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1. Consider the mechanical system shown below. Assume that ¢ is the gravitational acceleration.
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(a) Obtain the transfer matrix of the system assuming that the external variables 7 and g are the inputs,
and the angle @ is the output. (15pts)
(b) Obtain either the torque-voltage or the torque-current analog of the system. (10pts)

2. The angular position of the shaft of a motor is controlled by the system shown below.
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The angular position of the motor shaft is detected by a variable resistor which provides a voltage v,
proportional to the angle, such that v, = K,0. Assume that g is the gravitational acceleration. Draw
the most detailed block diagram of the system, where v; is the input, and 6 is the output. Show all the
variables v;, 1;, Vo, %o, 1, Va, Up, ta, 7, and 8 on the block diagram. (25pts)
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1. Consider the mechanical system shown below. Assume that g is the gravitational acceleration.
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(a) Obtain the transfer matrix of the system assuming that the external variables 7 and g are the inputs,

and the angle 6 is the output.

Solution:

First, we identify the linearly inde-
pendent rotations in the mechanical B J1
system and mark them.

NN

radius = r

By v

Then, we write the differential equations describing the motion from the mechanical system.

Ji6y =7 — B16) — K(6, — 6)

Jof = mgr — Byf — K(6 — 6y),

since the attached mass generates a force of mg or a torque of mgr. Next, we obtain the transfer
function by taking the Laplace transforms of the above equations under zero initial conditions.

After some manipulations, we get

(15> + Bis + K)O1(s) — KO(s) =T(s),

and

(Jo5? + Bys + K)O(s) — KOy(s) =mgr(1/s),
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where ©1, ©, and T are the Laplace transforms of 6;, 6, and 7, respectively. After multiplying
the first equation by K and substituting K©1(s) from the second equation, we get

(J152 + Bys + K)((J252 + Bys + K)O(s) — mgr(1/s)) — K?09(s) = KT(s),

or
((J1s + Bis + K)(Jas” + Bas + K) — K2)O(s) = (J1s* + Bys + K)mgr(1/s) + KT(s).
Therefore,
= 1 2 9
O = (7T B T R ¥ Bro s K] R | ™+ Bus+ Kl K] [ T(s) ] '

(b) Obtain either the torque-voltage or the torque-current analog of the system.

Solution: For the torque-voltage analog of a mechanical system, there will be a loop charge associ-

ated with each rotational variable, and an input torque will be associated with a voltage source.
The stiffness constant. the rotational damping-constant, and the inertia will be associated with
the reciprocal of capacitance. the resistance, and the inductance, respectively. The elements
between two rotational variables of the mechanical system will be between the corresponding
loop variables of the torque-voltage analog. The elements that are connected to fixed frames
and the elements that are always measured with respect to a fixed frame, such as the inertia
and the external torque. will be on the non-common portions of the loops.

The next figure shows the torque-
voltage analog of the mechanical sys-
tem, where the loops are identified
with the angles.

For the torque-current analog of a mechanical system, there will be a node flux associated with
each rotational variable. and an input torque will be associated with a current source. The
stiffness constant, the rotational damping-constant, and the inertia will be associated with the
reciprocal of inductance, the conductance, and the capacitance, respectively. The elements
between two rotational variables of the mechanical system will be between the corresponding
node variables of the torque-current analog. The elements that are connected to fixed frames
and the elements that are always measured with respect to a fixed frame, such as the inertia
and the external torque. will be conuected to the ground.

6, 1/K 9

The next figure shows the torque- : { -
current analog of the mechanical sys- ' | l
— 1/B, mgr ‘1’

=

tem, where the nodes are identified - @ A — 2 1/B;

with the angles. f
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2. The angular position of the shaft of a motor is controlled by the system shown below.
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The angular position of the motor shaft is detected by a variable resistor which provides a voltage v,
proportional to the angle. such that v, = K,f. Assume that g is the gravitational acceleration. Draw
the most detailed block diagram of the system. where v; is the input, and 6 is the output. Show all the
variables v;, i;, Vo, 1o, t, Vg, Up. 14, 7. and # on the block diagram.

