Mathematics 3304
Fall 2014

Exam I

[1] Your Printed Name: D, Grow

[11 Your Instructor’s Name:

Your Section (or Class Meeting Days and Time):

1. Do not open this exam until you are instructed to begin.

2. All cell phones and other electronic noisemaking devices must be turned off or completely silenced (i.e. not on
vibrate) for the duration of the exam.

3. You are not allowed to use a calculator on this exam.
4. Exam I consists of this cover page and 6 pages of problems containing 7 numbered problems.
5. Once the exam begins, you will have 60 minutes to complete your solutions.

6. Show all relevant work. No credit will be awarded for unsupported answers and partial credit depends upon
the work you show.

7. You may use the back of any page for extra scratch paper, but if you would like it to be graded, clearly indicate
in the space of the original problem where the work is to be found.

8. The symbol [14] at the beginning of a problem indicates the point value of that problem is 14. The maximum
possible score on this exam is 100.
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1. [14] Classify each differential equation by completing the columns in the following table. For each
nonlinear equation, circle the term(s) which makes it nonlinear.

Differential Equation Order? Linear? (Y/N) | Homogeneous? (Y/N)
d’y , |
1+ = e 2, N
dr’
3% +cos(¢)y—£ =0 5 Y N
d’y
2 O 3 N
eu=1+¢ 3 N
5 *i l( V%‘ ‘j;‘ “L\»‘\ i ’?‘i )

(Please DO NOT SOLVE any of these equations.)




2. [14] Consider the differential equation y' = y(4~-2")(y+3).

(a) Find the equilibrium (or critical) points.
(b) Sketch the phase line (or phase portrait). SHOW YOUR WORK.

(c) Classify each equilibrium point as asymptotically stable, unstable, or semi-stable. SHOW YOUR
WORK.

(d) If y(0)=-1, whatis the limit of the solution y(¢) as ¢ goes to infinity? EXPLAIN WHY.,

(a) The e,al(ai(ibrium ?oiwts axve the constant solukions of the DE. For those 5 oluions
b = 3@):: cons('m\,b, we have D’::o, ’]lvfo.fovc ‘H'\e.j must sa;l-isfj

o= y(4-2)(ye3), o
So either 3=o oY 4—2”::0 oY fj+3:°' Hehcelb::o}v:zju-:ﬂme

the eo‘,uiubr\m ?o‘m’cs .

Toboral | Sign F 3' (=y ("r-?-")(wa))

Q . 1
y= 2¢ Y < 00 L-n(..,)(.‘.\ = -

77 0<Yy<2 (HEIE) =+

y=-3 34y <0 @) = -

'P\MLSe L'me, ~0 <Y< -3 (=YH)) = +

(_c) \ y == 15 as 3»\Yto’<.icd\j s;lv\t\ because nm‘pn solubions a_ﬁyo.wl«\ 2 .

Vs m\sh.\a\ef\ be camse "e“"‘”j sdukions meve away from 0.

| y=0
Fj: -3 \S a.s\omr‘caﬂca“ 3‘5‘@ becmse. mfbg 50\“-'[2;0‘\5 “ﬂ““«\" -3,

(A) (ﬂ&m 3@:):: -3 \»e,ca,use, a SO\W\'J'\OV\ 3'\’&(‘31\3 ok -V .tn’d:«-twuj wo«la\
Ltwoo l -

awrawk Hhe &s\\)mY\;d\;ml\ﬁ stble alul\'\(ﬂ'mm ?o'm'[: y= -3,




3. [14] Solve the initial value problem #' = y+1° sin(t), y(ir) =0.
The DE is a st ovdey, {inear eqrm’cion. Rewrite it as
'l;vl - 5 = 'k35;\'\(.b)
. (Nul:g, 'nu_ WP will ka\l@oa. u.n:%u.& So‘n. on tro ,)

oLy = w(y .
3 'l’,‘vj £ st @)

Spods STEd —dmibred mET)
4 ?%:{\i@ heve. AVl .Wtke%fdglr\a ‘Fa-d:of ts € = € = e, - - )

H«l&i«‘v\b'wﬁ '(:‘(\T'Ouﬁ\ lv, the ln(zzra:l:lng §ackor 31&10\5
'b"( \j— £ ‘5\ = 'Ul( {;‘Lsin(,h)

J ok te Were

Sots. da heve, (%) {;‘3,- v y = Lsin(b)
Note fhak the left member 15 exact .a.cco\rciin?’-l-a Fhe pre duct vule -
-t 4 =i p) -2
S'u\ys&'\\'uﬁnﬁ this for the left mewber in () 4ives
| (‘\:"3)’ = tsm@).
Ivr(ezz(a.hv\% Vd“\ sides wvih (esreél'/ bt leads +o
vy = [E'y)de = Syjz“gow = et~ f-costhyay
o v = ~teosk) + sinlb) 4 C
Mw(’dv\.im% 'H\rvus\\ L:) + , we have
12 gl o heve \a(:b) = C‘b + 'kSIV\G-") - 'szosG’«) .
A?Y‘B‘“‘A Hhe initial eondition,
o :3@") = er + Tsin{F) - Tl‘zc”@') = cn+ Kz'

s ohere Thevefore ¢ =T, S0 Hhe solution of the IVP is

(4 w15, o heve 36:) ) 'ts.w\(:b)’ “t - tﬂ |




4. [14] Find the explicit solution of the differential equation y'=./1-y .

