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1. Consider the matrix

/3 0 a
A= 0 /3 b
0 0 =/3
Determine cos(A). Simplify the expressions as much as possible. (20pts)

2. The block diagram of a control system is given below.

- () L | 1 2
o1 o
s+2 [ §+1
s+1 ' s+2
Obtain a state-space representation of the system without any block-diagram reduction. (20pts)
3. A control system is described by
1 2s
Y, U
1(s) s+1 s?2+4s+3 1(s)
Ys(s) : Ua(s) |
8§+ 2

where U = L, [u? = [ U, Us }T and Y = g, [y] = [ Y1 V5 }T are the input and the output variables,
respectively. Obtain a state-space representation of the system with no more than three state variables.

(20pts)
4. A continuous-time linear control system is described by
)= | _y o |=0+| 77 |uo,
y(t)=[1 1]a@)+[1]ud),
where u. @. and y are the input, the state, and the output variables, respectively.
(a) Determine y(¢) for ¢t > 0, when x(0) = [ -5 2 ]T, and u(t) =0 for t > 0. (10pts)
(b) Determine the transfer function of the system. (10pts)



5. A control system is described in state-space representation, such that
z(t) = Az(t) + Buf(t),
y(t) = Ca(t) + Du(t),

where u, , and ¥y are the input, the state, and the output variables, respectively. For the following
A. B. C, and D matrices, determine whether the system is asymptotically stable, marginally stable. or
unstable: and whether it is bounded-input-bounded-output stable or not. Justify your answer.

{a)
0 0 0 0
A=[0 0 0|, y = i Il |5 C=[?g}]1.andl)=[}.
0 0 =1 0 -
(10pts)
(b)
68 1T @0 1 1
A= 8 0 £ I |8 B= |0 |, C:!:g } [l}ll.andD——‘O‘
0 0 -1 1 <
(10prs)
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1. Consider the matrix

/3 0 a
A=| 0 /3 b
0 0 /3

Determine cos(A). Simplify the expressions as much as possible.

Solution: Any function, that has a non-trivial taylor series expansion, of an nth order matrix can be
determined either by its taylor series expansion. where

o0

=332 4

1=

by the use of the Cayley-Hamilton's theorem, where

n—1
f(A) = Z o A'
=0
for some scalars a;, i =0, ..., n — 1; or by diagonalization, where
f(A) =TfT1AT)T!

for a transformation T, such that 7-'AT is in jordan form and the evaluation of f(7'~'AT) is
directly performed.

In the use of the Cayley-Hamilton’s theorem, the scalars are determined by the application of the
eigenvectors to the above equation that results in the set of equations

f(/\l) = Qg +.0-’1/\1 - ”'+&-n—l)\r1]—|'

f(/\n) = ap + a1 A, +“'+an.-1/"\2_l,

where A1, ..., A, are the eigenvalues, and they are determined from
det (AI - A4)=0.
To be able to solve for all the unknown variables ayg. ... . ay: we need to have n linearly independemn

equations. However, when an eigenvalue is repeated. we get the same equation more than once. [n
such a case, we use the partial derivatives of the equations for the repeated eigenvalue with respect
to the eigenvalue, or

dk

m(f()\l) =agt+a N+ + aﬂ_}{\l{l—l)
i
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for k=1, .... r, where r is the number of repetitions of the eigenvalue A;. In our case, n = 3; so
flA)=apl +a1A+ as A%

and the eigenvalues can be observed to be A; 23 = 7/3, since the A matrix is upper diagonal. For
f = cos, the set of equations becomes

cos(\) = ap + a1\ + az\?,
d d
I (cos(/\)) = ﬁ(ﬂ!g + a1 A+ 0’2)\2)

dd—; (cos(A)) = %(ao + ag A+ Of-z/\?)i

cos(\) = ag + oa A + agA?,
—sin(A) = a1 + 2a2A
—cos(A) = 2ay;

or for A =m/3

1/2=ag+ (r/3)ay + (72/9)as,
—V3/2=a + (27/3)
~1/2 = 2a.

