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Applications of PT Symmetry and Pseudo-Hermiticity: 
From the Imaginary Cubic Perturbation to Elementary Particle Physics 



In exploring nature, 
a possible starting point is the  

beauty of mathematics! 
 
 

British physicist: He/she will do the right approximations, 
identify the essential degrees of freedom and 

arrive at a concise formula to describe the phenomenon. 
 
 

German physicist: He/she will dig to the bottom of things 
using an apparatus that he/she crafted and wielded together  

with his/her own hands. 
 
 

French physicist: He/she will start from mathematics, 
then explore the beauty of mathematics, 

and if, in the end, there is an application to be found 
somewhere, it is purely accidental but welcome. 



I never thought that I would ever work on superluminal physics 
[superluminal: faster than light] 

However, then I made some obervations: 
 

[1.] The superluminal Dirac Hamiltonian,  
whose eigenstates satisfy the dispersion 

E2 = p2 – m2, is pseudo-Hermitian (a PHHQP topic). 
 

[2.] One can solve the superluminal Dirac 
equation in the helicity basis. The results have 

a conspicuously simple and compact mathematical structure. 
 

[3.] There exist sum rules fulfilled by the solutions [2.], 
which allow for a calculation of the 

field-theoretical propagator of the superluminal Dirac field. 
 

[4.] The results [1.]-[3.] are independent of the OPERA 
experiment and hold for infinitesimally superluminal 

neutrinos. They are obtained within the “French“ approach to physics. 



PT Symmetry and Generalized Bender-Wu Formulas 

Negative g: PT Symmetric 



Dirac Hamiltonians 

Hermitian Hamiltonian, Subluminal 

γ5 Hermitian Hamiltonian, Pseudo-Hermitian, Superluminal 

[U.D.J. and B.J.Wundt, arXiv:1205.0521,  
ISRN High-Energy Physics 2013 (2013) 374612] 



Tachyonic and Tardyonic Dispersion Relations 

Massless Tardyonic Tachyonic 



Nothing can go faster than light 
	  

… in vacuum 

… if it carries energy or 
information 

… if it started out slower 
than light 

c	  =	  299,792,458	  m/sec	  
1	  light-‐second	  per	  second	  

	  

Slide: Bob Ehrlich, George Mason 



“Autobahn Paradox” (Known to J.A.Wheeler Already)… 

“Autobahn Paradox”: A left-handed, massive neutrino  
(traveling slower than light) appears right-handed once you  
pass it on a highway. 



 
Wheeler said that the neutrino has to be massless,  
beyond doubt, because only strictly massless spin-1/2 particles find a  
convenient representation in the helicity basis (Weyl fermions). 
 
Wheeler even discouraged experimentalists who intended to measure  
the neutrino mass. The original standard model (SM) predicted massless  
neutrinos; the observation of neutrino oscillations implies SM -> SM++. 



Four possible ways to resolve the “autobahn paradox”: 
 
[1.] The neutrino is strictly massless (Weyl fermion).  
      But: We have neutrino oscillations. 
 
[2.] The neutrino is its own antiparticle (Majorana fermion). 
 
[3.] The neutrino is an ever so slightly superluminal Dirac particle. 
 
[4.] Exotic mechanisms (sterile neutrinos). 
 
Answer [2.] (currently the preferred answer) would imply that the 
neutrino behaves differently from any other spin-1/2 particle in the 
Standard Model. A Majorana neutrino would force us to abandon the 
concept of lepton number: Muon and antimuon (negative and positive 
charge) are their respective antiparticles and decay into (essentially) 
muon neutrino and muon antineutrino. The decay products, however, 
would count as one and the same, identical particle. The Majorana wave 
functions would have to fulfill the charge conjugation invariance 
condition (be “real rather than complex”). 
 
Majorana wave functions cannot simply be of the form exp(-i k.x). 



Question (Answer [3.]): 
 

Are (at least some of the flavor eigenstates 
of the) neutrinos superluminal? 

 
 

Is it possible that, although the OPERA 
experimental claim has been refuted, 

the neutrino could still be 
infinitesimally superluminal? 

 
 

If so, which physical 
consequences would result? 
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Why were tachyons first proposed? 
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Slide: Bob Ehrlich, George Mason 



Superluminal particles remain  
superluminal upon Lorentz transformation 
(Einstein addition theorem remains valid)... 

...and their existence is independent of the 
axioms of special relativity (G. Szekely). 

 
„Conjugate velocity“   u = -c2/v < c   for    v > c. 



