Mathematics 204

Fall 2013

Final Exam

Your Printed Name: Dy, G_'Y‘mb!

Your Instructor’s Name:

Your Section (or Class Meeting Days and Time):

&

. Do not open this exam until you are instructed to begin.

All cell phones and other electronic devices must be turned off or completely silenced (i.e. not
on vibrate) for the duration of the exam.

. You are not allowed to use a calculator on this exam,

. The final exam consists of this cover page, 7 pages of problems containing 7 numbered

problems, and a short table of Laplace transform formulas.

. Once the exam begins, you will have 120 minutes to complete your solutions.

Show all relevant work. No credit will be awarded for unsupported answers and partial credit
depends upon the work you show. In particular, work must be shown for all integration, partial
fraction, and matrix computations.

You may use the back of any page for extra scratch paper, but if you would like it to be graded,
clearly indicate in the space of the original problem where the work is to be found.

The symbol [20] at the beginning of a problem indicates the point value of that problem is 20.
The maximum possible score on this exam is 200.

problem 1 2 3 4 5 6 7| Sum
points
earned
maximum |- 300 961 36| 25| 25| 26| 26| 200
points




1. Find the general solution of each of the following differential equations
@ [18] &'+2y=sin(r) (Fint ovder, linear)

‘b t

(o]
A Zdb il 2
Mef"‘* LS e

(‘3 * }t—y) - .E ( t ) Gaucfw\ Solution :

-Ezv"r z{::j = tsink) (@) Ecos(kHsm(ﬁHC

Exact ! v

%ﬁct‘ﬂ = L)

o
. By= j’&m@&t = ~beos) - |-cottidt = - feoshy+ sinkl+C

() [18] &' —y=y*

) 2 ; e k\’\ M’MW\"
(%\é __,_\ 3 = j_"ij (F vst ove f QYM e) Parkial Fraction De.cemyos'tb'on‘,

.—-l—-.-. - _é-. + _B—-
IR sy Ty
Yy F F | = Alyh)+ By
From PFD &t “"‘jkb
""'”"""'l A _ ‘(-Lau: Set v:o Yo f:nAP\t I=A
5(_5'—311 Tt Set y=-t 4o §ind B: 1=-B
R E T
M\‘j\ }“\3-\-; = Cc+ ﬂn H?\ t’(.j-H) tj Y+
P o
9\ = cx Wibl
)M\ bﬂ \ e y = j—’At(y-\-l)
o i = Aby = £AL
R R T y 7y
g+ A

lj(l T|.'A{;\ =t At
’ .

= +At ] 1\ = ,_é_t_ wheve Ais an |
ol Y )
}j‘“ | -At afb;'\’.rﬂj constant, |




2.126] Solve the initial value problem »"+2)'+y=e", y(0)=1, y'(0)=-2.
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3. (a) [18] A series circuit has a capacitor of 0.25x 1078 farads, a resistor of 5x10° ohms, and an inductor of
1 henry. The initial charge on the capacitor is zero. If a 12-volt battery is connected to the circuit and the

circuit is closed at ¢ = 0, write BUT DO NOT SOLVE an initial value problem that models the charge Q(t)

on the capacitor at all times ¢ > 0.
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(b) [18] Consider two interconnected tanks. Tank 1 initially contains 120 gallons of water and 100 ounces of
salt, and Tank 2 initially contains 80 gallons of water and 60 ounces of salt. Water containing 1 ounce per
gallon of salt flows into Tank 1 at a rate of 6 gallons per minute. The mixture flows from Tank 1 into Tank 2
at a rate of 12 gallons per minute. Water containing 3 ounces per gallon of salt also flows into Tank 2 at a rate
of 4 gallons per minute (from the outside). The mixture drains from Tank 2 at a rate of 16 gallons per minute,
of which some flows into Tank 1 at a rate of 6 gallons per minute, while the remainder leaves the system.
Write BUT DO NOT SOLVE differential equations and initial conditions that model the number of ounces

0 (t) and O, (i) of salt in Tanks 1 and 2, respectively, at time ¢ > 0.
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4.(a) [21] Solve the initial value problem " +2y'+2y=5(¢t—x), y(0)=0, y'(0)=2.
(b) [4] Evaluate the solution to part (a) at the two points t =z /2 and t =37 /2.
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5.[25] Solve the initial value problem y'(t) —%j‘(t - f)z y(f) dé =—t, y(O) =1.
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u — 2v, subject to the initial conditions u (0) =2,V (0) =-1.
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(2-20)k, +8k =0,

This s ecv»i\lw{u{: to the sbﬁ'\aw\
-k, -@+2idk =0.