Solving the above equations simultaneously, we get

V3r  w? v3 m
Mok & e e o BN
+ 6 36" ay 5 +6, and o 1

1
g = —
0739

As a result,

Il

cos(A)

: 1 0 0 /3 0 a
2
(1+ﬁ—“—) 010 +(—‘/7§+%) 0 #/3 b
00 1 0 0 /3
i /9 0 2ma/3
+ (_-Z) 0 w%/9 2mb/3
0 0 7%/9

After simplifying the above expression. we get

1/2 0 —V3a/2
cos(A)=| 0 1/2 —+/3b/2
0 0 1/2
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2. The block diagram of a control system is given below.

Fall 2006

w i 1 y
s : D I Lo
|
s+ 2 T s+1 l
s+ 1 - s+ 2

Obtain a state-space representation of the system without any block-diagram reduction.

Solution: In order to obtain a state-space representation without any block-diagram reduction or with-
out determining the closed-loop transfer function, we need to realize the individual blocks and use
the complete block diagram to generate the state-space equations.

(b) Controller realization form.

(+r

@ T}
L5 ]
s+2
541 -
(a) The first feedback gain block.
)
s |
s+41 1
s+ 2 B =3

(a) The second feedback gain black.

L
g I I

—

(b) Controller realization form.

The connected and “expanded” block diagram is shown below.

After assigning the state variables as shown in the figure. we obtain

il = Iy — Y3,
T =U— U4}

T3 = —2x3 + 11,

i'.; = —T4 i Yys,
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and

Y=y
where
Y3 =z3+ (—2z3 + 1) = 71 — T3,
Vs = 2x4 + (—T4 + y3) = 1 — 23 + 74.

After substituting the y3 and y; expressions into the differential equations and writing them in
matrix form. we obtain the state-space representation

&1 (t) -1 1 1 0] (=) 0
il Rl e B I PO
() 10 -1 1] | z4(t) 0
z1(t)
y(t)=[1 0 0 0] zjgg
z4(t)

If we use the observer realization form for each of the blocks, then we obtain a different state-space
representation.

T

= -1
§—2 |
o s+1 :

(a) The first feedback gain block. (b) Observer realization form.

B |
&

U

T

The second feedback gain block. (b) Observer realization form.

(a



EE 431 Exam#1 Solutions Fall 2006 5/12

The connected and “expanded” block diagram for this case is shown below.

)

Similarly, we obtain

1 = T3 — Y3,

Ty =u— Y4,
3 = —2y3 + 13,
T4 = —ya + 2y3,
and
Yy =2
where
Y3 = T3+ 21,

Y4 =Ty +Yys =1+ T3 + 4.

After substituting the y3 and y4 expressions into the differential equations and writing them in
matrix form, we obtain another state-space representation

&1(t) -1 1 -1 077 =@ 0
#t) | -1 0 -1 -1 za(t) 1 ,
i) | =] -1 0 -2 o[z |T]o0 |
T4(t) I & 1 =3]]| z4(2) 0
z1(t) |
- za(t)
yt)=[1 0 0 0] £508)
z4(t)
3. A control system is described by
I 2s
Yi(s) | s+1 s2+4s+3 Ur(s)
- 3
YQ(S) 3 D) UQ(S)

where U = [ [u] = [ Uy Uy ]T and Y = [ [y] = [Yi Ys ]T are the input and the output variables.
respectively. Obtain a state-space representation of the system with no more than three state variables.
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Solution: From the transfer matrix, we observe that even though we have two inputs and two outputs.
the second output is decoupled from the dynamics of the first output; since the poles are distinct.
As a result, we may be able to realize the two output dynamics independently and factor out the
common denominator for the first output.

g )= w2 ][50

Yi(s) = (s+1)(s+3)]_1{ s+3 2 | [

When the denominator polynomial is realized in the observer realization form, the two elements
in the numerator matrix can be generated independently as the feedforward terms in the observer
realization form.

1 = ! =
; \Wib :
—‘ -3 -4
1
2 +4s+3 | - T l
(a) The feedback portion. (b) Observer realization form.

When the two elements in the numerator matrix are generated as the feedforward terms, we get the
following block diagram.

ugz

uy

y

T2 1 1

w | e

H>

The realization of the second output is straightforward; and when it is combined with the first
output, we get the final form of the realization.
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Next, with the assignment of the state variables as shown in the figure we obtain

T = —4dx| + T2 + Uy + 2us,

To = —3x1 + 3uy,

.'.\‘-'.'3 = —2.’1:3 + 3‘&‘.3,
and

Y1 = 1y,

Y2 = I3.

