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Feedforward neural networks such as multilayer perceptrons (MLP) and recurrent neural networks are
widely used for pattern classification, nonlinear function approximation, density estimation and time
series prediction. A large number of neurons are usually required to perform these tasks accurately,
which makes the MLPs less attractive for computational implementations on resource constrained
hardware platforms. This paper highlights the benefits of feedforward and recurrent forms of a compact
neural architecture called generalized neuron (GN). This paper demonstrates that GN and recurrent
GN (RGN) can perform good classification, nonlinear function approximation, density estimation and
chaotic time series prediction. Due to two aggregation functions and two activation functions, GN exhibits
resilience to the nonlinearities of complex problems. Particle swarm optimization (PSO) is proposed as
the training algorithm for GN and RGN. Due to a small number of trainable parameters, GN and RGN
require less memory and computational resources. Thus, these structures are attractive choices for fast
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implementations on resource constrained hardware platforms.
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1. Introduction

Multilayer perceptrons (MLPs) have received significant re-
search attention in recent years due to their ability to approximate
any continuous function accurately by means of spatially-local ba-
sis functions (Hornik, Stinchombe, & White, 1989; Widrow & Lehr,
1990). Feedforward neural networks have been used in applica-
tions such as adaptive control (Liu, Kadirkamanthan, & Billings,
1990), pattern classification (Ou & Murphey, 2007), and forecast-
ing (Atiya, El-shoura, Shaheen, & El-sherif, 1999). Due to internal
recurrence, recurrent neural networks (RNNs) possess the capabil-
ity to dynamically incorporate their past experience. The feedback
connection in the RNN topology is used to memorize past informa-
tion allowing the capability to process the temporal information
(Cichocki & Unbehauen, 1993; Wang, 1996).

Function approximation is a critical task in a broad spectrum
of applications ranging from system identification to pattern clas-
sification. Typical nonlinear function approximation is carried out
using polynomials, spline functions, fuzzy logic networks, wavelet
networks and neural networks.

Many statistical process control methods rely on the estima-
tion of the probability density function (PDF) of their variables. A
large amount of data, which is encountered in most scientific ap-
plications, needs to be modeled in a probabilistic manner. Power
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demand forecasting (Charytoniukand et al., 1999), speech recog-
nition (Pazhayaveetil & Franzon, 2007), medical image registra-
tion (Niu, 2005), independent component analysis (Xu, Chen, Cong,
Yang, & Shi, 2005) etc. are some of the most common applications
of PDF estimation.

There has been an immense research interest in the forecast-
ing of real-world time series. These are dynamic in nature, and
therefore, time series prediction amounts to dynamic modeling.
The structures that have been applied for chaotic time series
prediction include MLPs (Lapades & Farber, 1987), radial basis
function neural networks (Haykin & Principe, 1998), support vec-
tor regression (Mukherjee, Osuna, & Girosi, 1997), support vec-
tor machines (Shi & Han, 2007), recurrent neural networks (Cai,
Zhang, & Venayagamoorthy, 2007) and nonlinear autoregressive
networks (Principe & Kuo, 1995). The Mackey glass chaotic time
series is a popular time series used in literature as a benchmark
(Mackey & Glass, 1997).

