
Mathematics 325 Final Exam Name: Re G f o v ~  
Spring 201 1 

At the end of this exam you will find a list of identities and a brief table of Fourier transforms. 

1 .(28 pts.) (a) Verify that u  ( x ,  y )  = ( x  + 1 )  y  -ex  + 1 is a particular solution of the nonhomogeneous 

partial difierential equation ( y  + e x )  u, + (e'" - y2 )u), = xe'" - xy2 . 

(b) Find the general solution of the associated homogeneous equation ( y  + e T ) u r  + (e" - y2 )uY  = 0, 

(c) Find the solution of ( g + e r ) u ,  +(e" - $ ) u ,  = xe2' - ry2 that satisfies the auxiliary condition 
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2.(28 pts.) (a) Classify the second order linear partial differential equation u-Lr - 4 ~ , ~ ,  + 4u,, = 0 as 

elliptic, parabolic, or hyperbolic. 
(b) Find the general solution of uU - 4 ~ ,  + 4u,, = 0 in the xt - plane. 

(c) Find the solution of u ,  - + 4u,, = 0 in the xi -plane satisfying ii (x, 0) = xe"' + 4x2 and 

ti, (x; 0) = (x - 2) r2' + 4x for all real x . 
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3.(28 pts.) Let ~r = u ( , Y , ~ ,  z,  t )  denote the temperature at time I 2 0 at each point (x, y, z) of a 
2 homogeoeous body occupying the spherical region 8 = f (  y. z )  : r' + y- + r < 7 51 . The body is 

\('.? , - --J 
completely insulated and the initial temperature at each point is equal to its distance from the center of B . 
(a) Write (without proof or derivation) the partial differential equation and the complete initial/boundary 
conditions that govern the temperature function. 

(b) Use Gauss' divergence theorem to help show that the heat energy H ( t )  = Jfl cPu (x, Y ,  Z ,  r )  mdy& of 
R 

the body at time t is actually a constant function of time. (Here c and p denote the constant specific 
heat and density, respectively, of the material in B .) 
(c) Compute the constant steady-state temperature that the body reaches after a long time. 
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4.(30 pts.) Use Fourier transform methods to solve u, + u , ~ ,  = 0 for -a < x < a, 0 < y < co, subject to 

the boundary condition 

I if 1x1 < 1. 
11 (x. 0) = 

0 otherwise, 

and the decay condition !in1 11 (x. JJ)  = 0 for each x in (-m,m) (Note: For fill1 credit. do not leave any 
\'--fu: 

unevaluated integrals in your final answer.) 

Let u = u ( ~ ,  \ Le n soL*hia -ID -he prob\em. 7 k. -#w~ qo.rr;ev +.bn$of,,, 4 
l?Y 

\,C*,y)c C X , ~ )  = w;% yespeck -Co H\e ~*dAe n w e  o b t ~ n  
3'1 





5.(28 pts.) (a) Find a solution to V'U = 0 in the cube C : 0 < x < 1, 0 < y i 1, 0 < z < I, subject to the 

houndary conditions u (x, v .  I )  = sin ( i i x )  sin' (ny )  for 0 5 ,r 5 1. 0 5 y 5 1 and u = 0 on the other five 

faces of C . 
(b) State the maximurniminimum principle for harmonic functions and use it to show that the problem in 
part (a) has only one solution. 



(b) M ~ ~ , / r I ~ n i -  * 



Let u= u(* ,y , t~ denote hc ( e c A w u r )  $ Q l w t ; a z  to .piObL,,, 
Q - okc i f i ed  i~ pd ~4 let u=~(r,,r),z) !m ondw wid;,, 

40 8u.k i s  ~e&Lnuou~ a C = cu 8~ : O L _ X L _ I ,  O L _ I J S / ~  0jzc_1, 



6.(28 pts.) The material in a spherical shell with inner radius 1 and outer radius 2 has a steady-state 
temperature distribution. The material is held at 100 degrees Centigrade on its inner boundary. On its 
outer boundary, (he temperature distribution u of the material satisfies the Neumami condition 
2uldn = -y where y is a positive constant. 

(a) Find the temperature distribution fimction for the material. 
(b) What are the hottest and coldest temperatures in the material? 
(c) Is it possible to choose y so that the temperature on the outer boundary is 20 degrees Centigrade? 
Suppon your answer. 





(i'J 
7.(30 pts.) Find a so lu t io~~ of ul  - t?u,, + u = 0 in the open strip 0 < x < 1, 0 < c < co such that ~i is 

. . 
0 0 continuous on the closure of the strip, satisfies the boundary conditions u (0, f )  = 0 = u (1, t ) for r 2 0 

@ and satisfies the initial condition u (x, 0) = 4x (1 - x) for 0 5 x 5 1 . 
Bonus (10 pts.): Show that there is at most one solution to this problem. 
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Trigonometric Identities 

1 1  
cos' ( A )  = -+-cos (2A)  

~, 3 3 

1 1  
sin' ( A )  = - - - c o s ( ? ~ )  

2 2 

I 
COS; (.(I) = 'COS ( A )  + -COS (3.1) 

3 4 
3 .  1 .  

sin' ('4) = -SIII  (,-I) - - s ~ n  ( 3 ~ )  
4 4 

Expressions for the Laplacian Operator 

(polar coordinatcs) 

+ - (cylindrical coordinates) 

1 1 
(spherical coordinatcs) 



A Brief Table of Fourier Transforms 

1 if c < x < d ,  

0 otherwise. 

1 
( r r  > 0) 

x' + (I' 

if O < x < h ,  

2 h - x  if h<.x<2h,  

otherwise. 

10 otherwise. 

Juf" if c < x < d. 

10 otherwise. 
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