The DE s a Jivst Oﬂ\fx, &Yuoue eqpation. ( T fack, it s autonomeus: 3':-}(3),)

and se,?omklnz vaviables 31«,5
dy _ 4t . (Nebe: This step is mvalid if y=1. See balows.)
=y
Iu{—e;ava.ﬁ\vtg both sides 3’\0\:\5
t "’/“ )
- Q-g\/z‘_c - _S(l—!j\ o\(l'\_ﬂ = ‘SA,‘\Z = t 4 ' 2
—
‘2. |
Sim?“‘%‘m%

-2, (—'3 - 't+ Cavcl

\BGAS "'0

T-u = -~+t+c¢C
\’l—\j = 7_‘\'*

-y = (o7 %)

i z
\ ytb) = | - (C -‘.E) \ wheve ¢ is an af(o;{;m\y constavt .

——

Nebe 1: This can jpc wriften n fhe eclluivale,v\t Form

UERE z-\-c:b—‘_(:j
y¢| c =

wheve € 15 an o.r]rl’mry censtant .

Note 2+ Ba‘m.s‘a)dm, & is mb‘b see. tht fhe eomstant funchion 3¢’=Iv s also a
solution o Y= J—I.::J-. The sclukion Y& =4 is calle] a S'mawlar sohdion of d’:. -3
becanse & camnob be obbamed From fhe 3@“«4 solukion ye1= 1= (c-%‘ by any
duice & the a\lv&mf} constent € .




5.[14] A 500 gallon tank originally contains 200 gallons of pure water. Then water containing two pounds
of salt per gallon is poured into the tank at a rate of four gallons per minute, and the well-stirred mixture
leaves at a rate of five gallons per minute. Write, BUT DO NOT SOLVE, an initial value problem for the

amount Q(¢) of salt in the tank at time t.

Net Rate = Rake In - Rate Out
48 2lbs: a{) \( Q@ lbs Vs,
- ( ( Vi) g
'“\L Vo\v»me, of sdukion n {he tank ok timet s VE#)= 200-t since +he Volu.me

stavts oub ab 200 3«1 and decreases b 1 341 e thereafter, cmse@mtn , an VP
atkat medds fhe number Q) of ?ou\w\s of salt W the Yank after 1 minutes is

Q= e-(Z)® , 8e=e|:

e |

6. [14] Find the general solution of each equation and describe the behavmr of the solution as t —> .
(@) »y'+4y'+5y=0 3 leao\s +o ' -(— 4-r-l-5’-— ; BJ the ﬂvl-ﬂA(QJhc. &rm..la_)
y= "Ax{l-20 _ -4tz _ -—z+ C. Wefore, 3%0@,( solubion 1S

2 T T2
2t Py
B@ﬂ: ce i)+ ce sind) (4,¢ av@«\mmj constants) .

Clemtg ¥ 50 and costtl and sink) ave bounded as trn. The squeee dheovem

+hen LMYl;as lstt)_; o as t->o|.
iyt heve

% leads o Yh2eslzo o (XHI=0
we. Thus the 3@«;2.\(«] solutien 19

(b) Y'+2)'+y=0
TheveSeore ¥ ? -1 w-’fk m«lh‘,\cccﬂj_
1 ( <, < M(o;‘bfmfs (',ons" au‘(:S) »

\b@;) ce + c:\:e

Cleav\j e -0 as © > 00. LHD:’»Y‘(’A.‘C m\e S‘MWSM '&C =0 as o0,

’“'\e(c?o\’c

v@‘—)-—?o as t = oo|.




7.[14] Given that y,(¢)=1 is a solution of the differential equation

(k) 2y —1(t+2)y +(t+2)y =0
on the interval ¢ > 0, use reduction of order to find a second solution y,. Then verify that y, and y, forma
fundamental set of solutions for the differential equation on the interval > 0.

Assume 3,’3)= u(_t)a'(b)-'- tuk) wheve w is a nenconstant function +o be detevimined
so that y, selves ), Then
\\.’/-:. 't\k/-" iuw
*

3” = A twiw = Bzl
%
We want

0= t‘v.f«b(ﬁk&)g,:-(- @Iy, >
so su\vs&’m’dnz fhe expvessions fovr y, and ths derivatives gives

0= {,"({; W) - -b(t%—z)(tu'-t— w)4 Gdedtuw
o= b3u” + ('Lb"— ’o(ﬂz)t} w & (— tlra)t Lt’n)ﬂw
0= ‘(’,3u./, - 'ka/ .
Pivi o\'m% %‘f"“b"‘ L5 _k3 bialo(s a constant coeg'ident, 'nomoazmous ; [meay DE;

% ’
OTu —-w ,

11\0« w(t)f-ert leM\s 4_0 o:y}—\r = Y(r-t\ So Y=0 or Y={ ,

Parefore ukt)= c c:_ee. Henog y, &= u@)gl@)=(c‘+ge£)t= c,-b+ cz-l;é(’_
TIn odder to ob’;aln & secend, solukion diffevent” From y&=t we choose ¢,=0 and
c=1. Ie.\ y,&) = -l-,e:b

In evdey +o Vev‘}fj $hat 35&):“} and 3,@):{;6‘: onM o F.5.5. 4o () en {he

'm{crm\’ We &»‘Y-ée Hhew W:ewskim:
t te

w(”l)‘ozxt)': \ { G"‘“)e:b

\= {:('Hl)éb-te;e= 'tze.b >0l em tro.

Therefore 3|am\51__ Sum o FS.S, of (K) en tro.
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