Backpropagation (BP) is the most popular algorithm used for
training multilayer feedforward neural networks (Widrow & Lehr,
1990). Several methods have been proposed for enhancing the
learning speed of BP and strengthening the generalization capa-
bility of layered networks. Apart from multilayer network archi-
tectures various simplified architectures and nonlinear activation
functions have been used. MLP is not an attractive choice for com-
plex applications due to the storage and computational expense
involved in adapting weights for a large number of neurons. A re-
duced number of trainable weights reduces the memory and com-
putational expense, accelerates the convergence, and reduces the
number of training patterns necessary for robust generalization.
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This paper presents a generalized neuron (GN) structure for
classification, nonlinear functional approximation and probability
density estimation applications. Further, a recurrent version of GN,
called recurrent GN (RGN) is presented for chaotic time series
prediction. This study uses a particle swarm optimization (PSO)
algorithm for fast and optimal training of GN and RGN (Kennedy
& Eberhart, 1995). The compactness of GN and RGN that have
smaller numbers of trainable weights than in MLP and RNN, and
the convergence speed of PSO over BP as a training algorithm are
exploited in this paper. As an MLP training algorithm, PSO has been
shown to outperform BP in terms of the speed and the quality
of training (Gudise & Venayagamoorthy, 2003). A small number
of trainable weights makes GN a compact structure suitable for
real time hardware implementation on simple hardware platforms
such as microcontrollers. The rest of this paper is organized as
follows: Section 2 covers details on the GN and RGN compact
structures. Section 3 outlines the PSO algorithm for training the GN
and RGN structures. Section 4 discusses the simulation aspects and
the results obtained in the four case studies conducted. And finally,
concluding remarks are given in Section 5.

2. Feedforward and recurrent generalized neuron architec-
tures

The general structure of a typical neuron contains an aggre-
gation function and an activation function. It is shown in the
literature that MLPs are universal approximators of continuous
functions for a given set of input-output patterns (Hornik et al.,
1989). A typical neuron uses summation or multiplication aggre-
gation functions, and hard-limiter, log sigmoidal, radial basis, or
linear activation functions.

The crisp aggregation operators used in the neurons generally
overlook the fact that most of the processing in neural networks is
done with incomplete information. The GN presented in this paper
uses both summation and multiplication aggregation functions,
and both sigmoid and Gaussian activation functions. Therefore,
the GN has flexibility and resilience to the nonlinearities of real
world problems. The compact structure of a GN and RGN (GN with
feedback connection) is shown in Fig. 1.

A GNusesboth X' (sum)and IT (product) aggregation functions.
The weighted vector of inputs X is summed by an aggregation func-
tion X';. Output of this unit is processed by an activation function f;.
Similarly, weighted inputs are multiplied by an aggregation func-
tion X,. Output of this unit is processed by a different activation
function f,. Weighted outputs of these two units are summed up.
Two different activation and aggregation functions endow the GN
with flexibility that is not possible in regular MLPs having single
activation and aggregation functions (Chaturvedi, Malik, & Kalra,
2004).

The X part of the GN is associated with the summation of
weighted inputs, and it uses a sigmoidal activation function. The
output is obtained as (1).

1
Oy = S = l
x> f]( nE‘[) 1+ exp(—)\.s . Snet) ( )
where
Snet = Z WEiXi + X"Z' (2)

Here, Wy are input weights, X,5 is the bias weight of the X
section and A; is the gain factor of the X section. The IT part of the
GN is associated with multiplication of weighted inputs. It uses a
Gaussian activation function given by (3).

O = fo(Pet) = EXP(—)»p 'Pﬁg[) (3)
where

Fig. 1. Structure of a GN (solid lines) and RGN (with feedback shown in dotted
lines).

Pret = 1_[ WniXi - Xom- (4)

Here, Wy are input weights, X, is the bias weight of the I7
section and A, is the gain factor of the IT section. The output is
obtained as expressed in (5).

Ogn =W 05+ (1—-W)-0p. (5)

A GN has multiple inputs, but only one output. Therefore, the
number of GNs required equals the desired number of outputs. A
GN having n inputs has (2n + 1) weights and two biases, a total of
(2n + 3) trainable parameters. Either or both gain factors As and
Ap can be taken as trainable parameters as well, in which case, the
total number of trainable parameters increases accordingly. Other
activation functions, such as sine, cosine, or hyperbolic tangent,
can also be used. The GN in which the weighted outputs of ¥
and I7 parts of the proposed GN are added together is called a
summation type GN. Weighted outputs of X' and IT parts can be
multiplied in order to construct a multiplication type GN. Both X
and IT parts partially implement the nonlinear mapping between
inputs and the output and constitute the final output. This adds to
the flexibility of the GN.

RGN is obtained with a unit delayed output feedback connection
in the structure of the GN. Modification to a GN that converts
it into an RGN structure is shown in dotted lines in Fig. 1. This
modification is represented by (6), (7) and (8).