Solution: To determine the block diagram of the system, we first separate it into simpler components.

Since the input variable is v;, we

- write 2; in terms v;, such that
A—
|
AT

| 1 .
A\' ; Ii(s) = EVz(s), vi ] i

since the operational amplifier is as-
sumed to be ideal.
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Vo Ro o
VWA ! Similarly, we have
. >
—"“4> 1 Vo 1 to
| 1()(3) = E;VO(S). —_ = e
i
i
=
T For an ideal operational amplifier, A
¢ - il - i
e > i(t) = —(i:(t) +140(2)). [
.:J;.__
. c Again for an ideal operational am-
—— plifier.
‘ : 1 [t
— ] [ v (t) = c i(r)dr, ; - v

it va " Cs "

| or )

! Vol(s) = —1I(s

| als) Cs ( )
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The armature current of the motor
can be obtained from the Kirchhoff’s
v R, La o, Voltage Law. where

dé l(f) . Va —ﬁ ta
oy LT R0+ ol8) = valt), YTl
" - Or | Vb
L Luls) = ——— (Vals) - V()
- ' Los+ R,
From the armature-controlled mo-
tor, ia -
>, (1) = Kaia(t). — Ko
» The back-emf voltage of the motor
|
do(t)
oy(t) = Kp—-
Ul)(f) b ar ) o Py w

or
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The torque equation for € is

radius = r ~

' A0, (1)
g ¥ J ETE 7(t) — mgr, ,
T, m: since the mass m generates a force l
of mg on the rope, and the corre- ™
sponding torque is mgr. So, -
T + _1— 8
1 Js2
| O6) = =5 (T(5) = (mr)g).
And. finally the given relationship
é Vo
vo(t) = K,0(t). — K —

When we connect all the individual blocks together. we get the following block diagram.

3. For the block diagram given below. determine the transfer function either by block-diagram reduction or
by Mason’s formula. Show your work clearly.
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Solution: If we choose to use the block-diagram reduction, best approach is to reduce the block diagram
step by step. until we obtain the trausfer function.

G3
-
T
AR
R B
u C.i_\ c ’/{X Ga + v
AU L N 1- Gy U

Gy

G3

G+ Gy -

— Gs
“ JL I ; y
- G

1-G» 1-G3
“ (G20 + Gy) + Gall = G2))/((1 = Ga2)(1 = Ga)) y
L (GG + Gy) + Gyl = G2)) /((1 = G2)(1 — G3))G3)
w G (G + Gg) + Ga(l — Ga) v
(1 = Ga)(l — Gg) = (Ga(Gy + G4) + Ga(1 — G2))G3)

If we choose to use Mason’s formula, we nced to draw the signal flow graph of the block diagram.
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Y140
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In drawing the signal flow graph. the wnity gains are subscribed for easy tracking of the gain expres-

stons. The forward path gains are

Fi = 1112G1G2131415 = G1Go,
Iy = 1112G413Gal314ls = GGy,
and
Fg - 11126’415171415 = G4.
The loop gains are
Ly = Golyy = Gy,
Lo = 1,G1G21314G31lg = G1G2G3,
Ly = 12G413G01314G3lg = G2G3Gy,
Ly = 12Gylgl714G3lg = G3Gy,
and
Ls = 1:14G31yy = G3.

From the forward path and the lo

Touching Loops

op gains. we determine the touching loops and the forward paths.

