Sec. § Ob\iq{u& Triansles

_CO\'\\!eh*J‘lonS . 'Iv\ an a,rloﬁfar_tj t’(itmjle, ABC y we. wl“ dencte 'l'h.e
side oWoslte. vertex A bﬂ a, the side oﬂaosite vertex B bj b,
and the side owos'd;e vertex C iotj c. Furihermore, we will use the
Same s:ym[ao\ }o dende both a side and the \e.va‘rh of that s;o\g,}
ond. the same Samlaol Yo dencte a verfex and the wmeasure of the
interior Mﬁ[e af dhat vertex.

The Law of Sines : Lebt ABC be ou«\j tvla.nsle. “Then
b _ c

S ———————— ]

a' —_— e or—
sin(A) sin(B) sin (C)

The Law of Cosines - Lot ABC be any '[:r{o.nj‘e. Then
o+ Ll - Za.bcos(C) = c,z)
LL + cz - l.bccos(A) = a.z)

S o - 2acos(B) = b




Notes -

4. ITn a v(sk‘\; '{:r(a.wﬁie, with kJ?o-l:enuse c, the law of sines
reduces to the Yia\r\:b {wua.ndle definition of sine :

N b c a . .
- - <:-,..‘> - = Sin (A) aM\ é= = S‘l‘-’l(B)
sin(A sm(B sn(90°) c ¢ '
(A sim(B) — NG /
hyp

2. The thee Sovmudas in the law of cosines can be expressed verball 4
as Sollows. The Square of any side of a triangle is eq(ua] tothe sum
o the squares of the other two sides minus {wice the ?roo\uct of

+hese 4wo sides and Yhe cosine of the M(jl@ onoS't{'e- the Fist sde..”

3. Ina r{3\m’c ‘br'\axﬁ\e, with l'tj?o'\:ehuﬁe c, tes(C)=cos(3°)= 0
So "H‘e Law US: (',o{mes Yed.uces "'b (Pj*\‘ko.zofu,.s’ 'H\-&O‘l'e-m:

r

2 2
a,zi- ‘91-— za\ocosLC) = c,z' = a t L = C .



Proof of the law of sines: Leb A dencte the lo.rsest Ma‘e wn e
'briams\e, ABC and place A n standard positien.with side ¢
a_lens e ?osiﬁ\le. X-oxis . 9\'0? a Fe\'?ewdicda.r from C +o dhe
X-axis and denote Lj D the oot of this szPeno\iw.lq.r, Let
?(x,-j) be the ?o'mt where the Yerminal side of A wtersects the

umb cirde .

133 simlax triamﬂ(&s and the unit cirde defivition of sine,

cD ¥ = 5’m(A) so ¢y = bsin()\) . (3R)

-_—
i — — g

b |
Tn fhe YiS\'\i’/ triangle cDB, sin(B)= ZPE = [
hv‘o a
CD = as'm@) (Jede) . Ec‘(unﬁnﬁ the 4wo ex‘)'re,ssiong fox CD

) and (k) 5;e,lo\s a,sin(B)-: bsin(A) ) and. fw“'“ﬂ““ﬁ ‘3\“’?—9

(4% o _ _b
sim(A) sm(B)

Next ) o‘rwose @ ?O\V\t E on side o Su.cl« that AE s ?evPen-



dicdar to a. (-—\1\;5 is ?ossible. smce B and C ave acute ama[es.)

b 7\“’
oA

Then \05 fis\r\.{'/ tﬂa’“ﬂte’ 'tﬂynomeb’j ,

AE | gn(C) e f:g.. - sn(®)

So b‘Sin@f): -A—E = C.SintB)_l R.e.omro.v\gmg %‘wes
b

(Fek k)

— C
——————  ge—

sm(B) sin(C) .
Combining Gek) and (bsck) leads do the desived condlusion:

a b 3

3 i —— .