Oggn =W 05 + (1 —=W) - 0p (6)
Snet = Z WsiXi(t) +Xox + Wsg - Ogen(t — 1) (7)
Pret = | [ WniXi(®) - Xorr - Wypr - Ogen (£ — 1. ®)

Here, W5 and Wy are the feedback weights of the X' and IT
sections respectively. A detailed discussion of the contributions of
X and IT parts of a GN is presented in Section 4.6.

3. PSO based training algorithm

PSO is an evolutionary-like computational technique that
belongs to swarm intelligence, a paradigm of computational in-
telligence (Venayagamoorthy, 2009). It is a population based par-
allel search algorithm that models the social behavior of birds
within a flock (Kennedy & Eberhart, 1995). It uses a simple con-
cept, and can be implemented with a few lines of computer
code. It requires only primitive mathematical operators, and there-
fore, it is inexpensive in terms of memory and computational re-
quirements. PSO is shown to be more computationally efficient
than BP in a neural network training task (Gudise & Venayag-
amoorthy, 2003). PSO has been applied in optimization problems
in such diverse fields as reactive power systems (del Valle, Ve-
nayagamoorthy, Mohagheghi, Hernandez, & Harley, 2008), sensor
networks (Wimalajeewa & Jayaweera, 2008), and adaptive phased
array control (Donelli, Azaro, Natale, & Massa, 2006).
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PSO consists of a population (or a swarm) of s particles, each
of which is a candidate solution. The particles explore an n-
dimensional hyperspace in search of the global solution, where
n represents the number of parameters to be optimized. The dth
dimension of the particle i has the position x;; and the velocity
vig, ] < i < sand1 < d < n. The particles are initially
assigned random positions and velocities within fixed boundaries,
i.e, Xmin < Xig < Xmax and —vmax < Vig < VUmax. Each particle in
the swarm is evaluated by an objective function f (x1, x5, ..., X;),
where f : R" — R. The cost (or the fitness) of a particle is
determined from its position in the search space. The cost of a
particle closer to the global solution is lower than that of a particle
that is farther away. Alternatively, the fitness of a particle closer
to the global solution is higher than that of a particle that is farther
away. PSO strives to minimize a cost function, or maximize a fitness
function. In each iteration, velocities and positions of all particles
are updated to persuade them to achieve a lower cost (or, a higher
fitness). The process of updating is repeated iteratively, either until
a particle approaches the desired solution within a permissible
tolerance limit fr, or until a sufficiently large number of iterations
kmax is reached.

In the global-best version of PSO, each particle has a memory to
store pbest;q4, the position where it had the lowest cost, and gbest;,
the position of the best particle in the population. At each iteration
k, the velocity v;s and position x;q of each particle are updated using
(9) and (10).

vig(k + 1) = w - vig(k) + ¢1 - rand; - (pbestig — X;q)
+ ¢y - rand; - (gbesty — Xiq) (9)

Xia(k + 1) = xia (k) + vig(k + 1). (10)

Here, rand; and rand, are random numbers with a uniform
distribution in the range of [0, 1]. The velocity update equation
(9) shows that the magnitude and direction of the movement
of a particle are influenced by its inertia, its experience and
the knowledge it acquires from social interaction with the other
particles in the swarm. The first term has the inertia coefficient w,
0.2 < w < 1.2, which denotes the inertia of the particle (Shi &
Eberhart, 1998). The second term has the cognitive acceleration
constant c;. This component steers the particle towards the
position where it had its lowest cost. The third term has the
social acceleration constant c,. This component steers the particle
towards the current best particle. The net change in a particle’s
velocity is equal to the vector sum of these individual components.

The velocity of a particle in each dimension is bounded between
properly chosen limits vy and vmin (generally, Vmin = —Umax)-
This prevents particles from moving in uncontrolled trajectories.
Similarly, the position of a particle in each dimension is restricted
between properly chosen constants Xpi, and Xnax. The pseudocode
for the global best version of PSO for maximization of a fitness
function is given in Algorithm 1.

