
 ath he ma tics 325 Exam I1 Name: 3 , Ghd 
Spring 20 1 1 (1 pt.1 

1.(33 pts.) Use the Fourier transform method to derive a formula for the solution to the diffusion 
equation with variable dissipation 

U, - ku, + bt2u = 0 
in the upper half-plane -a < x  < a, 0 < t < a, subject to the initial condition 

u ( x , ~ ) = p ( x )  if -co<x<m.  

Here k and b are positive constants and q is a continuous, absolutely integrable function on -a < x <a. 
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2.(33 pts.) Let n be an arbitrary positive integer and consider the heat equation u, - Ku, = 0  in the upper 

half-plane -a < x  < a ,  0 < t  < m, subject to the initial condition u ( x ,  0) = xn if 4 < x  < co. 

(a) Show that this problem has a solution taking the form u (x ,  t )  = xn + a, ( t )  xn-' + ... + a n ,  ( t )  x + an ( t )  

for suitable functions a, (t), ..., a, (t) of t  . You may find the binomial formula ( c  + d)" = 
k=O 

n! useful; recall that the binomial coeficients are given by [:)= k!(n-k)!' 

(b) Write out completely the solution in the case n = 3 ; that is, solve the problem completely when the 
m & initial condition is u(x ,0 )  = x3 if io < x  < m. You may find the fact I e-~'p'dp = - useful. 

2 2 

- .;fa, 
k 

od k=o 
n 

P 
k= 0 



3 .(33 pts.) Waves in a certain resistant medium satisfy the problem 
0 u,,-u,+u, = O  if 

0 u(0,t)=0 and 
@ u(x,0)=2sin(x) and 

Find a solution of this problem. 

Bonus (10 pts.): Show that there is at most one solution to this problem. 









A Brief Table of Fourier Transforms 

1 if - h < x < h .  

0 otherwise. 

1 i f c < s < c l ,  

0 otherwise. 

e"-' if h < s < c ,  

0 otherwise. 

c"" i f '  C < S  < d .  

0 otherwise. 

sin ( ux )  
J .  ( 0  > 0) 
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