@) | sm@® ()



Prook of the law of cosies: Place the anjle A of the ‘briamjle ABC.

n standaxd ?osiﬁon so that side < lies aJons the Fosibiue. X-axis.
Leb (1,9, dencke the coovdinates of C. Let P(x,y) dencte the.
mt ntersection of the terminal
side of aﬂo\e— A with the unit cicde .
83 similar t.Yiams\es and the wnit
civele defintbions of the ‘b(is funclions

.

3| = -5‘1- = SM(A)

X1 o= X = cos(A).

Therefore the coordinales o C ave (bessd), bsin(A)). The. coordinates
of B ave (¢0). 85 the, formula for the distance between +wo peints

n the ?\OM?, we have
& = B = (%% + Y- 3,)‘ = (c-Lcos(A))zﬁ- (o—\os;n(mz.

SImF\i%‘mcb Lﬁields
0:- — c?_ -— ZLQQC,QSLA) + LZGOSZ(A) } bZSIWZLA)

= ¢ -2beeos(A) & \;Z(Cosz (A)¥ sin(A))

a =
o= b”+ ¢ -—'J..lyccos(M .

The o,vﬂle A and its ewosibe side @ were neb assumed fo possess
any singular froperties . Therdeve the Same a{jmev\{; con be
o.w\::uk Yo devive the other two formalas in the law of cosines .



Exa.m¥\e A : “Two sides of a ?ara,lleloﬁmm make an a.nﬁlc of 64,
“The [a\s{—hs of the two sides ave 21 and 33 feet. Find the

\ev\sl*h of ¢ach ol,[a..aom,{ .

Since wWe Rnow two sides

and Hhe included aMStc_, We.
0‘“"3 the law of cosines +o
+the 'l:viartjle ABC:

Solwb:ov\ °

oF= by - 2beeos(A)
= (33)14- (:u\,’_ 2(33)(2") eos (5¢°)

= 715 33

There fore \a.é 26.75 feeﬂ.

C a=z2at’ D To $ind the second At‘agoml us‘mg the law
', of cosimes, we will need anale, C:
33,=d, o o °
C=180 - 54 = 126 .
A B ‘Tke“ a,?v\fs.w\_% ‘HN© laM) 0‘? CDS’;MS 3‘“’35

CZ': a}'.{- d,z- 2. a.dces (.C3
= (3_;\2' + @3)7' - 9{2.1)(33)605(] 26")

< a842.30

Therefore, the seeond diagonal is | ¢ = 53.3 ?eeb‘.




Example 2: To find the distance betucen fwo points Aand B

on op osite si1des D‘F a rivw, we measwre the distance from A
46 C Yo be 220 feel, the a.nﬂ\o CAB +o be ‘180‘1-0,) ond the

anale ACB 4o be 41°3¢/, COMTUJ:& the distance AB.

®

Solukion ¢

(¥ivee)

&

o / qg
4130

C 2204, ‘A

Since we Rrew Ywo aws\e.s and the included 5;0\:} we aﬂ"})
the law of sines to fmd AB =c-

C = __L _% ¢ = M
sin(C) sin(®) *n B)
- (22.0) sin (4-\° 30’)
sin(39°50")

H-

227, b Ffeet




Exam?\e 3. A -tmnsu,\ax Ylo{: of land has sides of [e.nsl—hs
420 feek, 350 feeb, and 180 feeb. ﬁwroximwl:e the smallest
anj\e bebween the sides.

A
Soladion ,

350 -.::L c.——'lao,

C a= 4.%’ B

Since We axe zb‘wem the three sides of 'Lv—ia.nsle ABCI We
wse the law of cosmes Yo find the o,hﬁle C oProsi\;e, the,
shorbest side c:

Ceath - 2abeos(C) .

So\uiv\% for cos (€) gives

2 3 +
(',OS(C) = a + L - i_
la.b

(420\2' ¥y G 50) — (m)"
2 (420)(350)

i

= .,90L4L26

'ﬂw{e,fofe, C = QAveCos (.‘ioL‘i-(,?.G) — 2‘*‘.‘?86 = 2+°5’Q/ .




