Mathematics 5325 Exam II Name: De. Gvow
Summer 2015

1.25 pts.) Solve u, —u,, =0 in the upper half-plane —o <x <0, 0 <7 <o, subject to the initial

condition u(x,0) = x* if o0 < x <co. You may find the following identities useful:

ZT ple?dp= T e dp=Jr, T pePdp=0.
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2.(25 pts.) For a solution to the wave equation| pu, —Tu,, =0 Xthe energy density is defined by

1 2,155
e=—pu, +—Tu
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and the momentum density as

pP=ul,.
(a) Show that % 7P and e pa—p.
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(b) Ifuisa C* function, show that e and p also satisfy the wave equation.
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3.(25 pts.) In this problem, you may find useful the fact that the Laplacian of # in spherical coordinates

is given by .
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A spherical wave is a solution of the three-dimensional wave equation of the form u =u (r,z‘) ,

independent of the spherical coordinates ¢ and @ ; here » denotes the distance from the origin.

(a) Show that a spherical wave satisfies the partial differential equation u, = ¢’ (u,r +gur] .
’

(b) Make the change of variables v(r,t) =ru (r, t) in the partial differential equation in (a) and show
that v satisfies the partial differential equation v, —c*v, =0.
(c) Find the spherical wave u =u(r,) satisfying the initial conditions u(r,0)=r* and u, (r,0)=3rc
for all » > 0. (Hint: Use part (b).)
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4.(25 pts.) (a) Complete the entries in the following table comparing properties of solutions to
the wave and diffusion equations.
(b) Give reasons for the entries giving the behavior of waves and diffusions as f —> .

Property Solutions to Wave Equation | Solutions to Diffusion Equation
_ ion?
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