Loops on Forward Paths

Ly | Lo | Ly | Ly ! Ly | Li| Ly | Ls | Ly | Ls
L|viviv x| x Rlv|viv|iv| v
Ly viv ivi|v Rlv iviviv] v
Ls viviv FB|lx|v iv| v v
Ly v v
Ls v
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Therefore,

A=1- (L1 + Lo+ L3+ Ly + Ls) + (L1L4 + L1L5)

=1- ((Gz) + (G1G2G3) + (G2G3Gy) + (G3G4) + (G3)) + ((Gz)(G3) + (Gz)(G3G4))
=1- G2 - G1G2G4 - G;5G4 — Gg -+ GQGg,

and
Ay = AM,: Lo=Lyly=Ly=0 = 1.
AQ = A‘L]:Lg:ﬁLg:L,l:Lazo = 1’
As=Al 4 tiricg=1=Ly=1-Go.
So,
Y(s) _ iimx (G105 (1) + (GaGa)(1) + (Ga)(1 = Gy)
Uls) A = Y I =Gy — G1GaGy — G3Gy — G3 + G2G3'’
or

Y(S) G1Go + Gy

U(s) 1 —Gi—G1GaGy — G3Gg — G3 + GoGa'

4. The block diagram of a control systeun is given helow.

Obtain a state-space representation of the system without any block-diagram reduction.

Solution: In order to obtain a state-spacc representation without any block-diagram reduction or with-

out determining the closed-loop transfer function, we need to realize the individual blocks and use
the complete block diagram to gencrate the state-space equations.

SO O T S B 21 _.{ ’_g_
v R S
2(s +1)

s2+s+2 R ——

(a) The feedforward gain (b) Controller realization form.
block.
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1 T

(c) The feedback gain block. (d) Controller realization form.

The connected and “expanded” block diagram is shown below.

....................................................................

After assigning the state variables as shown in the figure, we obtain
Ty = a9,

o= =20 — xo + (u — z3),

15 = =y oty
and
y = 2 + 2,.

After eliminating the y variable from the last state-variable equation, we obtain the state-space

representation
Ii?l(t) 0 1 0 fL‘l(t) 0
Z2(t) | =] -2 -1 -1 z2(t) |+ | 1 | u(t),
fC3(t) 2 2 -1 mg(t) 0
w1 (1)
y(t) =12 2 01| wa(t)
v3(t)
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If we use the observer realization form for cach of the blocks, then we obtain a different state-space

representation.
2(s+1)
P —
s2+s42
(a) The feedforward gain (b) Observer realization form.
block.
- T
0
ity
: -
1
s+1
(c) The feedback gain block. (d) Observer realization form.

The connected and “expanded” block diagram for this case is shown below.

“__.@
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Similarly, we obtain

==y 20+ ‘2(u - :173),
[1 = -—2_’[1 -+ 2(U - 1‘3)~
Uy = —y + Y.
and
y =y
And,
(1) 1 R z1(t) 2
o(t) | =] -2 0 =2 z2(t) | + | 2 | ul),
&(h) L0 1] | zs(t) 0

where u, x, and y are the input, the state. and the output variables, respectively. Determine the transfer
function or the transfer matrix of the svsten.
Solution: The transfer matrix of a control system described in the state-state representation

x(t) = Ax(t) + Bul(t),

v(t) = Cx(t) + Du(t),

18
Fisy=Clsl — A)7'B + D,

where
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and [ is the appropriately dimensioned identity matrix. So,

re=C (L V][ 2]) T[]

_ 1 RN

T st J[s+2
1

:(5+2)2(3+_))

In other words, the transfer function is F(s) = 1 /(s 4+ 2).



3. For the block diagram given below, determine the transfer function either by block-diagram reduction or
by Mason’s formula. Show your work clearly.
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4. The block diagram of a control system is given below.

2(s+1)

s24+s5+2

1

s+1

o

Obtain a state-space representation of the system without any block-diagram reduction.

5. A control system is described in state-space representation, such that

x(t)

y(t)

[—2 0

=[1 1]x(),

0

R ECRY R PO

(25pts)

(15pts)

where u, x, and y are the input, the state, and the output variables, respectively. Determine the transfer
function or the transfer matrix of the system.

(10pts)