But the Fivst %w\klm is vedundant since b is —(2-20) times the second
TheveSove , to solve the Sns&m we wmust stk solve the secomd %Bﬂ

eavmk'ton.
k\-: ~@+z0)kR, where h-; is axbi{:m\(s. Thus

e [0 )T

Tahmﬁ \lz':- -1 nio\o\s the foﬂow\.\g;
Eiqonvalues o A | Eigewedos of A

V) ZA-zi.
Y'-:. y t:‘ i‘" ‘l

., — — - 7—-'1,‘
Y=-2uv= ‘E(”: ha) "{ b.}

2 i l -t

u

Then )= -E”ev‘.b = {2-\-%‘}9}% is @ um‘;(ex sdukion to X = AX.
=1

Note Xeb)= ([_"l\ L th (coscztmsiuczb) = L[:ldos(ﬂ:\ -t\s.‘“@%” L\ﬁ\us(zﬂ-l—t'\sin(ﬁ:».

The veal pact and The Zwuﬁ'\m«v wak f % Fom a real Fundamental set of
solwhiens Yo 75"-‘ A% . Theefove the genmj sdukien is

C‘-*U)@;,) + C{;Z(”d,) = ¢ ([:}Cos@b) —-[:]m(;t».k ¢ ]([:] “s@t).;{:],;n@t)) '
Aﬂ)\j‘mz, the nitial conditions 9&/65
2 w®) 0 e 2 2
{‘__‘ = \ve = ¢ X (Y4 ex (o) = c‘&\%» c,’(‘o-\.

B‘j ‘\v\sfe_cblon, ¢ =1 and ¢, =0, Thevefere the sdution of the IVP is

w(t) - 2 2 2.cos (3t) —25in(2t)
= x@¢)= { lcos@t)—[ \siu(pt)‘:’- )
v - 0 —cos(24)




3
4? . Given that ¥ (¢) = (

371120 _ it

7.126] Let A= S

) ] is a fundamental matrix for the
0 5
homogencous system x' = Ax, find the general solution of the nonhomogeneous system x' = Ax+(12j.

The %emom\ sdidion of the noukomoaeueous system 13 x = xE)+ ?Pﬂﬁ) wheve
W= -‘g.@g)a‘ (‘5 = Mfm«j constant Vw}ar) is the 56»\@\@‘ soludion of the
dssociaked hoMosmous system 2 =A% and ;P(i;) is any rukic,ulc\r soludion
fo the vwv\komose,v\e,ous system *x'= A%y [‘(’_L] Tt s wmest convemient 4o
wse the method o undeteymined coeficiedts to find '>E'r w Hais Pnl«\em. Swmice
the driver boom . he norkomogonesio: system 15 3t =1, |, we eqect

o Yaxk'\odow solukion of the form ?Yﬂz)c-l: wheve R is a constant vector.

“hen
B = 12'=32‘,’= AR +M= AR+ [‘i\

5o sohing for R yields R --—A& - - Zeal - \m

-3 - 9%-3 _ 5 _ L, Thedere
Note thet o\vb(A) o > =2 = o

Begol B B[] o [ A= (0] Gy,
A “1le glliz

144
s _ Gt (c, 168

— - _ .—‘b .‘,

xt= z.e,t/w Priad TN 144

s the %woral soudion of the mn\'wmoswems sgs*em where ¢ and ¢, are
M‘oi’o(axg constants .

1




A SHORT TABLE OF LAPLACE TRANSFORMS

f@ £{f(t)} = F(s)

1. e 1
s—a

2. " M p=0,1,2,3.
s

3. sin(b) Szi .

4. cos(br) s2ib2

5. (f+8)(®) F(s)G(s)

6. /() $"F (s)=5"f (0)=..= /" (0)

7. & f(1) F(s—c)

8. u(r)f(1=c) ¢OF(s)

9. &(t—c) e




