
Mathematics 325 Final Exam 
Summer 2012 

1.(28 pts.) (a) Verify that uP (x ,y) = exy is a particular solution to the linear, nonhomogeneous parti al 

differential equation yux - xu" = ( / - x2
) e'Y . 

(b) Find the general solution of the linear, homogeneous pariial differential equation yu, -xu)' = 0 . 

(c) F ind the solution of the partial differential equation yux - xuv = (/- x2 )exy satisfying the 

auxiliary condition u (x, 0) = x 6 + 1 for all real x. 

2.(28 pts.) Classify the type - elliptic, parabolic, or hyperbolic- of the partial differential equation 

urx + u >Y - 2uxy =sin ( x- y) and find, if possible, the general solution in the xy- plane. 

3.(29 pts.) A homogeneous solid material occupying D = { (x,y,z) E IR 3
: 4 ::::: x 2 + / + z 2

:::::] oo} is 

completely insulated and its initial temperature at position ( x, y, z ) in D is 200/) x2 + / + z2 
. 

(a) Write, without proof or derivation, the partial differential equation and initial/boundary conditions 

that completely govern the temperature u(x,y,z,t) at position (x,y,z ) in D and time t~ 0. 

(b) Use the divergence theorem to help show that the heat energy H (t) = JfJ cpu ( x,y, z,t)dV of the 
D 

material in D at time 1 is a constant function of time. Here c and p denote the (positive, constant) 

specific heat and mass density, respectively, of the material in D. 
(c) Compute the (constant) steady-state temperature that the material in D reaches after a long time. 

4.(28 pts.) Solve u, - uxx = 0 in the upper half-plane - oo < x < oo, 0 < t < oo, subject to the initial 

"' 
conditionu(x,O)=x2 if -oo <x <oo. Note:Youmayfindusefultheidentity J p 2

e - p
1

dp =#/2. 

( ) {
FJi if lxl < ltl, . 5.(29 pts.) Let f x,t = . Use Founer transform methods to solve 

(!) 0 otherwise. ® 
U11 -uxx = f(x,t) in the xt -plane subject to the initial conditions u(x,O)~ 0 = u, (x ,O) for all real x. 

6.(29 pts.) (a) Show that the 2n- periodic function determined by the formula f ( x) = x2 for x in the 

interval [-7r,7r] hasfullFourierseries ~+ f 4(- 1r~os(nx). 
3 n = ] n 

(b) Discuss the pointwise convergence or lack thereof for the full Fourier series off at each point x 

in the interval [ -Jr, 7r]. 

00 (-1r "' 1 
(c) Use the results of parts (a) and (b) to help fmd the sums of the series I-

2
- and I-

2 
• 

n=l n n=] n 

7.(29 pts.) (a) Find a solution to the damped wave equation 

(1) U11 -Uxx +2u, =0 in O<x<n, O<t<oo, 



sati sfyin g the boundary conditions 

(2)-(3) 

(4) 

u,(O,t)=O=u,(n,t) for O ~ t <oo, 

u(x,O)=O for O~x~n, 

(5) U
1 
(x,O) = x2 fo r 0 ~ x ~Jr. 

(b) Show that if u = u ( x, t) sa tisfies (1 )-(2)-(3) then its energy functi on 

E ( t) = ~ f [ u, 
2 

( x, t) + u, 
2 

( x, i) J dx 
0 

is decreasing on 0 ~ t < co . 
(c) Is the solution to the problem in part (a) unique? Justify your answer. 
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A Brief Table of Fourier Transforms 

.f (x) 

{
1

0 

if - b <x <b, 

_ otherwise. 

{
0

1 if C <X < d, 

otherwise. 

e 
2 - ax 

sin( ax) 
X 

(a > 0) 

if 0 < X ~ b, 

if b <X< 2b, 

otherwise. 

if X> 0, 

otherwise. 

if b <X < C, 

otherwi se. 

if - b <X <b, 

otherwi se. 

if C <X< d, 

otherwise. 

(a> 0) 

(a > 0) 

' 1 00 . . 

.f (c; ) = ~ J .f (x)e-'{'dx 
....;2Jr -0') 

_1 + 2e - ib¢ _ e-2 ih¢ 

{2 sin(b(~ -a)) 
~; ~ - a 

eic(a-¢) - e id(a-¢) 

i(c; -a)& 

1 - ¢2/ (4a) --e 
Ea 

if jc; j ;:: a, 

if / ~ J <a. 