In addition to the global best version, there exists a local best
version of PSO, wherein each particle has access to information
about positions of only its immediate neighbors (Engelbrecht,
2007). A study indicates that the global best version can converge
to the final solution fast, but can get trapped into a local minimum.
In contrast, the local best version can avoid local minima, though
it converges slowly (Kennedy, 1999). Many other neighborhood
topologies exist as well. In addition, there exist real, discrete and
binary versions of PSO. Literature is rife with numerous applica-
tions of PSO, its variants and hybrids to many complex problems.
A comprehensive discussion on the basic concepts of PSO and its
variants is given in del Valle et al. (2008).

4. Numerical simulation and results
The flexibility and effectiveness of GN and RGN are demon-

strated in the following case studies arranged in the order of in-
creasing complexity.

Algorithm 1 The global-best version of PSO for maximization of a
fitness function f

1: Initialize w, ¢; and ¢,
2: Initialize maximum allowable iterations Kyax
3: Initialize the target fitness fr
4: Initialize Xmin, Xmax, Vmin aNd Umax
5: for each particle i do
6: for each dimension d do
7: Initialize xiy randomly: Xmin < Xig < Xmax
8: Initialize vy randomly: vpin < Vig < Umax
9: end for
10: end for
11: Iterationk =0
12: while (k < knax) AND (f (gbest) < fr) do
13:  for each particle i do
14: Compute f (x;)
15: if f(x;) > f(pbest;) then
16: for each dimension d do
17: pbestiy = Xiq
18: end for
19: end if
20: if f(x;) > f(gbest) then
21: for each dimension d do
22: ghesty = xiq
23: end for
24: end if
25:  end for
26:  for each particle i do
27: for each dimension d do
28: Compute velocity vis(k + 1) using (9)
29: Restrict vig t0 Vmin < Vig < Umax
30: Compute position x;4(k + 1) using (10)
31: Restrict Xig t0 Xmin < Xid < Xmax
32: end for
33:  end for
34: k=k+1

35: end while

4.1. Case study 1: Realization of XOR function using a GN

Simulation of an XOR learning task is chosen to demonstrate
the learning capability and robustness of the GN model. The
XOR operation is linearly inseparable, due to the fact that input
patterns cannot be separated into the output categories by a single
threshold. Historically, this problem has been popular as a good
test of a network model and learning algorithm. This popularity
probably originates from the fact that it was shown that the single
layer perceptron cannot learn this function (Minsky & Papert,
1969). The two-input XOR function takes binary inputs A and B
from 0 or 1. Output Y is O if both inputs are the same, and 1, if
they are not the same.

A two-input GN structure is trained to implement the XOR
function. Here, the total number of trainable parameters is nine;
Two X weights, two IT weights, two biases, W, A and A,. The PSO
used for training the task has 30 particles, and each particle has
nine dimensions. The PSO training is carried out for 1000 iterations.
Training inputs are superimposed with additive Gaussian noise
with a varying degree of variance. Training patterns, namely, {0,
0}, {0, 1}, {1, 0} and {1, 1} are presented ten times in a random
order in each training epoch. Post training validation is performed
by presenting each of the test patterns 100 times. Therefore, the
total number of validation patterns N is 400. The mean square error
(MSE) between output and target output is computed using (11).

N (A )2
MSE — Z (0 (/I\\II@ B)) (1)
i=1
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Fig. 2. Outputs of GN XOR gates.

Table 1

Average MSE and its standard deviation over 20 trial runs of XOR simulation.
Variance MSE Standard deviation
0 2.3299 x 1032 7.3679 x 1032
0.0001 6.1354 x 1074 4.1759 x 1074
0.0005 3.3733 x 1073 2.4788 x 1073
0.001 4.5204 x 1073 3.8445 x 1073
0.005 1.0939 x 1072 4.8165 x 1072

where A; and B; represent inputs, and O; represents output of the
GN for the validation pattern i.