L-é/t ABC b@.- Ma 'l}Y((MS\e—- -Tke-ﬂ ’er avea. 05: ABC ;S:

(@) one-hal§ the ?\roo\uc’c of the levﬂ-l'hs of any fwo sides
and the sine of the a.nﬂ(e between them 3

(L\ {_ s (5 —a.)(s—lo)(s—ﬂ ‘. wheve s is the seml-yerlmel'er

of the triongle : S = “v+2+<-.

Examge 4 : Find the aveos of the 'tYiwAﬂles sﬁsfjlng the

%'ww data .
(&) O =27, b= 36, c=49.

by a=e1, c=14, B=74.

Solulion: (a) Since all fhree sides are Rnown, we can use
Nexen'’s formula :  Avea = J s (5-0)(5-b)(5-¢) where
arbre _ 21436+ 4 _ o fhen

S= =
B 2.
Areo = JS'L(M)(?\(") = 477335 =|28{Xo =438
f
87 45

G)\ We use the ?riYwiPle, (&) n the theovem ot the ‘l'o]) of this
-

Afea,: ..l?:a'c/gb\('BS = J};(S’?XH’)SIV\ L7+°) =| 09 5?“(74'03 = 535.1-




Proot 0; @) : Leb A denote the ld—fﬂat, @ﬂj‘fa in the ‘tﬁMS(e, ABC,
'P(au, A m S’m,mlaura\ ?osi'l:ier\ w'rH\ S;A.& c alms 'H«e Posiﬁve, .X-ax'.s,
:'Dro? a ?efveno\ic\alw( 'ffom C 4o ihe X-axis a.no\ o\eno{:e. J’fj D
the Fook of this Pe'r?eha\icuiaw ., Choose a peivt E om the side a

C such that AE is ?ef{:aolicuhr
I E 4o side & .Then unit cicle and

U \lb‘ﬂ-x fiaht trvangle tn onomety %'we,
5 ghv tangie IS J

D A ¢ B p-S the Foll ouﬁns velakions:

_Z?—;- = sm(A) s0 P = bs(A), k)

AE _ i@  so RE = csin(B),  Go#
c

RE s ¢y %o AE = bsin(C). (¥
- =

U.sima the basic fovmda Area = J,-_(base)(keijk{:\ for a U{MJ le +03e,+kev
wi (K | Gek), and (X %) Sive,s

Avea = E(Eﬁ)(ﬁ) = Ji(bsin(M)c, = Jilgcsiu(A\ )
Avea = é(ﬁ-;_é)@z) = Ji(csin(B))a,-; _\__z.-q,c.sin(B),

hrea = LFEYFE) = Hlosn@a = 4 ab s (C).



Prook of Hevon’s {Brmula (bY:  From ?M-l-, @ the avea of -hria.yﬂle, ABC

1S %‘ww ‘bb
(k) Avrea = _‘-lacsin(A) :
Bwt ‘Hle [ww o; cosmes tm?‘t.es
bt e - a
() eos(h) = —=
Awlt:)mﬁ the 'Pj H\a.oaorean td@wb\{'j and (1) anles
(%) sa(h) = 1 - oA
" i -a \*
= \[ I~ ( 2be )
- I'@_lpc.)z—- Uoz'-kc.l-a?' *
- 2be '
vas‘c&u!u Lrom (k) into (K) and Stm?\t{:jt“j u.S\nS the identities
x-y =(’<'5)(X+j) ard k2 ry = (xty) leads bo

Aveo. = _\I(zbc.)—(biro o)y
4

- _l_ \/T;LC' ~(b "+~ ")][_zlac +rbrc- a‘]
1 J [ o~ (b-cy ][d’*‘c) - o ]

([a. ~b- c)][u- b- c][ b+c.~a.][b+o+a.]

n

-= J(“":ﬁ’“’x B G Gy
= {GWs-)e)s -