Fourier Series Convergence Theorems 

Cons ider the eigenvalue probl em 

(1) X"(x)+2X (x ) =0 in a<x<b 

with any symmetric boundary cond itions of the form 

{
aJ(a) + fJJ(b) + rJ'(a) + 5J'(b) = 0 

(2) 
a2f(a) + fJ2f(b) + r 2.f'(a) + 52f'(b) = 0 

and let <!> = {X~> X 2, X 3 , ... } be the complete orthogonal set of eigenfunctions for (1 )-(2). Let f be 

any absolutely integrable function defined on a ~ x ~ b . Consider the Fourier series for f with 

respect to <!> : 

where 
n= I 

A = (f,X") 
II (X X\ 

n' n I 

Theorem 2. (Uniform Convergence) If 

(n = 1,2,3, ... ). 

(i) f(x),f'(x), and f"(x) existandarecontinuous for a~x ~ b and 

(ii) f satisfies the given symmetric boundary conditions, 

then the Fourier series of .f converges uniformly to .f on [a, b]. 

Theorem 3. ( 2- Convergence) If 
h 

JIJ(xf dx <oo 
a 

then the Fourier series of .f converges to .f in the mean-square sense in (a, b). 

Theorem 4. (Pointwi se Convergence of Classical Fourier Series) 
(i) If .f is a continuous function on a~ x ~ b and .f' is piecewise continuous on a~ x ::::; b , then the 

class ical Fourier series (full, sine, or cosine) at x converges pointwise to f ( x) in the open interval 

a < x<b. 
(ii) If .f is a piecewise continuous function on a::::: x ::::: b and .f' is piecewise continuous on 

a::::: x::::: b, then the classical Fourier series (full , sine, or cosine) converges pointwise at every point x 

in ( -oo,oo). The sum of the Fourier series is 

IAnXn (x )= J(x+)+ J(x- ) 
n~l 2 

for all x in the open interval (a, b). 

Theorem 4 oo. If .f is a function of period 2! on the real line for which f and f' are piecewise 

continuous, then the classical full Fourier series converges to f(x+ )+ .f(x- ) for every real x. 
2 
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iis (Me-mo~i/o>~ t.J ATI'\~~~~.0 -fk a.v.~LiuJ ~.J.itio~ 0 ~e.U.s 

0 o -= Sc..\4 '(l )\ ~ c,cs) -+ o + o -= c, C5 ) . 

t :=o 

l{e..x.t ob $lj'Jf- ·H~t ) t . 
" 

g_ ~(u)(;)-=: - !C(~)~~tH· 5Ci:S)~~i)- 5~il(~t)) 5~,'Ms~(5T]Jr 
dt I 0 ~ 

" tl'l. 
_ Go(J.\;,). f~1 ~)~ ~ t- ~ecs(,b) J 5j,.,..)ecs{J't)~'T' 

j C> J 

" + $l"t(!~)' f(3,t)~b'> 
~ 

So b0 ® w~ ~"e. 

Cil o := f( "'t )ls\\ " ~ («)~l~ -= o + 5<,(3)- o -o -\ o +o = !c,_(J). 

CD 

t,-:;o t:=o 

A\~o 
1 

sO...~ .f ( ><1-t.) -:::: J .!£ X(- t.J t) (>') 1 

f(i,'t')-= .R f(~~l'))C$). 
$.J,,b-hd:,0~.~ til ~ ~ASi~0 1k CcMVJ~~~ -r~k. f~·~k~)= .[;i=Jt~tJ)JL~X)) 

lu.Js -b 

t 

;fc._. ~) '= t J!£ .f ( 1-'IJr))) J(f (~ (-(t- M, t- T )) )J,-
~ ~ 

~ ~ ( _L :f(x ~X \c~)t\-r - f( .fir f X ~ z vh·\( ) ~ ) o & (:-'Y,~ (~(t-111 t-'t')) - .2..f;: Jo (:.'t','l'·)~ ( -(t·'rl, t---r) } ~ • 



0 •. 