The average of MSE and the standard deviation in MSE observed
over 30 trial runs for different values of variance is shown in
Table 1. Outputs of the GN for a noise variance of 0 and 0.005 are
shown in Fig. 2(a) and (b) respectively.

4.2. Case study 2: Approximation of nonlinear function using a GN

In this study, the GN is used to approximate the nonlinear
function f(x) = 2x*> + 1, where x = sin(2xft), f = 2 Hz, and
t is taken incrementally from [0, 1] in steps of 0.01. The input
weights Wy, Wy, W and the bias weights X, 5, X,7 are taken as
trainable parameters. Therefore, the number of training patterns
N is 101 and the number of trainable parameters P is five. The
gain factors As and A, are set to 10 and 1 respectively. The result
of function approximation, which is almost indistinguishable from
the target output f(x), is shown in Fig. 3. In Table 2, results of
GN are compared with that of a 1 x 5 x 1 MLP. This MLP has
five input weights, five bias weights and five weights for synaptic
connections between hidden and output layer, adding to a total
of 15 trainable parameters. This size of MLP is chosen because its
performance comes closest to that of the GN. Hidden layer neurons
have summation aggregation function and sigmoidal activation
function. Output layer neuron has linear activation function. Both
GN and MLP are trained using PSO with 30 particles and 1000
iterations. The mean square error between output and the target
output, as defined in (12), is used as a measure of fitness in both
MLP and GN. Py, the metric defined in (13), is used for comparing
performances of the MLP and GN, where T is training time. The
higher the value of Py, the superior the performance is

N L N2
MSE — Z O; = fx)) (12)

i=1 N
1

=—. (13)
P-MSE-T

Py
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Fig. 3. Results of nonlinear function approximation using GN.
Table 2

Summary of results of nonlinear function approximation by PSO trained MLP and
GN.

Model Trainable MSE Training Performance metric
parameters P time T Py
MLP 15 6.24 x 107> 60.28 75.74
(2.50 x 107°) (1.7271) (143.41)
GN 5 2.46x107° 1.2312 3325.12
(415 x 107>)  (0.0271) (1030.45)

Standard deviations are shown in parentheses.

4.3. Case study 3: Estimation of Gaussian probability density function
using a GN

Nonparametric approaches, such as histograms, kernel estima-
tors, wavelet based methods and neural network based methods,
are frequently used for density estimation (Cichocki & Unbehauen,
1993). This case study introduces a GN structure as an attractive
choice for nonparametric estimation of the density function. The
Gaussian distribution is considered in this case study. For Gaussian
distribution, the cumulative distribution function (CDF) and proba-
bility density function (PDF) are given by (14) and (15) respectively.

1 * (t — p)?
—— ] dt
oA 2m /—oo exp ( 202 )

F(x) =

(14)
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Fig. 4. Results of CDF and PDF estimation for = 0 and ¢ = 2.

Table 3
Results of CDF and PDF estimation by PSO-trained GN.

Mean (1) Variance (62) MSE in CDF estimation ~ MSE in PDF estimation
0 1 4.6779 x 107° 1.0441 x 10~*
(3.4232 x 10721) (3.1176 x 1075)
0.5 1 2.1762 x 107 1.3060 x 10~
(1.3090 x 10~%) (2.4176 x 1075)
0.8 4 1.4599 x 10> 1.6385 x 10~
(2.0105 x 1075) (1.4587 x 107°)
—0.5 1 3.7979 x 107° 7.3918 x 107>

(2.5056 x 10~21) (1.0774 x 10~12)

Standard deviations are shown in parentheses.

fx) =

1 (t — w)? )
exp| ———— ). (15)
oA 21 < 202
Here,  and o2 are the mean and the variance of the distribution
respectively. If there is an estimate of CDF F (x), then the PDF can be
obtained as the derivative of F (x), i.e., f (x) = F’(x). This is obtained
asin (16),(17) and (18).

