Mathematics 325 Final Exam

Summer 2002

1.(28 pts.)
(%)

Consider
tu = U
X

Find the characteristic curves of
Write the general splution of (%)
Determine the particular solution

(a)
(b)
(c?}

auxiliary condition wu{x,0) = exptuxa)

for

Name: Pr, G‘r’ov)

(4 pts.)
t = 0.
(%) and sketch two.
of (%) that satisfies the

- < x < .

(d) In what regicn of the xt-plane is the sclution in part (g}

uniguely determined?

2.(28 pts.) Ceonsider

(+) u U - 2u + u = (x - y)E.
xx YY Y

{a} Classify the order (first, second, etc.) and type {(nonlinear,
linear, homogeneous, inhomogeneous, elliptic, etc.) of (+).

(b) Find, if possible, the general solution of (+) in the xy-plane.
3.(28 pts.) (a) Write and simplify an expression for the seplution to
(%) u - u = 0 for —o < % < ®, 0 < vy < ¢,

Yy XX
subject to the auxiliary conditions
uix,0) = 1/(><E + 1) and uy(x,O) = - Ex/(xa + 1)2 for - < x < o,
(b} Sketch preofiles of the soclution in part (a) at vy 1, 2, and 3 in

illustrate that the solution
What is its speed?

grder to

along the x-axris.

(c)

produce a solution to (%)
ui(x,0) wix)

= and u (x,0)
Y

and such that u consists solely of a wave

Xx—axis.

4.(28 pts.)
solution to

Find and simplify as much as

ie a wave traveling to the left

Derive a general nontrivial relation between ¢ and g which will
in the xy—-plane satisfying

= @ix) for ~m < x <

traveling to the left along the

possible an expression for the

U - u = Q in —o ¢ x < w, 0 <y < co
y X X
which satisfies
uix,0) = exp(—xe) for —w < x < .
5.(28 pts.) Let g be an absolutely integrable function en (-w,wm). Use
Fourier ftransform methods to solve
u + u =0 for —ow < x < @ 0 < y < oo
X X vy
subject to the boundary condition
i if x| €1,
ulxn,0) = {
o) otherwise,

and the decay conditions

lim wi{x,y)
Yy —s00

0

and
<

utx,yr | < [gex) |

for each x

for all x in

in (-,

(—w,m) and all y > O.



&.(28 ptes,) {a) Show that the operator T defined by Tf = —-f* is

hermitian on V¥V = { f & CEEO,IJ : fP(0}y = 0, f(1) = O 2}, equipped with the
1

standard inner product <f,g> = f fixlgix}idx.

0

{b}) Find the eigenvalues and corresponding eigenfunctions of T on V.
(c) Is the set of functions { cos(in + 1/2)ax) }:;O orthogenal on

(0,1} with the standard inmner product? Why?
{d) Show that the Fourier series representation of the function

gix)y = 1 — xe with respect to { cosl(in + 1/2)ax) }:;D on [0,1]1 is
n
32(-1) cosiin + 1/2)ax)
Plx) ™ E
33
n=0 {(gn + 1} &

{e) Discuss uniform, mean sgquare, and pointwise caonvergence, or lack
thereof, aon [0,1]1 for the generalized Fourier series in part (d), guoting
theorems whenever appropriate to support your assertions.

(f) Find a solution to 0]

u - i = 0 for 0 < x <1, 0O < t < ¢,
tt 4
which satisfies
ux(O,t) @O, u(l,t}@o for t = O,
and
uix,0) = 1 - xE, ut(x,O) =0 for O £ x < 1.
Bonus (10 pts.) Is your solution to part (f) unique? Justify your
answer.

7.(88 pts.) The material in a thin circular disk of radius 1 has a
steady-state temperature distribution. The material is held at SO
degrees Centigrade on the top half of disk's edge and at -~-30 degrees
Centigrade on the bottom half of its edge.

(2) Find the temperature distribution function for the material.

(b) What is the temperature of the material at the center af the disk?
Justify your answer.



f(x)}

A Brief Table of Fourier Transforms

if -b < x < b,

otherwise.

if ¢ « x < d,

otherwise.
1
(a » 0}
2
x° + a
hid if 0 <« x = b,
{ 2b - x if b <« x <« 2b,
0 otherwise.
e * if x » 0,
0 otherwise.
{a > 0)
e?* if b <« x <« ¢,
0 otherwise.
et ?* if -b < x < b,
Q otherwise.
et 1f ¢ « x < d,
0 otherwise.
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Covwe.f'sence 'ﬂ&eofems

X" + AX =0 in (a, b) with any symmetric BC. (1)

Now let f(x) be any function defined on a < x = b. Consider the Fourier series
for the problem ( ) with any given boundary conditions that are symmetric. We
now state a convergence theorem for each of the three modes of convergence.
They are partly proved in the next section.

Theorem 2. Uniform Convergence The Fourier series = A, X,{x} converges
to f{x) uniformly on [a, ] provided that
(1) f(x), f'(x), and f”(x) exist and are continuous for a < x =< b and

(i) f{x) satisfies the given boundary conditions.

Theorem 3. L2 Convergence The Fourier series converges to f(x) in the
mean-square seuse in {(a, ) provided only that f{x) is any function for which

b
J’ |f{x)12 dx is finite. (8)

Theorem 4. Pointwise Convergence of Classical Fourier Sertes
{i) The classical Fourier series (full or sine or cosine) converges to f{x)
pointwise on (a, b), provided that f(x) is a continuous function on

2= x = pand f(x) is piecewise continuous on g = x = b.
(i) Moregenerally, if f(x) itselfis only piecewise continuousonag = x < b
and f*(x) is also piecewise continuous on a < x < b, then the classical
Fourier series converges at every point x {— < x < ), The sum is

S AKX =4 fx D+ f(x=)]  foralla<x<b. (9

The sum is L[ for(x +) + fou(x )} for all —wLx <, whe1:e Sexe(X) is
the extended function (periodic, odd periodic, or even periodic).

Theorem 4, If f{x)is a function of period 2/ on the line for which f(x) and
J'(x}are piecewise continuous, then the classical full Fourier series converges to
$fx )+ flx=)] for —o0 < x < o0,
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