.J) 

s·~l\~ f (x;-t)-=- f(><,t;) ct..,.J-. +k FJ..e, 1,.(.-tt- IA-'<Y..-;:. fC><it) ·,5 l \1\\/0..Y ~~t- ~~V' 

'(e.fle.J:,~~ 4Yo0 k -!k >'- a."i S , (><./) I-~ ( >< ;-t) J -Lt {oHOI.>s fU 

1-o (j) -0-0 ·,~ 1ke. )Ct- y~e.. rio\ r~~~ 

~ eorti"t~I.\S ~QV\ .M 1k )<.t- rk S~ .fW 



) :.> . I :; y1 r . 1 o 1· c , , 

±1-s-. (Mefbj_ -;;..) Le.t ~-= u.(x1t) s-olve. CD -® -® ·~ "'" ~ l're...- ha.lf ·rl~)\~ 

_ ~ <. x. -< ~ ~ t > o . 1'vo c.~.~.J:,J e1...5 ·, 1-\ ~ ,.i-t~ i f~~c:WI / We .f~~ 

1~t 1£.<. F ew'"iel"' -lr~5frr"" of u. wi~ v-e.sF ~ x (~olJ.;J t > o f;><-~ ) ;5 

t.A 
( t) jt( ~ x~) ~ t 50 f (!, '1) sl ~ (j tt- 'l" ) )d.r . 

'B~+ fC.x .(;) = ('j[ X Q<) So fov-~Jo... A '"' ~ 'FDf..\.C~e.v -i¥~~rM f~e i"'olies 
I ~ '1.- (-t}:.) J J 

/\ 

f ( j I '1')-:. ~'rt (r J) , SJ,st;tJ:40 ·,Y\ (t) O~\le.s 
5 t 

1C><)(J) = ~-t ~(q).:(S(t -.,.l) <lr. 

Us~)\6 ~e i.~~ ~~)\Asin B-= ~[c:o~(A-13)- <os(A+S)] ~\vu. 
t 

T(l{. )C~) -= 
1

\ ,_ ) (eos lJ..~'I- :st)- C~>~() i) ) cl,.-
l 0 t 

- _L l. 5i'>1(2. ~1"'-~ t)- 'r'~sl~t-)J\ 
lf" :2. ~ 

'l:::o 

u.,;j 14 ;J.,J;t._s ••~ A~ S = i[ st• (M~ )Hi>I(_A-~) j .. ~ t•sAc...ll = -k [ .. ,Q\-!3 }+-<>{AK 

~le.\cl5 



oO 

_ 2:_ ( >i'\~(t-x))- J(\;-x) a.f.~t -.><) ) J.~ +- 1:_ ~ ">t>\ (J ~he.))- j(-L~x} cos(s~x)) J 
{i.";- Jo 1-~ 1 ~~ t f~ 3 ~ 

cl.( ·~+xv 
tOQ '\, 

siW\tJ(1:,-x))- ~Ct-,x)~~-><)) ~( ~lt-x>) + (t+-~)J -;; ... (jtf.+,_))-~trhc)~: 
[!tL-x)]~ l-~'2-tr o [JCi~-,.:)J~ 

<:>¢ 

U.siYlt} .fk LJ.e,J;~t~ (
0 

'h._(_).)- >-.~c>.) J.). = II ( ~e. ~v-~-t~,. ~ Rj~k~k J 
0 j ,>.> 1- 3.781-(7) 

2.. 

_(t_ ... _x) • 11 -+ 
?..{2Tr 1-

+ _L . (-zx) 1\ 
z& 2-

0 - .[if ( t ~- XL) . ( "J iA ·lf l~ \ < t, Cl-J_ -t > 0 . ) 
1-G: 

-
i) f'y-o c.act"Y\~ o..S ill\ ~ i) •Lt follows 1W \ lA. (:><) .(,) -=: {ff ( {;"L.- Xl.) X(_ ) ~) 
- u 4.[i: ("l~ ,\-bl 

1.~ +k "t,- rL~.ne... 



J 

:ti:b. c~) Si~t~ f i5 0..11 eVb'\ ~"'vt~O\'\ ) ~ f.Jl FQ141"it.< 5e'fks 0 1, (-or) 1\) : 
0.:. 

f~ ) l"o.J Q.o + L l ~CDS()\'>'-)~ b" ~i~(_)\?')] 

is ~) 

a..-:: 
0 

~~-u ~'fi<Ls ~ f 
2. 

