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Proton Radius, Darwin-Foldy Term and Radiative Corrections  



Muonic Hydrogen and Lamb Shift 



Self-energy effects, 
corrections to the Coulomb force law, 
So–called recoil corrections,  
Feynman diagrams ... 
f 

Theory of Bound Systems: Three Developments 

    Schrödinger Theory: 

    Dirac Theory: 

   QED: 



Lamb-Shift Phenomenology (Atomic Hydrogen) 

Lifts 2S-2P degeneracy: 



Lamb-Shift Phenomenology (Transitions) 

   Shifts nS-n'S transition 
frequencies: 



Up to 2010: 
QED and experiment were 
essentially in agreement,  

but then… 



The First Paper... 

CODATA: rp = 0.8768(69) fm,      muonic H: rp = 0.84184(67) fm  

Nature 466 (2010) 213 

LETTERS

The size of the proton
Randolf Pohl1, Aldo Antognini1, François Nez2, Fernando D. Amaro3, François Biraben2, João M. R. Cardoso3,
Daniel S. Covita3,4, Andreas Dax5, Satish Dhawan5, Luis M. P. Fernandes3, Adolf Giesen6{, Thomas Graf6,
Theodor W. Hänsch1, Paul Indelicato2, Lucile Julien2, Cheng-Yang Kao7, Paul Knowles8, Eric-Olivier Le Bigot2,
Yi-Wei Liu7, José A. M. Lopes3, Livia Ludhova8, Cristina M. B. Monteiro3, Françoise Mulhauser8{, Tobias Nebel1,
Paul Rabinowitz9, Joaquim M. F. dos Santos3, Lukas A. Schaller8, Karsten Schuhmann10, Catherine Schwob2,
David Taqqu11, João F. C. A. Veloso4 & Franz Kottmann12

The proton is the primary building block of the visible Universe,
butmany of its properties—such as its charge radius and its anom-
alousmagneticmoment—arenotwell understood. The root-mean-
square charge radius, rp, has been determinedwith an accuracy of 2
per cent (at best) by electron–proton scattering experiments1,2. The
presentmost accurate value of rp (with an uncertainty of 1 per cent)
is given by the CODATA compilation of physical constants3. This
value is based mainly on precision spectroscopy of atomic
hydrogen4–7 and calculations of bound-state quantum electrody-
namics (QED; refs 8, 9). The accuracy of rp as deduced from elec-
tron–proton scattering limits the testing of bound-state QED in
atomic hydrogen as well as the determination of the Rydberg
constant (currently the most accurately measured fundamental
physical constant3). An attractive means to improve the accuracy
in themeasurementof rp is providedbymuonichydrogen (a proton
orbited by a negative muon); its much smaller Bohr radius com-
pared to ordinary atomic hydrogen causes enhancement of effects
related to the finite size of theproton. Inparticular, theLamb shift10

(the energy difference between the 2S1/2 and 2P1/2 states) is affected
by as much as 2 per cent. Here we use pulsed laser spectroscopy to
measure amuonic Lamb shift of 49,881.88(76)GHz.On the basis of
present calculations11–15 of fine and hyperfine splittings and QED
terms, we find rp5 0.84184(67) fm, which differs by 5.0 standard
deviations from the CODATA value3 of 0.8768(69) fm. Our result
implies that either the Rydberg constant has to be shifted by
2110 kHz/c (4.9 standard deviations), or the calculations of the
QED effects in atomic hydrogen or muonic hydrogen atoms are
insufficient.

Bound-state QED was initiated in 1947 when a subtle difference
between the binding energies of the 2S1/2 and 2P1/2 states of H atoms
was established, denoted as the Lamb shift10. It is dominated by
purely radiative effects8, such as ‘self energy’ and ‘vacuum polariza-
tion’. More recently, precision optical spectroscopy of H atoms4–7

and the corresponding calculations8,9 have improved tremendously
and reached a point where the proton size (expressed by its root-

mean-square charge radius, rp~

!!!!!!!!!!
r2p

D Er
) is the limiting factor when

comparing experiment with theory16.
The CODATA value3 of rp5 0.8768(69) fm is extracted mainly

fromH atom spectroscopy and thus relies on bound-state QED (here
and elsewhere numbers in parenthesis indicate the 1 s.d. uncertainty

of the trailing digits of the given number). AnH-independent but less
precise value of rp5 0.897(18) fm was obtained in a recent reanalysis
of electron-scattering experiments1,2.

