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1. The following requirements are given for a second-order system that is described by the transfer function
Y (5)/U(s) = wi/(s? + 2wns + wp)-

Maximum percent overshoot: 10% < My < 20%.
Peak time: t, < 2s.

(a) Describe and sketch the s-plane regions of the pole locations satisfying the requirements.  (15pts)
(b) Determine the largest possible 2% settling time of a system with the poles satisfying the requirements.

(10pts)
2. Consider the following control system.
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(a) Determine the set of inputs, such that the steady-state error e(oo) is zero. (10pts)
(b) Determine the sensitivity of the transfer function with respect to K. (15pts)

3. Consider the following feedback control system with the reference input r and the disturbance input d.

’"——-@—i» D(s) G(s) F —

For the case when

s
G(S) - s+ 8’
design a minimal-order controller, such that the output tracks the reference input that has the laplace
transform 2(s - 4)
s ——
| RO = @3 nG+D
with zero steady-state error, and a step disturbance is rejected at the output. (15pts)




4. Consider a negative unity-feedback control system with the open-loop transfer function

s2-23+45

O =K ee+ 0

(a) Construct the root-locus diagram for K > 0. Determine all the important features like asymptotes,
break-away and/or break-in points, imaginary-axis crossings, angle of arrivals and/or departures.
(20pts)

(b) Construct the root-locus diagram for K < 0. Determine all the important features like asymptotes,
break-away and/or break-in points, imaginary-axis crossings, angle of arrivals and/or departures.
(10pts)

(c) Determine the values of K such that the closed-loop system is stable. (05pts)
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1. The following requirements are given for a second-order system that is described by the transfer function
Y(3)/U(s) = w2/(s® + 2wns + w?).

Maximum percent overshoot: 10% < M < 20%.
Peak time: t, < 2s.

(a) Describe and sketch the s-plane regions of the pole locations satisfying the requirements.

Solution:
Given Specifications System Constraints Geometrical Representations
01<e V)T o,
|1n(0.2)|
\[(ln(o 2)* + () cos™}(0.59) < & < cos™(0.46)
10% < M, < 20%. [1n(0.1)] or
’ (s = =, 53.76° < o < 62.87°,
v/ (0(0.0))* + (r) N
where a = cos™"(¢) is the angle
or 0.46 < ¢ < 0.59; mefasured from the negative real
axis.
since M, = e~€/V1=¢"" and
2 2
¢ = |In(My)I/+/ (in(p))” + ()"
= <2,
tp < 2. or wd jw| = 7/2 = 1.57,
wa > T/2 since the poles are at
- ' § = —0o * jwa
since t, = 7/wa.

The shaded region describes the region specified by the given requirements.
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Jw s-plane
1 ja
1 j2

28T jw = j1.57
A
o

T jw = —j1.57
1 -j2
1 —ja

(b) Determine the largest possible 2% settling-time of a system with the poles satisfying the requirements.

Solution: The 2% settling-time of the system is given by

4
togs = —-

Oo
The largest settling-time is when we have the smallest o,. From the shaded region of the
sketch in the previous part, we realize that the smallest possible real value of the poles is at the
intersection of the radial line with the angle of 62.87° with respect to the negative real axis and
the horizontal line at w = 1.57. From the geometry, we determine that

tan(62.87°) = ~>1,
Omin
d
an 4 4

t = = ;
2%3111“ O.Om 1.57/ tan(62.870)

in

or the largest possible peak time of the system is 4.97s.

2. Consider the following control system.

10
T € 1 P K WA y
T s+1 w s(s + 5) '\—}-/
1
s

(a) Determine the set of inputs, such that the steady-state error e(o0) is zero.

(b) Determine the sensitivity of the transfer function with respect to K.
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3. Consider the following feedback control system with the reference input r and the disturbance input d.

d

T‘—C‘P_i’ D(s) G(s) ¥

For the case when

: s
Gle) =358
design a minimal-order controller, such that the output tracks the reference input that has the laplace
transform 0 4
R( S) — (3 — )

(s2+4)(s+1)
with zero steady-state error, and a step disturbance is rejected at the output.

Solution: In order to have a zero steady-state error for any given input and to reject a step disturbance
at the output, we need to match the non-asymptotically stable poles of the input and the disturbance
in the open-loop gain of the system. In the case of the given input, we need to have poles at s = +j2;
since the pole at s = —1 of R(s) is asymptotically stable, and its contribution will disappear on its
own at steady state. To reject a step disturbance, we also need to match the disturbance pole at
s = 0, or the system has to be of type-1. However, in this case the gain G(s) has a zero at s = 0, and
a simple pole at s = 0 would be canceled by this zero to end up with a type-0 system. Therefore,
we need to have two poles at s = 0 supplied by the controller, such that the open-loop gain

D66 = (g 7)) (555) = swraeae?@

has a pole left at s = 0, where

1
s2(s2 + 4)
for some D’(s). Since there is no other explicit requirement, we only need to ensure stability by a
proper and simple choice of D'(s).

D(s) = D'(s)

The simplest choice is D'(s) = K for a constant K. We may use a number of methods to check the
stability of the system for this choice, but a rough sketch of the root-locus, as shown below, is simple
enough to see the location of the closed-loop poles.

Q¥




EE 231 Exam#2 Solutions Fall 2005 7

As we observe from the root-locus diagram, there is no value of K that would result in a stable
closed-loop system; mainly because the asymptote angles are §, = £45°, £135°, and there are poles
on the imaginary axis.

In order to have the asymptote intersection and the angles stay inside the left-half plane, we need to
have zeros in D'(s). Since we are placing four poles, we may have up to four zeros in D'(s). With only
one zero, we will still have a similar problem, since the asymptote angles will be , = +£60°, 180°. As
a result, we need to place two zeros to generate a case, where the asymptote angles are 0, = +90°,
and the asymptote intersection is on the left-half plane. For

D'(s) = K(s +a)(s + ),

(s +a)(s +b)
s(s?+4)(s +8)’

D(s)G(s) = K
the asymptote intersection

npi- g _ (8 +(0) + () +(-52) — ((-a)+ (b)) _a+b-8
n—m 4-2 2

Jq —

where 3" p; and Y z; are the sums of the pole and zero locations, respectively. As long as a+b < 8,
we get o, < 0.

Therefore, one possible simplest controller is

(s+a)(s+D)

D(s) = K s2(s2+4) ’

where a + b < 8, and K > 0.

4. Consider a negative unity-feedback control system with the open-loop transfer function

s2—-2s+5

O =K e+ 10

(a) Construct the root-locus diagram for K > 0. Determine all the important features like asymptotes,
break-away and/or break-in points, imaginary-axis crossings, angle of arrivals and/or departures.

(b) Construct the root-locus diagram for K < 0. Determine all the important features like asymptotes,
break-away and/or break-in points, imaginary-axis crossings, angle of arrivals and/or departures.

(c) Determine the values of K such that the closed-loop system is stable.
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