Mathematics 325 Final Exam Name: Dr. Gow

Fall 2005

1.(25 pts.) Solve the partial differential equation é—ux +(4x+xy)u, =0 subject to the auxiliary

condition (0, y)=3"+8y for —o<y<w,
2.(25 pts.) Find the general solution of w, —u, +3u,,—3u, =cos(x+y) inthe xy-plane.

3.(25pts.) Solve u,—u, =0 In —0<x<w, <<, subject to the initial condition
& 1 if x>0,
u(xV)y=¢(x) = .
(‘T #) {-1 if x<0.
Express your answer in terms of the error function:

Erf(w)= 7‘% J'e"”zdp.

4.(25pts.) Solve u,—u, =0 in —w<x<w, —w<t <o, subjectto the initial conditions

u(x,0)= e and u,(x,0)= ~2xe™" for —oo<x <0,

5.(25 pts.) Use the Fourier transform method to find a formula for the solution to the inhomogeneous
diffusion problem in the upper half-plane:
u~ku, = f(x,t) if —o<x<o, 0<t <o,
u(x,)=¢g(x} 1if —o<x<n.
Notes: A. The solution is rumored to be

_ ] 1 “(H’}d 1 Akt
u(x,1) J_;[f(y,”m yds + P£¢(Y)_’“_—e% dy.

_tey)? © Ny

B. If you cannot solve this problem in its full generality, to eam haif the points, do the special
case when f(x,f)=0.

6.(25 pts.) (a) Show that the Fourier sine series of f(x)=3x" —10x’ + 7x on the unit interval 0 < x <1
is

m

720 & (—1)" sin(nrx)
7’ Z_‘: n ‘

{b) For which values of x in [0,1] does the Fourier sine series of f converge pointwise to f{x)?
Justify your answer.

(c) Does the Fourier sine series of f converge 1o f in the mean square sense on [0,1]?7 Why?

(d) Does the Fourter sine series of f converge uniformly to f on [0,1]? Why?

() Apply Parseval’s identity to find the sum of Z—ll—ﬂ-
=i
7425 pts.) (a) Solve u, +u, +u_ =0 intheunitcube 0 <x <1, 0 <y <1, 0<z <], given that

u_(x,y,1) =cos(zx)ycos’ (wy) for 0<x <1, 0<y<], and that u satisfies homogeneous Neumann

boundary conditions on the other five faces of the cube. (Note: 4¢cos’(8) = 3cos(#) +cos(36) .)
(b) Is the solution to the problem in part (a) unique? Support your answer with reasons.



8.(25 pts.) (a) Use the method of separation of variables to find a solution of
#,+u,, =0 inthestrip 0<x <], 0<t <o,
which satisfies the boundary conditions
u(0,0) =u(,t)y=u,(0,)=u_(L,1)=0 for 20
and the initial conditions
u(x,0)=3x" -10x’ +7x and »(x,0)=0 for 0<x<l1.

(Note: You may find useful the results of problem 6.)

(b) Is the solution to the problem in part (a) unique? Justify your answer.

Bonus (25 pts.): The matenal in a spherical sheil with inner radius 1 and outer radius 2 has a steady-
state temperature distribution. The material is held at 100 degrees Celsius on its inner boundary. On its
outer boundary, the temperature distribution of the material satisfies . =—y where y is a positive
constant.

(a) Find the temperature distnbution function for the material.

(b) What are the hottest and coldest temperatures in the material?

(c) Is it possible to choose y so that the temperature on the outer boundary is 20 degrees Celsius?
Support your answer with reasons.



! A Brief Table of Fourier Transforms
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Cowefsence 'Tkeo-rems

X" 4 X =0 in (g, b) with any symmetric BC. )

Now let f(x) be any function defined on a s x = b. Consider the Fourier series
for the problem 1) with any given boundary conditions that are symmetric. We
now state a convergence theorem for each of the three modes of convergence.
They are partly proved in the next section.

Theorem 2. Uniform Convergence The Fourier seties Z 4, X,(x) converges
to f(x) uniformly on [a, b) provided that _

(1) f(x), (), and f(x) exist and are continuous for 2 = x = b and

{ii) f(x) satisfies the given boundary counditions.

Theorem 3. 12 Convergence The Fourier series converges to f(x) in the
mean-square sense in (g, 5) provided only that f(x) is any function for which

f ’ Lf(x)j? dx is finite. © (8)

Theorem 4. Pointwise Conwvergence of Classical Fourler Series
(i) The classical Fourier series {full or sine or cosine} converges to f(x)
pointwise on (g, b), provided that f{x) is a continuous function on

2= x = b and f(x) is piecewise continuous on a = x = b,
(i) More generally, if f(x}itself is only piecewise continvousona < x = b
and f"(x) is also piecewise continuous on ¢ < x < b, then the classical
Fourier series converges at every, point x (~— < x < «), The sum is

Y A Xlx) = $1/(x+) +f(x—=)] forala<x<bh (9

The sum is 4 [ fexa{x ) + fox{x )] forall —o < x < oo, where f (%) is
the extended function (periodic, odd periodic, or even periodic).

Theorem 4. If f(x)is a function of period 2/ on tbe line for which f(x) and
J/{x) are piecewise continuous, then the classical full Fourier series converges to
HSOA) + flx—)] for —o0 <x <o,
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