N

fx) =W -dOs + (1—W) -dOg (16)

where

d0y =05 - (1 —0gx) - As - Wx (17)
and

dOy = —2-0p - Ap - x(i) - W3. (18)

The results produced by the GN in estimation of CDF and PDF for
i = 0and o? = 1 are shown in Fig. 4(a) and (b) respectively. MSE
for different combinations of 4 and o2 are given in Table 3. The
PSO training algorithm used has 30 particles and 1000 iterations.
Input weights, bias weights and the common weight W in (2) and
(4) have been taken as trainable parameters; therefore, each PSO
particle has five dimensions.

Table 4 gives the comparison of results of a GN in CDF and PDF
estimation with that of a 1x5x 1 MLP having a total of 15 trainable
weights including biases. This MLP is also trained using PSO with
30 particles and 1000 iterations. Both GN and MLP structures
compared are trained for CDF estimation and their derivatives are
taken as PDF.

4.4. Case study 4: Prediction of Mackey Glass chaotic time series using
a GN and an RGN

Time series prediction through a hybrid of PSO and evolutionary
algorithm trained RNN is discussed in Cai et al. (2007). In the
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Table 4
Comparison of results of PDF estimation by MLP and GN for © = O and 6% = 1.
Model Trainable MSE Training Py
parameters time
MLP 15 1.9813 x 104 360.07 0.1901
(3.1101 x 107>)  (9.2059) (0.0275)
GN 5 1.0441x10~* 129.82 14.7625
(3.117x107%) (0.2855) (0.1062)
Standard deviations are shown in parentheses.
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Fig. 5. Predicted and target Mackey Glass chaotic time series.

present study, a recurrent GN is used for predicting the Mackey
Glass chaotic time series expressed by (19).

dx(t) _a-x(t—71)
dt  14x(t—1)

Here, the constants are chosenasa = 0.2,b = 0.1,¢c = 10
and t = 17, as done in most of published work. The prediction
problem, mathematically amounts to finding a mapping function
for such that x(t 4+ Q) = for {x(t), x(t — A), x(t —2A), x(t — 34)}.
Constants chosen are: A = Q = 6, and x(0) = 1.2. The first
600 input-output data pairs used for training, and the next 601
data pairs used for validation, are extracted from the 1201 length
benchmark series. Thus, in validation, 577 data points from 625
through 1201 are predicted. The inputs are taken in the format:
{x(t —18), x(t — 12), x(t — 6), x(t); x(t + 6)}. The GN used for this
problem has 8 input weights, 2 bias weights and one shared weight
W. In addition, the gain factors A; and A, are taken as adaptable
weights. Therefore, each PSO particle has 13 dimensions. For RGN,
due to two additional feedback input weights, the dimensionality
increases to 15. Fig. 5 depicts the target outputs and the outputs of
GN and RGN.

—b-x(t). (19)
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Fig. 6. Contributions from X and IT sections of the GN to its output.

Table 5 gives the comparison of performance of GN and RGN
with that of MLP and Jordan type RNN. MLP is of size 4 x 10 x 1, and
has 40 input weights, ten bias weights, ten weights at the output of
hidden layer, and one weight at the bias input of the output layer
neuron. Therefore, the number of trainable parameters P is 61. In
RNN, due to ten additional feedback input weights, P increases
to 71. All models compared here are trained using PSO with 30
particles and 10,000 iterations. MSE in validation data is used in
computing Py,.

4.5. Discussion on results

The results of case study 1 show that the GN can perform
robust classification. Results of case study 2 indicate that the GN
can accurately approximate the nonlinear function. Table 2 shows
that GN’s performance metric is over 180 times higher than that
of MLP. This indicates superior performance. Similarly, in case
study 3, GN performs Gaussian PDF estimation accurately for all
tested combinations of ;& and 2. Table 4 shows that GN has a
better performance metric, which is over 75 times higher than
that of MLP. Results of case study 4 shown in Table 5 indicate
that RGN performs better than MLP, RNN and GN do in chaotic
time series modeling. In case study 2, only input weights are
trained and in case study 3, input and bias weights are trained.
In case study 4, in addition to input and bias weights, gains Ag
and A, are adapted. The number of parameters chosen for training
depends on the complexity of the problem. A smaller number
of trainable parameters and accurate function approximation are
the hallmarks of GN and RGN architecture. This makes GN and
RGN attractive choices for hardware implementation in stringent
memory restrictions.