7\ -
3 

: ·r i., 

)\-;I 

< r-) .. i~~ · )'> 

<~i~(V\ . \) ~W!' .Y; 

IS 

O<J "J\ 

+ L: 1- (:-1) ecs0 )<) 
'1-

h -=, 'Y\ 

-= 0 

1\ 

,__ ( i}ui.._ to. y. )~x 
1\ joV J...Y 

2. 
II 

3 

L1) 1l Is cku 1kt f i~ ~ ~ f 1 
\~ yiec.evJ\se Ct))\t"-LlO<-lS olo\ R~ 

a..~ w<.~ 

r~ l;l\~ , $~~<.'<. Y is 2-1\- r~YlC>~~!-wt 4 00 ~ -fk ~~r\e.v- .se-'fies 

Co'NJt..'(~l'~ 1-~~ o"DJ!us M -tk fJl FN'fi~r se,-(e.s cf f ~"~~d .fo 

2J f (,/) -\- -f(i") foy e.vuj 'CeJ x . M f (,..._+ )~ f(,.:) a..J f(x)-;::- -f6.:} fey ev~rj 
'J.. 

1 

r-~ x. S\~~ f is C() ~ttA ~lWUS er ~ ~ Y~ li)\e-. ~e.~c~ 1k fJ( F~i~Y' St.Yit.s cf 

f (.e.,..vev'~es tb f(")'-) fov- ct.ll y~ ><. ~ f"'~eulv, 

l-

"!_ + 
3 



0 -:: 

i"' ~ ick~tit:J fo~ 
'1'\ 

1-l\ 
"\~ 

4- {:-1\ C,OS(l'\lt) 

tM-b (j,) ~~ to 
\ co 

So \ L _L -= ~ ( 7'i2.- -i) -= 7'i. "1-
'r\,_ 1- \ 3 b 

'1\-::: I 

I;., - .· 

:t±?l_a) VJR-- ~u.k_ ~tr~v:J ~ol~s c1 tk f~ ~",t)-=: "X (,.:)T(.t) fo0}-(~)-(3 }-(+). 
SJ,stlh£~0 ("'(') ~ielc!s X(>c.)l-'t1;)- x''(?<)!(-t)+ 2..X{><)Tti>=o so 

- x'' ()'-) - ( T'(-t.) + 2. T
1
C:t-)} 

~ ) -::=. -:::: CQI'IStA..Y\-t_ -::: ). • 

XL"'') T (:t) 

s~~st~·hJ:ilt~ !.~.('~<,i:)-== z-(?c.)T(~} ~>\ (J.) ~(3) 6iv~5 X'(o)T{:l::)-=- 0 -.::: xm1[t.) fov t ~0 

~ ih (.+ ) 0:v~s Y(><)T ~)-:::: o f.,v-- o 'f:. x~T. ~ '1'\ot\tciviJi~ cf ~ o-..,A_ (*) i"tfl) 

~~) ('-) K 11(7<) t- A:K&<) = o X
1

C.0 )-=- o-;:: x-'ur) 
) I 

(7) T'' (}) +- 2. T (-t) + \ l(t-):::: o 
1 

T(o)'= o . 

2. 

Bj Scu.. f. 2.
1 
~ eij~vJ~ ~ ~e.\f"-~iMS o.f (.{,) M'<. -\,-:::"' CL~ X~(,.)-:: tDS(~x) 

WkU(... n::oJ'1-z.
1 
... s.J,st~t~t'\O _\-:::A~-=._) ~"' (b) Oje\As 

1/ I 1-

(g ') I" (t) +- .2..T"' (:t} +- h T ... <t-):::. 0 I T., (9) """ 0. 

We loo 1,_ f.« ,J,.l;.~s to -11.. J:. \fue>i;..\ A...,£""' i ~ (B) elf +k- f • ..._ IJt) = e_'"• t. w 'ku e. 

'('~ \s a... ~\-A)\.t-. S,J,shhdi0 TY\Et-)=-[... ,.,.. c_s) \eak ~o 



i 7 (6..) 

(con-t.) 

\.1) 

~ tk S~<yos~\:4~ r\'f\ciyle
1 
~ fo<~ sJv.he¥\ to(l)-ll-j-l'3)-(f ) is 

~ ~ t 
"-l>'rb)-= L: A)\XnC~Tn~) ~ Ao(l-e~t) + A

1
tos(?')tet + L:At\w(~><ie~(i~i) 

n~o ~~~ 

wk,-~ Ao 
1 

AJ ,·A,,... a<t- a.~-\x(l.(j ~~$. ~ 

~tihb) = 2~J-1t + A,eo>(.>< )~- t) ;:* .f. ~ ~ 1\.w.(•~) ~ tl J .,.._, Cos( I •'-• -/;) - ,; "(p':. t 1 
$C> ro s~\stj (_5"") WL )',o.\Ut \tAve-

