
Mathematics 325 Exam I11 Name: Tf, - &K) 
Suminer 20 10 ( 1 pt.) 

d 2  
1.(33 pts.) Consider the second derivative operator T = ---7- 011 the vector space of f~~nctions 

clx- 
I 

I/ = { f E C' [o, I ]  : ,f ( 0 )  = O = f ( I ) }  equipped with the usual inner product: ( f , g )  = J f ( r ) & )  . 
0 

(a) Show that T is sylnllletric on V . 
(b) Show that if f is a real-valued filnction in V then f  (1) f ' ( I )  -.f (0)/'(0) 5 0. 

(c) 111 light of (a), what can you say about the eigenval~ies of T on V ? 
(d) I11 light of (b), what can you say about the eigenvalues of T on V ? 
(e) 111 light of (a), what call you say about eigenf~~nctions of T on V corresponding to distinct 
eigenvalues? 
(0 Show that the eigenfunctions of T on Y are, up to a collstant factor, i ,  ( x )  = sin((2n - 1) iis 1 2 )  

where 11 = 1,2,3, ... . Wlat are the correspoilding eigenvalues of T on V ? 





2.(33 pts.) (a) Show that the generalized Fourier series of f (s) = . ~ ( r  - 2)  on [o. 11 with respect to the 

o2 -32 a sin ( ( 2 7  - I)  r x  I 2) 
co~uplete orthogonal set d, = {sin ( ( 2 n  - 1) nx I 2)) on [0, I] is /'(.I-) - - 1 

,!=I x3  ! I = ,  (zl, - 1)j 

(b) Show that this generalized Fourier series converges uniformly to .f on [o, 11. 

= (-lY'+l (c) Use the results of (a) and (b) to help find the sum of the series 
3 .  

,!=I (211 - 1)- 

I 
Bonus (5 pts.): Use the results of (a) to help find the sum of the series 

! I = ,  (21, -I)(' 





0 
3.(33 pts.) Solve I[,, - i,,, = 0 for 0 < A- < I, 0 < i c m, subject to tlie boundary co~lditio~ls 

Q 8 u (0, rp 0 - u, (I.[) for i t 0 and tlie initial conditions n (s, 0) - . v ( z  - 2) and I!,  (s. O)% for 0 < ,Y _< 1 . 

You may use the results of problems I and 2 even if you were not able to successfully solve them. 
Bonus (1 0 pts.): Is the solution to the above initial-boundary value problem uniqoe? Justify your answer. 







Convergence Theorems 

Consider the eigenvalue proble~n 

(1) ~'"(x) + AX (x) = 0 in a < .x < 19 with any symmetric boundary conditions 

and let CD = (x, .A', - .  . A', . ...) be the con~plete orthogonal set of eigenfi~nctions for ( I ) .  Let f be ally 

absolutely integrable f~~nction defined on a I x I h . Consider the Fourier series fol- f with respect to 
0 :  

where 

A,, = 
(.f , Ar,, ) ( n = l , 2 , 3  ,... ) .  
(x=~x,,)  

Tlieorem 2. (Uniforn~ Converge~lce) If 
(i) f (x), f '  (x) , and , f "  (s) exist and are continuous for n I .r I 11 and 

(ii) f satisfies the given sy~nn~etric boundary conditions, 

then the Fourier series of f converges uniforn~ly to f on [a,h]  . 

Tlieol-em 3. ( L' - Convergence) I f  

fl 

then the Fourier series of .f converges to f in the mean-square sense in (n,h) . 

Theorem 4. (Pointwise Convergence of Classical Fourier Series) 
(i) If f is a continuous fi~nction on n I x I h and f' is piece\\iise continuous on n _< x _< b , then the 

classical Fourier series (full, sine, or cosine) at s converges poinrwise to J (x) in the open interval 

a<x<b. 
(ii) If f is a piecewise cont i~ luo~~s  function on n I x I b and f '  is piecewise continuous on 

a I x I b , then the classical Fourier series (full, sine, or cosine) converges pointwise at every point x in 
(-co,co). The sum of the Fourier series is 

for all x in the open interval (o, h )  . 

Theorem 4 a. If f is a function of period 21 on the real line for which f and f '  are piecewise 

continuous, then the classical full Fourier series converges to 
f (s+) +.f (x-) 

for every real x . 
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