A much better determination of the proton radius is possible by
measuring the Lamb shift in muonic hydrogen (mp, an atom formed
by a proton, p, and a negative muon, m2). The muon is about 200
times heavier than the electron. The atomic Bohr radius is corre-
spondingly about 200 times smaller in mp than in H. Effects of the
finite size of the proton on the muonic S states are thus enhanced. S
states are shifted because the muon’s wavefunction at the location of
the proton is non-zero. In contrast, P states are not significantly
shifted. The total predicted 2SF~1

1=2 {2PF~2
3=2 energy difference, DẼ,

in muonic hydrogen is the sum of radiative, recoil, and proton struc-
ture contributions, and the fine and hyperfine splittings for our par-
ticular transition, and it is given8,11–15 by

D~EE~209:9779 49! "{5:2262 r2pz0:0347 r3p meV !1"

where rp~

!!!!!!!!!!
r2p

D Er
is given in fm. A detailed derivation of equation

(1) is given in Supplementary Information.
The first term in equation (1) is dominated by vacuum polariza-

tion, which causes the 2S states to be more tightly bound than the 2P
states (Fig. 1). The mp fine and hyperfine splittings (due to spin–orbit
and spin–spin interactions) are an order of magnitude smaller than
the Lamb shift (Fig. 1c). The uncertainty of 0.0049meV in DẼ is
dominated by the proton polarizability term13 of 0.015(4)meV.
The second and third terms in equation (1) are the finite size con-
tributions. They amount to 1.8% of DẼ, two orders of magnitude
more than for H.

For more than forty years, a measurement of the mp Lamb shift has
been considered one of the fundamental experiments in atomic spec-
troscopy, but only recent progress in muon beams and laser techno-
logy made such an experiment feasible. We report the first successful
measurement of the mp Lamb shift. The energy difference between the
2SF~1

1=2 and 2PF~2
3=2 states of mp atoms has been determined bymeans of

pulsed laser spectroscopy at wavelengths around 6.01mm. This
transition was chosen because it gives the largest signal of all six
allowed optical 2S–2P transitions. All transitions are spectrally well
separated.

The experiment was performed at the pE5 beam-line of the proton
accelerator at the Paul Scherrer Institute (PSI) in Switzerland. We
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[R. Pohl et al., Nature 466 (2010) 213] 



[A. Antognini et al., Science 339 (2013) 417] 

The Second Paper... 



[A. Antognini et al., Science 339 (2013) 417] 

[R. Pohl et al., Nature 466 (2010) 213] 

Muonic Hydrogen Transitions Investigated 



CODATA: rp = 0.8768(69) fm 

electronic H: rp = 0.8802(80) fm  

Scattering (Mainz, 2010): rp = 0.879(8) fm 

Scattering (Jefferson Lab, 2011): rp = 0.875(10) fm  

(essentially 0.88 fm) BUT        

muonic H: rp = 0.84184(67) fm 

(essentially 0.84 fm)  

Muonic Hydrogen Puzzle 

[R. Pohl et al., Nature 466 (2010) 213]       [A. Antognini et al., Science 339 (2013) 417] 



You calculate the spectrum. 
[Nonrelativistic Theory.] 

You calculate the spectrum more accurately. 
[Relativistic Effects.] 

You calculate the spectrum even more accurately. 
[QED effects.] 

At some point the nuclear size becomes important. 
[Distortion of Coulomb Potential.] 

Someone else measures the spectrum. 
[And then you can tell what the nuclear size is.] 

Why Can You Determine Nuclear Radii from Spectroscopy? 



Brief Overview of Subtleties of the Theory 
[Corrections to the Spectrum without Nuclear Structure] 



HFS-FS-Coupling in the  
Muonic Hydrogen System 

[Even without QED, theory  
is not without subtleties] 

[U.D.J., Ann.Phys.(N.Y) 326 (2011) 500] 

Up by 0.145 meV 
Down by 0.145 meV 



Vacuum Polarization Diagram 

Vacuum Polarization Effects. 

The Coulomb law is incorrect at small distances. 

Muonic hydrogen is smaller than atomic hydrogen 
by a factor of 207 (mass ratio of muon to electron). 

The vacuum polarization energy shift is 
40,000 times larger in muonic hydrogen. 

Reason: 
Generation of virtual electron-positron pairs 

in the vicinity of the proton. 
The quantum vacuum has structure! 

(The 2P state is energetically higher,  
for muonic hydrogen) 



For short distances, the Uehling 
potential only adds a logarithmic 
divergence to the Coulomb potential. 

For long distances, the Uehling term 
is exponentially suppressed. 

(Coulomb Law 
and scaled radial 
coordinate ρ) 

(Mass Ratio) 

(Quantum Correction) 



In muonic hydrogen, one-loop vacuum polarization 
effects are even larger than relativistic corrections! 

Small size of muonic hydrogen: 
Sensitive to nuclear structure! 

