y�ÞðxÞ for t ¼ f ðxÞ: ð12Þ

Proof We use vectors u and v as in Section 6, i.e.,

u ¼
y

yDr

" #
and v ¼

2ðryDrDÞD þ qyD

ryDrD

2
4

3
5

and introduce U and V as the corresponding transformed variables

U ¼
z

zo@

" #
and V ¼

2ðRzo@oÞo þ Qzo

Rzo@o

" #
;

where @ is the generalized back shift on T defined by @ðtÞ ¼ f ðrðxÞÞ for t ¼ f ðxÞ: Then one

wishes to use relationships

u ¼ EU and v ¼ FU þ E T21V;

C. AHLBRANDT et al.102



where E occurs naturally by representing the entries of u in terms of the corresponding

entries of U. In order to motivate the form of R and to generate F, we need to compute the

corresponding derivatives of v in terms of derivatives of z. Since y ¼ mz; we find

yD ¼ mDz t þ mf Dzo ¼ mDz þ msf Dzo;

and

yDr ¼ mDrz þ mrf Drzo@ ¼ mDrz@ þ mf Drzo@:

Next,

ryDrD ¼ r mDrDz þ mDrf rDzo@ þ ðmf DrÞDzo@ þ msf Df Dzo@o
� �

¼ rmDrDz þ bzo@ þ
1

w
Rzo@o

(note that mDr f rD ¼ m rD f Dr by e.g., [3, Theorem 2.7]). For these calculations it is good to

remember that e.g., ðz@ÞD really means, with the usual abuse of notation ðz@ + f ÞD, and then the

chain rule [3, Theorem 2.7] helps to calculate this derivative as

ðz@ ÞD ¼ ðz@ + f ÞD ¼ ðz + f rÞD ¼ ð f rÞDðzo + f rÞ ¼ f rDðzo@ + f Þ ¼ f rDzo@:

Finally

2 ryDrD
� �D

þqyD ¼ 2 rmDrD
� �D

z 2 rmDrD
� �s

f Dzo 2 bDzo 2 bf Dzo@o 2 ð1=wÞDRzo@o

2 1=w
� �s

Rzo@o
� �D

þqmDz þ qmsf Dzo

¼ 2rmDrD
� �D

þqmD
h i

z 2
bf D

R
þ

1

w

� �D
" #

Rzo@o

2 rmDrD
� �s

f D þ bD 2 qmsf D
h i

zo 2
f D

ws
Rzo@o
� �o

¼ 2 rmDrD
� �D

þqmD
h i

z þ
1

m
2 Rzo@o
� �o

þQzo
� �

2 rmDrD
� �s

f D þ bD 2 qmsf D þ
Q

m

� �
zo 2

bf D

R
þ

1

w

� �D
" #

Rzo@o:

Now we calculate

bf D

R
þ

1

w

� �D

¼
ðmwÞD

mswws
2

wD

wws
¼

mD

mmsf D
¼

mD

mmsf D

� �r

þh
mD

mmsf D

� �rD

;

h
mDr

mrmf Dr

� �D

R ¼
kR

f D

mDr

mw

� �D

¼
kðsw 2 bmDrÞ

m
¼ ka;

h
mDr

mrmf Dr

� �D

Rzo@o ¼ akzo@o ¼ aðzo 2 zo@Þ ¼ azo 2 azo@;

and

am þ bDm þ ðrmDrDÞsf Dm 2 qmmsf D þ Q ¼ 0
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to find

2 ryDrD
� �D

þqyD ¼ ½2 rmDrD
� �D

þqmD�z þ azo@ þ
1

m
½2ðRzo@oÞo þ Qzo�2

mDr

mrf Dr
Rzo@o:

Consequently, we find that the matrix N with

u

v

" #
¼ N

U

V

" #
is N ¼

E 0

F E T21

" #
;

where

E ¼
m 0

mDr m rf Dr

" #
and F ¼

2ðrmDrDÞD þ qmD a

rmDrD b

2
4

3
5:

Note that F T E is symmetric and hence N is symplectic. Next, let

M ¼
A B

C D

" #

with

A ¼
0 1

0 0

" #
; B ¼

0 h=r

0 1=r

" #
; C ¼

p hp

0 q

" #
; D ¼

0 h2p=r

21 hq=r

2
4

3
5

and define the expression L by

L
u

v

" #
¼

u

v

" #D
2MðxÞ

u

v

" #

so that by some easy computations (also compare with Section 6) we find

L
u

v

" #
¼

0

0

2L4½ y�

0

2
666664

3
777775:

Then by [3, Theorem 3.1] the matrix

Q ¼ f DN s
� �21

ðMN 2 N DÞ
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is Hamiltonian on Ti, and the expression Lo defined by

Lo

U

V

" #
¼

U

V

" #o

2QðtÞ
U

V

" #

is related to L by the identify

Lo

U

V

" #
¼ ðf DN sÞ21L

u

v

" #
: ð13Þ

We find

Q¼
1

f D

E21 0

2F T E T

2
4

3
5
s

AEþBF2ED BE T21

CEþDF2F D DE T21 2 ðE T21ÞD

2
4

3
5¼ ~A ~B

~C ~D

2
4

3
5;

where

~A¼A; ~B ¼
0 k=R

0 1=R

" #
; ~C¼

P kP

0 Q

" #
; ~D ¼

0 k 2P=R

21 kQ=R

2
4

3
5

can be found after some lengthy, but easy calculations. For the convenience of the reader

willing to work through these calculations we give the “intermediate” matrices

AEþBF2ED¼ f D
0 ms

0 mD

" #
;

CEþDF2FD¼
L4½m� hpmsf D2aD

0 qmsf D2a2bD

" #
;

and (note that ~DT ¼E21ðDT Es2BT F sþEDÞÞ

DT Es2BT F sþED¼

0 2mf D

ðh2=rÞL4½m� ðhQ2ham2 rmDmrf DrÞ=ðrmsÞ

2
64

3
75:

Thus, as before,

Lo

U

V

" #
¼

0

0

2Lo½z�

0

2
666664

3
777775;

and an application of (13) yields relation (12). A
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In the discrete case this transformation theorem can be compared with Example C of

[32], where the present variable rðxnÞ would agree with that r2ðxnþ1Þ; the present RðtnÞ

would agree with r 02ðtnþ1Þ; f DðxnÞ is gnþ1; and m was labeled as m. However, our middle

term has a different representation than that given in the previous discrete or continuous

cases.
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