
Mathematics 325 Final Exam 
Summer 2012 

1.(28 pts.) (a) Verify that uP (x ,y) = exy is a particular solution to the linear, nonhomogeneous parti al 

differential equation yux - xu" = ( / - x2
) e'Y . 

(b) Find the general solution of the linear, homogeneous pariial differential equation yu, -xu)' = 0 . 

(c) F ind the solution of the partial differential equation yux - xuv = (/- x2 )exy satisfying the 

auxiliary condition u (x, 0) = x 6 + 1 for all real x. 

2.(28 pts.) Classify the type - elliptic, parabolic, or hyperbolic- of the partial differential equation 

urx + u >Y - 2uxy =sin ( x- y) and find, if possible, the general solution in the xy- plane. 

3.(29 pts.) A homogeneous solid material occupying D = { (x,y,z) E IR 3
: 4 ::::: x 2 + / + z 2

:::::] oo} is 

completely insulated and its initial temperature at position ( x, y, z ) in D is 200/) x2 + / + z2 
. 

(a) Write, without proof or derivation, the partial differential equation and initial/boundary conditions 

that completely govern the temperature u(x,y,z,t) at position (x,y,z ) in D and time t~ 0. 

(b) Use the divergence theorem to help show that the heat energy H (t) = JfJ cpu ( x,y, z,t)dV of the 
D 

material in D at time 1 is a constant function of time. Here c and p denote the (positive, constant) 

specific heat and mass density, respectively, of the material in D. 
(c) Compute the (constant) steady-state temperature that the material in D reaches after a long time. 

4.(28 pts.) Solve u, - uxx = 0 in the upper half-plane - oo < x < oo, 0 < t < oo, subject to the initial 

"' 
conditionu(x,O)=x2 if -oo <x <oo. Note:Youmayfindusefultheidentity J p 2

e - p
1

dp =#/2. 

( ) {
FJi if lxl < ltl, . 5.(29 pts.) Let f x,t = . Use Founer transform methods to solve 

(!) 0 otherwise. ® 
U11 -uxx = f(x,t) in the xt -plane subject to the initial conditions u(x,O)~ 0 = u, (x ,O) for all real x. 

6.(29 pts.) (a) Show that the 2n- periodic function determined by the formula f ( x) = x2 for x in the 

interval [-7r,7r] hasfullFourierseries ~+ f 4(- 1r~os(nx). 
3 n = ] n 

(b) Discuss the pointwise convergence or lack thereof for the full Fourier series off at each point x 

in the interval [ -Jr, 7r]. 

00 (-1r "' 1 
(c) Use the results of parts (a) and (b) to help fmd the sums of the series I-

2
- and I-

2 
• 

n=l n n=] n 

7.(29 pts.) (a) Find a solution to the damped wave equation 

(1) U11 -Uxx +2u, =0 in O<x<n, O<t<oo, 



sati sfyin g the boundary conditions 

(2)-(3) 

(4) 

u,(O,t)=O=u,(n,t) for O ~ t <oo, 

u(x,O)=O for O~x~n, 

(5) U
1 
(x,O) = x2 fo r 0 ~ x ~Jr. 

(b) Show that if u = u ( x, t) sa tisfies (1 )-(2)-(3) then its energy functi on 

E ( t) = ~ f [ u, 
2 

( x, t) + u, 
2 

( x, i) J dx 
0 

is decreasing on 0 ~ t < co . 
(c) Is the solution to the problem in part (a) unique? Justify your answer. 
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A Brief Table of Fourier Transforms 

.f (x) 

{
1

0 

if - b <x <b, 

_ otherwise. 

{
0

1 if C <X < d, 

otherwise. 

e 
2 - ax 

sin( ax) 
X 

(a > 0) 

if 0 < X ~ b, 

if b <X< 2b, 

otherwise. 

if X> 0, 

otherwise. 

if b <X < C, 

otherwi se. 

if - b <X <b, 

otherwi se. 

if C <X< d, 

otherwise. 

(a> 0) 

(a > 0) 

' 1 00 . . 

.f (c; ) = ~ J .f (x)e-'{'dx 
....;2Jr -0') 

_1 + 2e - ib¢ _ e-2 ih¢ 

{2 sin(b(~ -a)) 
~; ~ - a 

eic(a-¢) - e id(a-¢) 

i(c; -a)& 

1 - ¢2/ (4a) --e 
Ea 

if jc; j ;:: a, 

if / ~ J <a. 



Fourier Series Convergence Theorems 

Cons ider the eigenvalue probl em 

(1) X"(x)+2X (x ) =0 in a<x<b 

with any symmetric boundary cond itions of the form 

{
aJ(a) + fJJ(b) + rJ'(a) + 5J'(b) = 0 

(2) 
a2f(a) + fJ2f(b) + r 2.f'(a) + 52f'(b) = 0 

and let <!> = {X~> X 2, X 3 , ... } be the complete orthogonal set of eigenfunctions for (1 )-(2). Let f be 

any absolutely integrable function defined on a ~ x ~ b . Consider the Fourier series for f with 

respect to <!> : 

where 
n= I 

A = (f,X") 
II (X X\ 

n' n I 

Theorem 2. (Uniform Convergence) If 

(n = 1,2,3, ... ). 

(i) f(x),f'(x), and f"(x) existandarecontinuous for a~x ~ b and 

(ii) f satisfies the given symmetric boundary conditions, 

then the Fourier series of .f converges uniformly to .f on [a, b]. 

Theorem 3. ( 2- Convergence) If 
h 

JIJ(xf dx <oo 
a 

then the Fourier series of .f converges to .f in the mean-square sense in (a, b). 

Theorem 4. (Pointwi se Convergence of Classical Fourier Series) 
(i) If .f is a continuous function on a~ x ~ b and .f' is piecewise continuous on a~ x ::::; b , then the 

class ical Fourier series (full, sine, or cosine) at x converges pointwise to f ( x) in the open interval 

a < x<b. 
(ii) If .f is a piecewise continuous function on a::::: x ::::: b and .f' is piecewise continuous on 

a::::: x::::: b, then the classical Fourier series (full , sine, or cosine) converges pointwise at every point x 

in ( -oo,oo). The sum of the Fourier series is 

IAnXn (x )= J(x+)+ J(x- ) 
n~l 2 

for all x in the open interval (a, b). 

Theorem 4 oo. If .f is a function of period 2! on the real line for which f and f' are piecewise 

continuous, then the classical full Fourier series converges to f(x+ )+ .f(x- ) for every real x. 
2 
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