Mathematics 415 Final Exam Name: ':D’E. C‘[mﬂ

Fall 2007

This is an open-book, open-notes test. That is, while solving the problems on this examination you may
refer at any time to your textbook, Royden’s Real Analysis, or to the lecture notes you have taken for
Math 415 this semester. The total number of points on this examination is 300.

1.(50 pts.) Let f be an absolutely continuous, 1-periodic function on the real line such that
f' e [0,1]. Show that:

(a) the Fourier transforms of ' and f are related by f '(n) =27in }(n) for all integers #;

}-(n)ezzrim

o0

(b) f has an absolutely convergent Fourier series: Z
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2.(50pts.) Let E be a Lebesgue measurable subset of the real line. Show that

E —-&,X+

lim m(EN(x-¢,x s)
£* 2e

is 1 a.e. on £ and 0 a.¢. on the complement of E.

3.(50 pts.) Let m denote Lebesgue measure on (0,e0). For any Lebesgue measurable subset £ of
{0, ), define

E)y= i—%— J- xdm,
nst # EN{n.n+1)

1
1, (E) = j — dm.
Ef{i.} x
Is m absolutely continuous with respectto g, 7 Is u, absolutely continuous with respect to g, ?
Explain why or why not, and find the corresponding Radon-Nikodym derivatives, if they exist.

Problems 4 through 6 are interconnected and refer to the group T consisting of the points in the
interval [0,1) with “wrap around” addition. That is, the sum of x and y is the usual sum x+ y oftwo

real numbers in the interval [0,1} if x+ p is less than 1, and the sum of x and y is x+ y—1 otherwise.

(For those of you who are familiar with group theory, T is the additive quotient group R/Z.) The
Lebesgue measure of subsets of T is the usual Lebesgue measure of the real line restricted to the
interval [0,1). When working any of the problems 4 through 6, you may assume the truth of the results
from any preceding problem. (For example, this will allow you to solve problem 6, even if you could
not successfully solve problems 4 and 5.)

4.(50pts.) If £ and F are subsets of T, define E+ F = {H—r ctekE, te F}. The sum of any finite
number of sets is defined similarly, A set £ is called a basis for T if there exists a positive integer N
suchthat E+E+...+ E (N times) isequalto T. Show that every subset £ of T with positive

Lebesgue measure is a basis. (Hint: If £ has positive Lebesgue measure then £ + E contains an
interval.}

5.(50pts.) A character y of T is a homomorphism from T into C*, the multiplicative group of
nonzero complex numbers. In other words, y is function from T into the nonzero complex numbers
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