Finding the mass of      
in tritium beta decay  

m2 < 0 

The 
image 
cannot 
be 
displayed
. Your 
computer 
may not 
have 
enough 
memory 

The image cannot be displayed. Your computer may not have enough memory to open the image, or the image may have been 
corrupted. Restart your computer, and then open the file again. If the red x still appears, you may have to delete the image and 
then insert it again.

The image cannot be displayed. Your computer may not have enough memory to open the image, or the image may have been corrupted. Restart your computer, and then open the file again. If the red x still appears, 
you may have to delete the image and then insert it again.



Measured Mass Squares are All Negative… 

http://cupp.oulu.fi/neutrino/nd-mass.html 



It may not be (various citations)… 



It may not be… 

Hmmm….. 



Normal (Tardyonic) Dirac Equation 

Plane-Wave Solutions: 



Eigenstates of Helicity [Non-Cyrillic] 



“Tardyonic” (“Normal”) Solutions and Sum Rules 

Well-Known Sum Rule: 



Tachyonic Dirac Equation 

[Chodos, Hauser, Kostelecky, Phys.Lett.B vol. 150 (1985), p.431] 



Tachyonic Solutions and Sum Rules 

Important 
Sum Rule (2012): 





Similar Sum Rules even hold for… 

…TWO tardyonic mass terms… 

…TWO tachyonic mass terms… 

[U.D.J. and B.J.Wundt, arXiv:1205.0521v3,  
ISRN High-Energy Physics 2013 (2013) 374612] 



Underlying Property… 

…two tardyonic mass terms… 
…Hermiticity… 

…two tachyonic mass terms… 
…γ5 Hermiticity (“Pseudo-Hermiticity”)… 

[U.D.J. and B.J.Wundt, arXiv:1205.0521v3,  
ISRN High-Energy Physics 2013 (2013) 374612] 



Hermiticity versus Pseudo-Hermiticity 



The Propagator in Field Theory… 



Again, we need the sum rule!!! 

We need the sum rule!!! 



Mike Summers from George Mason said 
something nice about this derivation, 



The Propagator in Field Theory… 

…tachyonic propagator… 

…tardyonic propagator… 

[U.D.J. and B.J.Wundt, arXiv:1205.0521v3, ISRN High-Energy Physics, in press] 



Negative Norm = Wrong Helicity… 

Important: σ = 1 means right-handed-helicity neutrinos and  
left-handed antineutrinos for which the norm becomes negative…  



Negative Norm = Wrong Helicity… 

One cannot reverse the suppression of the “wrong” helicity states 
because this would lead to contradiction with a smooth massless limit 
[see arXiv:1205.0521v3 for details]  
 
See also an illustrative explicit calculation in arXiv:1201.6300 
for the Dirac equation with imaginary mass, where the effect 
of an inversion of the imaginary mass term is studied. 



Literature… 





η=γ5 



Is the existence of superluminal particles 
consistent with the axioms of special relativity? 

 
[Gergely Szekely, Renyi Institute, 

of Mathematics, Budapest] 



There are a number of recent 
preprints on this subject... 

Published as [Astropart. Phys. 41 (2013) 1-6] 









Neutrinos and Cosmology 

[ISRN High-Energy Physics 2013 (2013) 374612] 



Papers on Generalized Dirac Equations: 
 

arXiv:1110.4171 (relativistic quantum mechanics) 
[J.Phys.A 45 (2012) 444017] 

 
arXiv:1201.0359 (quantized field theory) 

[Eur.Phys.J C 72 (2012) 1894] 
 

arXiv:1201.6300 (imaginary mass and helicity dependence) 
[J.Mod.Phys. 3 (2012) 887] 

 
arXiv:1205.0145 (attempt at neutrino mass running) 

[Cent.Eur.J.Phys. 10 (2012) 749] 
 

arXiv:1205.0521v3 (generalized theory and cosmology) 
[ISRN High-Energy Physics 2013 (2013) 374612] 

 
arXiv:1206.6342 (illustrative discussion) 

[illustrative discussion and conference abstract] 
 



Conclusions 



Conclusions 

(From arXiv:1205.0521v3) 

A  superluminal neutrino could appear to 
solve at least as many problems as it raises. 



Conclusions 



Thank you very much! 



Reinterpretation Principle for the 
Quantum Theory  

...We always have to reinterpret antiparticle 
trajectories by inverting the direction of time and space, 

but for superluminal particles, there is an additional 
difficulty because the time ordering 

of creation and annihilation may be reversed, 
depending on the velocity of the observer. 

 
Possible solution offered in arXiv:1201.0359 [EPJC, 2012]. 


