Mathematics 325 Final Exam Name: Dr. &vow
Summer 2006 (2 pts.)

On this examination, you may use the accompanying table of Fourier transforms and the statements
of the Fourier series convergence theorems. In addition, you may find useful the following identities for
the Laplacian of  in polar and spherical polar coordinates, respectively.
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1.(25 pts.) Solve 4f'u, +3x’u, =0 subject to the initial condition u(x,0) =x® for all real x. Sketch the
region in the xt—plane where the solution to this initial value problem is uniquely determined.

2.(25 pts.) Classify the type (hyperbolic, parabolic, or elliptic) of the linear second order partial
differential equation u, -2u, +u, +u,~u, =0 and find, if possible, its general solution in the
xy —plane.

3.(25pts.) Solve u,~u_ =0 in —w<x<wm, 0<f<ow, subjectto u(x,0)=x> for —w<x<w

(Note: You may find useful the following facts: I pe""zdp =0, 2 I p’e””zdp =z = Ie"’]dp.)

4.(24 pts.) Use Fourier transform methods to derive a formula for the solution to
u,—c*u_=f(x,f) in -w<x<w, —0<t<w,
subject to
u(x,0)=¢(x) and u,(x,0)=yp(x) if —co<x<0o.
(Note: If you cannot solve the inhomogeneous problem then, for half the points, instead solve the
homogeneous equation u, ~c’u_ =0 in the xf —plane subject to the initial conditions above.)

5.(25 pts.) (a) Show that the Fourier series of the function f(x)=x(2~-x) on [0,1] with respect to the
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(b) Show that this Fourier series of f converges uniformly to f on [0,1].
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(The exam problems are continued on the back side of this page.)



6.(25 pts.) (a) Find a solutionto u, —u, =0 for 0 <x <1, 0 <f <o, which satisfies

u(0,6)=0=u_(1,¢) for 20, and u(x,0)=x(2-x), 4,(x,0)=0 for 0<x<1. (Hint: You may find
the results of problem 5 useful here.)
(b) Show that there is at most one solution to the problem in part (a).

7.(24 pts.) The material in a spherical shell with inner radius 1 meter and outer radius 2 meters has a
steady-state temperature distribution. The material is held at 100 degrees Centigrade on its inner
boundary. On its outer boundary, the temperature distribution of the material satisfies ¥, = —x where x
is a positive constant.

(a) What is the temperature distribution function for this material?

(b) What are the hottest and coldest temperatures in the material?

(c) Is it possible to choose « so that the temperature on the outer boundary is 20 degrees Centigrade?
Please support your answers with reasons.

8.(25 pts.) Find a solution to
2 2 :

Q:—+—1-@+—12-a—2u-=0 for 0<s<l, —mw<t<m,
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subject to the boundary conditions

u(s,m)=u(s,~r) and u(s,7)=u,s,-r) for 0<s<1
and
u(L)=1+sin’(t) for -z <t< .

(Please note that the solution # must be defined and continuouson 0<s <1, -7 << n.)
Bonus(10 pts.): Is there at most one solution to the above problem? Support your answer with reasons.



o A Brief Table of Fourier Transforms
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X" + )X =0 in (a, b) with any symmetric BC. )

Now let f(x) be any function defined on a =< x < b. Consider the Fourier serics
for the problem (1) with any given boundary conditions that are symmetric. We
now state a convergence theorem for each of the three modes of convergence.
They are partly proved in the next section, ‘

Theorem 2. Uniform Convergence The Fourier series 2 4, X,(x) converges
to f(x) uniformly on [a, ] provided that
(i) f(x), f(x),and f"(x) exist and are continuous for a = x < b and

(i) f(x) satisfies the given boundary conditions.

Theorem 3. 12 Convergence The Fourier series converges to f(x) in the
mean-square sense in (g, 5) provided only that f(x) is any function for which

L ’ |f(x)? dx is finite. . 8)

Theorem 4. Pointwise Convergence of Classical Fourler Serfes
(i) The classical Fourier series (full or sine or cosine) converges to f(x)
pointwise on (a, b), provided that f(x) is a continuous function on

a = x = band f’(x) is piecewise continuouson as x = b.
(ii) More generally, iff(x)itselfis only piecewise continnousona = x < b
and f"(x) is also piecewise continuous on a < x < p, then the classical
Fourier series converges at every. point x (—® < x < ), The sum is

3 A X () =4 fx+)+fix—)]  foralla<x<bh (9)

The sum i § [ fox(X+) + foxe(x—)] for all —® < x < ®, where fri(x) is
the extended function (periodic, odd periodic, or even periodic).

Theorem 4». Iff(x)is a function of period 2/ on the line for which f(x) and
f7(x) are piecewise continuous, then the classical full Fourier series converges to
HSGeH) + fx=)} for =0 <x <o, .
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