
Mathematics 325 Final Exam 
Summer 2000 

Name : 

This final exam consists of seven problems of equal value. Please choose 
how much you want this exam to count by circling one of the following 
statements. 

I want this exam to count 200 points. 
I want this exam to count 300 points. 

1 .  Classify the following partial differential equations as hyperbolic, 
parabolic, or elliptic, and if possible, find the general solution in the 
xy-plane. 

I -  ( a )  - 3 u  - 4 u  = o  xx XY YY 'B2-+he= 9-4(t)(-+)>o +$yp&& 4 t 

5 5  ( b )  Uxx + U YY + 2u * Y + 36u = 0 8'-+&C= +-SQU)  + ,  



2. (a) Write, and simplify as much as possible, the solution to 
u = 
tt 

u in the xt-plane which satisfies 
X X  

- x  
2 -x 

2 
u(x,O) = e and u ( x ,O) = -2xe t for -a < x < m. 

(b) Sketch profiles of the solution to part (a) for times t = 1 ,  
t = 2, and t = 3 . 

(c) Derive a general (nontrivial) relation between 4 and w which will 
produce a solution to u = u in the xt-plane satisfying tt x x 

u(x.0) = +(XI and u (x.0) = ~ ( x )  for -a < x < a 
t 

and such that u consists solely of a wave traveling to the left along the 
x-axis. 'L 

3 ("1 (~'~luJud ) 
, %+t 

- % 

13 (C) 
x - t  0 



3. Find the solution to 
u - u  = O  for-ooc 
t 

x < m , O < t < I n ,  
X X  

which satisfies 

u(x,O) = x 
3 for - a ? <  x < a . 

You may find the following identities useful: 



4. (a) Let f and be piecewise continuous, absolutely integrable 
functions on (-m,m). Use Fourier transform methods to solve 

2.4 
u + u  = 0  f o r - m < x < m , O < y < a , ,  
X X  YY 

subject to the boundary condition 
u(x,O) = f(x) for -a, < x < a, 

and the decay conditions 
lim u(x,v) = 0 for each x E (-a,,m) 
Y-a3 

and, for each y > 0, 
[u(x,y) 1 5 Jyt(x) 1 for all -w  < x < w. 

b ( b )  Compute an explicit formula for the solution in part (a) if the 
function f is given by f(x) = 1 for 1 x 1  < 1 ,  and f(x) = 0 otherwise. 

- lily 
e = 3 (E +$3) c.1 4 3  . 



5. S o l v e $ u = O i n t h e u n i t c u b s C : O < x < l , O < y <  l , O < z <  1 ,  
s u b j e c t  t o  the boundary c o n d i t i o n s  

3 u ( x , y , O )  = s i n ( n x ) s i n  ( n y )  f o r  0  5 x 5 1 ,  0  5 y  5 1 ,  
and u  = 0 on the o t h e r  f i v e  f a c e s  o f  the cube C .  



2' 6. (a) S o l v e  8 u  = 0 i n  t h e  u n i t  d i s k  0 5 r  < 1 s u b j e c t  t o  t h e  boundary 
c o n d i t i o n  u ( 1 : 8 )  = 1 i f  0 < 8 < rr and u ( 1 ; 8 )  = 0 i f  -rr < 8 < 0. 

( b )  What i s  t h e  v a l u e  of  t h e  s o l u t i o n  t o  ( a )  a t  t h e  c e n t e r  o f  t h e  
d i s k ?  J u s t i f y  your answer .  

T 
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7. (a) Show that the Fourier cosine series of the function # given on 
2 7 ro,ii by #(XI = x (1-x12 is 

3 4 I ~ G \ =  xa-2% + x  
Q, 3 

1 -3cos (2mnx ~'k) 5 2% - 6xL+ f x  

G ( b )  Does the Fourier cosine series of Q, converge to C#I uniformly on 
CO,ll? Justify your answer. 

(c) Solve 
y"'(r)r - I2  4- 24% 

'I 
I 

Utt = u for o < x i 1, o i t < m, f'(F)= 24 
X X  

subject to the homogeneous boundary/initial conditions 
u (0,t) = 0 = u (1.t) and u (x,O) = 0 for 0 < t , 0 i x < 1 ,  
X X t 

and the nonQmogeneous initial condition 
2- u ( x , O )  = x ( 1 - x )  2 f o r  0 5 x 5 1 .  

b ( d )  Is your solution to (c) the only possible one? Give a complete 
justification of your answer. 0 v 
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