x'l.-:: \tL ( xlo) -;::. 2. A + A Cos(><) +- L.. An~.,:-_, c.os("") 
v o I 

'1\0::'l-

II 

5 (I ~ ·· l b) Ld;; "--:o k(~t't ') s~i5~J (I) -(_2.) -(_3) ~ CDY\siJ.e.,. E({/)-== ~ Jo[ u.:(><Jt) 4- u.; (?<,~~d.;><.) 
-fhe. e-"'~jj ~:e>Y\ foy u. ~ ~ fhc.. ude.v'la..l f> ~ t < oD • WL hA.ve. 

C~) = l J ~l ~: (>'I~');-U:()',~)1ct~ n. 
~o v ~v 

-

_...< _ __....,. 
rr ,......_.--... ,.. • ""' t [ \ c" ,t) l!..t~ l"}' H "'-' c~, t) u.,t bt > 1 ~ 

·~J 

\..!._.I 

"TT 

-J ..... l•,t)ll""("l)J" '·I : 
' -.. . ....-

0 



lk7(~J (t.J:.] E
1ct l = r «tht{ "-tt L",t)- «,..J_,.,b l]"-"' 

0 

Co~$(!.bw.e"tlj E = E\:t) ·,s Je-e<us~d' t~~ t ~ o · 
I ·._. 

,_, ·- -• (_c..) \ _re..S I 1he:(~ j S ~.J~ vt\e 5 cJ~49~ tv h pYoble.m i:.l'\ r.vt ~) l h>v'" S'fpok 

M u...-== v(.,:.l-) is am~ sJ~iel"' +o ~is py-ch\e,.., a..J. ~~~~" w(><-1t-) = !.{(><-/-)- v(x,t) 

fov' o ~ x ~1\ tt~ t ~o. ~ w ;s Cem.t)\~ a..~ solves 

' (II) w -vJ +- 2.w-t-=- o if 0 ~ >< < 1\) 0 ..(. t< 06 '--• t.t )c)'. .I 

/ 

"-'x ( o 1b) -=.. o -::::. 1,Jx(1'i1i) ·,t i~o ,:_0 (2)-L3') 
) 

0 ( 4'') -(5') W(x1 o) -::::. 0 -;::: w{; ( x, o) ·,f 0~ X~ll. 

11 

B_j y~<t L1) 
1 
~ V\~"jj ~JiC7Y\ El-l)-::: ~JJ w:{71t) + w:(~1 t )jolx ~s 

clu-•~;d o~ o~ i <()() • . B~ +~~ b_j (_~') A.J eti~'f!-1"1-h.aJio~"~ of (+') J 

"1\ "2-

<--0 o 1o E(tl ! flo)= -u [ •< ( -., o )+ w~ h • )J..t" =- o . 
0 

~~L>..e~J Re vtL~\slir1.0 -kor-e.o-. i.~ie.s wt (xA):: o -;::: wx (x.~.t) if-
0 
~ x ~ 1\ 

'V\J.. 0 ~ b < 06) ~ h.t.nc..e. "N ('></t) :::: Col'\~~ \ ~ 44 5t'f~f 0 ~X~ 'i\) 0 ~ i. <oO . 

\_!__; 'M- (-+') ~,.,l\e-s 1~~ ~s+..~t is U:•'"Oj i.e. ~("i~)-v(>'f~) :. w(;x,t) -=-o f.,...-

tt-1\ 0 ~ X ~T 4.,J,. 0 ~ t < oo. S\~ V(x1t-) = U..{xfo) i~ fk ~t"Lf 0 ~ ~ ~1\) 0 5 t< Q().l 

-fku~ is o~ o~ so~l'\ +o ~ fv-~~ i~-t (~t). 



Mct+it 32s

Su.~m.e.< ~D l :L 

F\~J Ex~W\ 

)\\ea.\-\ ::::: I o 7. 't 

r.teJ.·,~Ut =:: J 0 t 

~1-~J.. k...;io.--tLDt\-= o3.o 

'J>,'~b~o n at S'C-v-t.s 

~ ~~~ G""~ 

1'74 -:2.00 A 

l4b-l73 B 

1 :2.-o - l4s 

too- ll9 c 
0 - <t'l J= 

~1~~e. Gv-~ h-=1~~ 

A 3 

13 

B 0 

c 3 

J) 8 