4.6. Analysis of contributions from X and IT parts to the output of the
GN

The outputs of the X' and IT parts, Os and Op respectively,
together constitute the final output of the GN through a shared
weight W as expressed in (5). The presence of two aggregation
functions (X and IT), and two activation functions (Sigmoid and
Gaussian) endows the GN with a flexibility that is difficult to
achieve with an MLP having an equal number of weights. Analysis
of the contributions of X' and IT parts shown in Fig. 6 illustrates
this fact.

The average final values of W determined by PSO in 30 trial runs
of each case study are shown in Table 6. The outputs of X' and IT
parts, namely, W - Ox and (1 — W) - O for case studies 1, 2, 3 and
4 are shown in Fig. 6(a), (b), (¢) and (d) respectively.

In case study 1, it is clear from Fig. 6(a) that the outputs of
X and IT parts compensate for each other. For example, for the
patterns between 301 and 400, the output of the X' part equals the
negative of the output of the IT part to produce the desired output
of zero. For case study 2, it can be seen that the /7 part implements
the sinusoidal output with a strong negative offset, which the X
section nullifies.

Similarly, in case study 3, it can be seen that the X' part imple-
ments the sigmoidal output with a small positive offset, which the
IT part nullifies. The target output Ogy = F(x) for this experiment
is sigmoidal in shape, and the sigmoidal activation function of the
X section implements it by itself. The X' part contributes 99.07%
of the output, while the IT part contributes only 0.93%.

Case study 4 is more complex problem. Fig. 6(d) shows that
for every peak in Oy - W that exceeds the target, there exists a
crestin Op - (1 — W) to nullify it. The X' part contributes positive
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Table 5
Comparison of results of MLP, RNN, GN and RGN for Mackey Glass time series prediction.
Model P Training MSE Validation MSE Training time Py
MLP 61 0.0166 0.22 1415 (3.67) 423 x 107
(1.3 x 107%) (1.5 x 107°) (3.4%x1079)
RNN 71 0.028 0.0179 1682 (1.16) 4.72 x 107°
(1.3 x 107) (1.5 x 107°) (8.7x107%)
GN 13 0.0038 0.0017 103 (0.22) 0.19
(2.7 x 1078) (1.3 x 1077) (0.002)
RGN 15 0.00301 0.00125 123 (0.21) 0.22
(3.2x1078%) (1.1x1077) (0.002)

Standard deviations are shown in parentheses.

Table 6

Average final values of W determined by PSO in 30 trial runs in each case study.
Case study w 1-w
1 2(0) -1
2 72.7817 (7.8564) —71.7817
3 0.9907 (0) 0.0093
4 1.3634 (0.0023) —0.3634

Standard deviations are shown in parentheses.

78.95% of the output, while the IT part contributes negative 21.05%.
These examples show that the GN uses the outputs of its X' and
IT sections depending on the complexity of the problem, which
reflects its superior flexibility compared to that of an MLP.

5. Conclusion

The flexibility of GN for classification, nonlinear function ap-
proximation, Gaussian probability density estimation and time se-
ries prediction has been investigated in this paper. GN is shown to
perform nonlinear function approximation with a very low MSE.
The performance of GN in probability density estimation is ob-
served to be accurate for different combinations of mean and vari-
ance. RGN has been shown to have accurate predictions of chaotic
time series prediction with a smaller number of weights than in
MLP and RNN. The GN and RGN can be used to approximate any
function, provided the nonlinear activation functions f; and f, are
selected according to the function representing the data. The ad-
vantage of GN and RGN structures lies in the smaller number of
trainable weights in comparison with that in MLPs and RNNs.
Therefore, GN and RGN are suitable for fast and real time imple-
mentations on hardware platforms that have memory constraints.
Future scope for research lies in the investigation of the issues in-
volved in real-time practical implementation and online training of
GN and RGN for nonlinear function approximation and probability
density estimation for the chosen real-world problems.
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