After expressing the above equations in matrix form, we get the state-space representation

:'L'1ft)* —4 1 0 zy(t) I 2 (t)
Bat) [=] =3 0 0| z(t) |[+]3 0 [_”"(, ]
&3(t) | 0 0 —2 ] | z3(t) 0 3 |L%®

1 "z (t)
wlt) =[1 0 0] zl(t)
[yg(t)_ 00 1 mi(t)

4. A continuous-time linear control system is described by
: 0 2 -1
)= g § |20+ | 7] ]uo,
yt)=[1 1]=()+[1]u),

where u, z, and y are the input, the state, and the output variables, respectively.

(a) Determine y(t) for t > 0, when z(0) = [ -5 2 ]T, and u(t) =0 for t > 0.
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Solution: The general solution to the state-space representation of a system described by
z(t) = Az(t) + Bu(t)
y(t) = Cx(t) + Duf(t)

is obtained from .
x(t) = ex(0) +f et Bu(r) dr,
0

where

et = g7t [(sI — A)7] ().

Here, I is the appropriately dimensioned identity matrix. In our case,

A:[_g 3} B=[_]i], C=[1 1], D=[1],

and u(t) = 0 for t > 0. As a result, the integral term in the solution of z is identically zero.
To determine !, we may use a few different methods. However in this case, we will use the
method based on the Cayley-Hamilton theorem. In this method, we observe that ' may be
described by a linear combination of A¥ for k=0, ..., (n — 1), so that

eM =gl + a1 A+ + ap 1AL,

where [ is the appropriately dimensioned identity matrix, n is the dimension of the system, and
ag. ..., 0n—) are scalars. The scalars are determined by the application of the eigenvectors to
the above equation that results in the set of equations

eMt = ag+aAL+ 0+ aﬂ_p\rll_l,

At -1
et =ag+mAdy+ o+ an—1Ay

where A1, ..., A, are the eigenvalues. To be able to solve for all the unknown variables ayg, . ... ay:
we need to have n linearly independent equations. However, when an eigenvalue is repeated,
we get the same equation more than once. In such a case, we use the partial derivatives of the

equations for the repeated eigenvalue with respect to the eigenvalue, or

dk ( At 1

— e =ap+ oA+ an-1A] )

d)\f 0 1M n—1Y
for k =1, ..., r, where r is the number of repetitions of the eigenvalue A;. In our case, n=2,
S0

et = ol + a1 A;

and the eigenvalues are calculated from

X -2

det(A\] — A) = det [ S 5

]=A2+4=0.
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or A2 = £j2. The set of equations becomes

At
e =[ap+a A —
[ ] A=+752 [0 : ]’\"*'32

[e,\: ])\:—j2 = [0+ @A ] =_jo-
In our case,
el = ag + 1 (52),
eIt = g 4 a1 (—52).
Solving the above set of equations simultaneously gives
ag = (€% + e77%) /2 = cos(2t),
ay = (&% — e'j2‘)/(4j) = (1/2) sin(2t).

As a result,

sin(2
Jﬁ=%1+mA=aM%%é ?]+ummm@w[_gg]={_§ﬁi§Ciég].

Since u(t) =0 for ¢t > 0, we have

e B cos(2t) sin(2t) -5
y(t) = Ce''a(0) = [t 1] [ —sin(2t) cos(2t) } [ 2 J
= [ (cos(2t) —sin(2t)) (cos(2t) + sin(2t)) ] [ _g ]
or
y(t) = —3 cos(2t) + 7sin(2t) for ¢ > 0.
(b) Determine the transfer function of the system.

Solution: The transfer function of a control system described in the state-state representation
&(t) = Az(t) + Bu(t),
y(t) = Cx(t) + Du(t),
is

F(s) = C(sI - A)"'B + D.

