
Mathematics 325 Exam I11 Name: '&-. 
Spring 201 1 

d' 
1 .(3O pts.) Consider the operator T = -- on the space Y = p F C~[O,T]: p(0) = 0 a d  *(i) = 01, 

A' Gk 
(a) Show that T is a symmetric operator on V . 
(b) Are all the eigenvalues of Ton V real numbers? Justify your answer. 
(c) Are the eigenhnctions of Ton V corresponding to distinct eigenvalues orthogonal on [0 , i ]?  Why? 

(d) Are all the eigenvalues of Ton V nonnegative? Justify your answer. 
(e) Compute all the eigenvalues and eigenfunctions for the operator Ton V . 



n o t  u e i q e n d e  of T en V. 
b 



2.(30 pts.) (a) Show that the Fourier series of the function f ( x )  = x  (2n - x )  with respect to the 

orthogonal set of functions Q = {sin ((2n - 1) x I 2))* on the interval [0, i i ]  is 
n=l 

(b) Write S, f (x) , the second Fourier partial sum of the Fourier series of f with respect to @, and 

sketch the graphs of f and S, f over the interval 0 2 x 2 n on the same set of coordinate axes. (To 
save time, raise your hand and I will come to your seat and grade your graphs from your calculator's 
display.) 
(c) Does the Fourier series of f with respect to @ converge to j uniformly on [o. r] ? Justify your 

answer. 
bO 
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3.(40 pts.) Let a be a positive constant. Find a solution to the following problem. You may use the 
results stated in problems 1 and 2, even if you did not successfully solve those problems. a u,-u,+au=O for O < x < n ,  O<t<co, 

0 Q U ( O , ~ ) = O  and ( t ) - 0  if O<t<m, 
0 u ( x 7 0 ) = x ( 2 n - x )  if O ~ x s n .  

Bonus (1 0 pts.): Is there at most solution to the problem above that is continuous on the strip 
0 _< x 5 T ,  0 5 t < s? Justify your answer. 
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Convergence Theorems 

Consider the eigenvalue problem 

(1) X" ( x )  t AX ( x )  = 0 in a < x < b with any symmetric boundary conditions 

and let QI = {x, ,x], x,,,,,) be the complete orthogonal set of eigenfunctions for (1). Let be any absolutely 
integrable function defined on a I x < b . Consider the Fourier series for f with respect to cD : 

m 

where 

Theorem 2. (Uniform Convergence) If 
(i) ,f ( x ) ,  f '  ( x ) ,  and f" ( x )  exist and are continuous for a 5 x 5 b and 

(ii) J' satisfies the given symmetric boundary conditions, 

then the Fourier series of .f converges uniformly to f on [a. b ]  . 

Theorem 3. ( L' - Convergence) If 

I 

then the Fourier series of f converges to J' in the mean-square sense in (u, h )  

Theorern 4. (Pointwise Convergence of Classical Fourier Series) 
(i) If  f is a continuous function on n I x < h and ,f" is piecewise continuous on u 5 x  < b . then the 

classical Fourier series (full, sine, or cosine) at .T converges pointwise to ,f ( x )  in the open interval u < x < b . 

(ii) I f  .f is a piecewise continuous function on 11 I x I h and j '  is piecewise continuous on 11 < x -< b , then 

the classical Fourier series (full. sine. or cosine) converges pointwise at every point x in (-m.m). The sum of 

the Fourier series is 

lkr all Y in  the open interval ( t i .  h )  

f j-t-. )+,/(.I- 
rlicn t ! ] ~  classical full 1:ourier series c ~ n \ ~ e r g c r  to - -, for t w r y  real .I-. 