…and genuine two-body system, unlike high-Z muonic ions… 

LARGE MASS RATIOS 



For massive photon exchange: 

Definition of Coulomb Gauge: G00 is Static or Instantaneous  

[K. Pachucki, Phys.Rev.A 53 (1996) 2092] 

[U.D.J., Phys.Rev.A 84 (2011) 012505] 

[S.G. Karshenboim, V.G. Ivanov and E.Yu. Korzinin, 
Phys.Rev.A 85 (2012) 032509] 



One-Loop Vacuum Polarization with Magnetic Photon Exchange, 
and Radiatively Corrected Breit Hamiltonian (with Reduced Mass) 

µ µ

p p

e e

µ µ

p p

[U.D.J., Phys.Rev.A 84 (2011) 012505] 

[S.G. Karshenboim, V.G. Ivanov and E.Yu. Korzinin, 
Phys.Rev.A 85 (2012) 032509] 



From One-Loop to Two-Loop Vacuum Polarization 

µ µ

p p

e

e

µ µ

p p

e

µ µ

p p
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e e

µ µ
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One- and Two-Loop Effects 



Even three-loop vacuum polarization: 

[T. Kinoshita and M. Nio, 
Phys. Rev. Lett. 82 (1999) 3240]  



Two-Loop Self-Energy Vacuum-Polarization 

[U.D.J. Eur. Phys. J. D 65 (2011) 357] 



Recoil Correction to Vacuum Polarization 
[Vacuum-Polarization Insertion in Two-Photon Exchange] 

[U.D.J. Eur. Phys. J. D 65 (2011) 357] 



Proton Radius Definition 
And Darwin-Foldy Term 

[Now It’s Getting a Little Technical] 



Nuclear-Size Correction (Leading Order) 

(Leading-Order) 
Finite-Size Hamiltonian 

[Affects S States with a Nonvanishing 
Probability Density at the Origin] 

(proportional to the Dirac-δ function, 
measures probability density of the 

electronic wave function at the origin) 

Very well, but how is <r2> defined?  



Barker-Glover Term 

Darwin-Foldy Term [Just The One Proportional to the Dirac-δ] 

Can Write the Darwin-Foldy Term As Follows 



Nuclear Size Correction 

Darwin-Foldy Term 

Comparison: Darwin-Foldy Correction to Radius Square 

Correspondence of Darwin-Foldy Correction to Energy and Radius Square 

ATP = “Atomic-Physics Conventions” 



Definition of the Radius Square in Atomic-Physics Conventions (ATP) 

Decomposition of the Sachs Form Factor 

Friar, Martorell and Sprung Use Different Conventions (FMS) 
[Darwin-Foldy Term Sits Inside the Radius] 

[J. L. Friar, J. Martorell and D. W. L. Sprung, Phys.Rev.A 56 (1997) 4579] 



Is There a Problem with Different Conventions?  

A closer inspection [for details see U.D.J., Eur. Phys. J. D 61 (2011) 7] 
reveals that all atomic-physics determinations (including the CODATA  
adjustments) as well as all relevant scattering experiment use ATP conventions.  
The Darwin-Foldy term is subtracted before the radius square is determined. 

But we are not done just yet. 

There is a further subtlety connected with the internal-structure contributions 
to the form factors and the pure QED contributions to the proton form  
factors. QED contributions are excluded from the proton radius: 

=> We must make sure that we do not artificially add QED contributions to the  
=> proton structure, e.g., by an improper definition of the nuclear self-energy. 



A closer inspection reveals that the energy correction induced by the  
F1 form factor slope of the proton and the anomalous magnetic moment  
correction from the proton line precisely add up to a nuclear-size correction 
determined by the slope of the Sachs form factor (internal-structure terms). 

“We are doing everything right in leading order!” 

In order not to mess things up in higher order, we should define the  
nuclear self-energy correction as follows, 

“No internal proton structure in the nuclear self-energy, please!” 

⇒  There is not a problem with the conventions, at least not on the level 
⇒  relevant to the comparison of theory and experiment. 

[U.D.J., Eur. Phys. J. D 61 (2011) 7] 



So… 



Muonic Hydrogen Discrepancy: 0.420 meV. 

Largest Conceivable Uncertainty within Standard Model: +/- 0.010 meV. 

All theorists agree. 
The fact that no theoretical explanation for the 
observed discrepancy exists was pointed out in 

[U.D.J., Ann.Phys.(N.Y) 326 (2011) 500] 
[U.D.J., Ann.Phys.(N.Y) 326 (2011) 516] 

and various other papers authored  
by the theoretical community since then. 

Conundrum remains unsolved! 

New fundamental forces!?! 

Status Regarding 2S-2P Lamb Shift in mH  



Conclusions 



Conclusions 

Interesting muonic hydrogen discrepancies 
[Very technical experiment] 

Theorists have done a lot of work 
[including recoil corrections to vacuum polarization 
and radiative-recoil] 
The effect of the large mass ratio seems to be 
well under control. 

Darwin-Foldy term is excluded from 
the proton radius. 
[...and we can define the nuclear self-energy so that 
the internal proton structure and QED are well separated] 



Thanks! 