Therefore,

st 3 3[4 [ 2[4

~(gg) Lo-2 w421 7]

In other words, the transfer function is F(s) = (s% + 8)/(s? + 4).
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5. A control system is described in state-space representation, such that
z(t) = Az(t) + Bu(t),
y(t) = Cx(t) + Du(t),

where u, @, and y are the input, the state, and the output variables, respectively. For the following
A, B, C, and D matrices. determine whether the system is asymptotically stable, marginally stable. or
unstable; and whether it is bounded-input-bounded-output stable or not. Justify your answer.

(a)
0 0 0 0
A=lo o o|, B=|1], C=[(1) 8 é],andDz[}.
0 0 -1 0

Solution: Inorder to determine the stability of the system, we first need to determine its eigenvalues
or poles. Since in this case, the state matrix A is diagonal, we observe the eigenvalues directly
from the diagonal elements as A\; = 0, Ay = 0, and A3 = —1. The eigenvalue A3 has a negative
real part, and it would generate an asymptotically stable response. The eigenvalues Ay and A,
are both zero, and each would generate a constant response individually. However. if they are
cascaded, a constant response generated by the first one would result in a ramp response by the
second one. In this case, since the state matrix A is diagonal, the two zero-valued eigenvalues
don’t affect each other, or they are not cascaded. Therefore, each of the eigenvalues A\, and \;
would generate a constant response resulting in a marginally stable response. Since there are
no more eigenvalues, we conclude that the system is marginally stable.

In order to determine the bounded-input-bounded-output stability of the system, we may de-
termine the transfer matrix and observe the poles of the system after all the reductions. The
transfer matrix of the system is given by

L [y](s) = (C(sI - A)'B+D) & [u](s)

where £ [(-! ] (s) is the Laplace transform, and I is the appropriately dimensioned identity matrix.

In our case,
0o i1l @ 0 6 1[0
G(sf—A)*lB+D=[1 0 0] 0 s 0 1|+0
| 0 0 s+1 0
. - 1/s 0 0 0
N | I R N U
- L 0 0 1/(s +1) 0
i s o
001 0
_thO_Llés ‘[0]'

We realize that the transfer matrix elements are all zero, therefore the system is bounded-input-
bounded-output stable.

In summary, the system is marginally stable, and it is bounded-input-bounded-output stable.
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0 1 0 1
A=|10 0 0], B=19 1, C=[31?],andD=D.
0 0 -1 1

Solution: Since the state matrix A is upper diagonal, we observe the eigenvalues directly from the

diagonal elements as A\; = 0, A\p = 0, and A3 = —1. The eigenvalue A3 has a negative real part,
and it would generate an asymptotically stable response. The eigenvalues A; and Ay are both
zero, and each would generate a constant response individually. However, if they are cascaded.
a constant response generated by the first one would result in a ramp response by the second
one. In this case, since the state matrix A is in jordan form, the two zero-valued eigenvalues are
cascaded, and they affect each other. Therefore, the state corresponding to A» would generate a
constant response, and the state corresponding to A\; would then generate a ramp response. As
a result, we conclude that the system is unstable.

In order to determine the bounded-input-bounded-output stability of the system. we may de-
termine the transfer matrix and observe the poles of the system after all the reductions. The
transfer matrix of the system is given by

L [y](s) = (C(sT = A)7'B+ D) & [u](s)

where £, [ (1](s) is the Laplace transform. and I is the appropriately dimensioned identity matrix.
One method to determine the inverse of (sI — A) is to use row operations on the augmented
matrix [ (sT — A) I] to generate [ I (sI—A)~!].

s 0
0 s 0 0 1 0
0 1

[ 8 -1 0 1 0 0 ]
—— 0 0 1/s 0
0 1 0 0 1/(s+1) |
1 s 0 1 1/s 0 ]
— 0 1 0 1/s 0
|0 1 0 0 1/(s+1) ]
[ 1 0 1/s 1/s? 0 |
— 0 1 0 1/s 0 .
0 1 0 0 1/(s+1)
Therefore,
"0 1 0 [ 1/s 1/s* 0 1
C(sI—A)'B+D= 011] 0 1/s 0 0|+0
. L 0 0 1/(s+1) 1
SR BN
[0 1 1] gy 1/(s +1)
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We realize that only one pole of the system is visible in the transfer function; and it has a
negative real part. Therefore, the system is unstable, and it is bounded-input-bounded-output
stable.



