Mathematics 325 I'inal Exam Name: Dy G\" o
Summer 2012

1.(28 pts.) (a) Verify that u, (x, y: 2™ is a particular solution to the linear, nonhomogeneous partial
differential equation yu —xu, = (}/2 ~x’ )e”
(b) Find the general solution of the linear, homogeneous partial differential equation yu, —xu, =0.
ifferential equation yu, —xu, = ( y —x )e"" satisfying the

X.

auxiliary condition u x,O) =x"+1 for all real

2.(28 pts.) Classify the type - elliptic, parabolic, or hyperbolic - of the partial differential equation
u, +u, 2w Sin i ,V) Ifind, i1 | sible,t ge ution in the xy-  a

Xy

3.(29 pts.) A homogeneous solid material occupying D = {(x,y,z) eR: 4<x?+y’+2°< 100} is
completely insulated and its initial temperature at position (x,y,z) in D is 200/ NEE S A

(a) Write, without proof or derivation, the partial differential equation and initial/boundary conditions
that completely govern the temperature u(x, y,z,t) at position (x,y,z ) in D and time ¢ 2 0.

(b) Use the divergence theorem to help show that the heat energy H _m cpu X, ¥, 2, t)dV of the

material in D at time ¢ is a constant function of time. Here ¢ and p denote the (positive, constant)

specific heat and mass density, respectively, of the material in D.
(c) Compute the (constant) steady-state temperature that the material in D reaches after a long time.

4.(28 pts.) Solve u,—u_ =0 in the upper half-plane —co <x <o, 0 <t <o, subject to the initial

condition u (x, O) =x’ if —w<x <. Note: You may find useful the identity I er”’zdp = \/_7;/2

g B

5.(29 pts.) Let f(x,t)z{\/;’ﬁ it x| <l

0  otherwise.

Use Fourier transform methods to solve

u, —u, = f(x,) in the xt—plane subject to the initial conditions u(x, 0)=0=1y, (x, 0) forall real x.

6.(29 pts.) (a) Show that the 27 — periodic function determined by the formula f (x) =x* for x inthe

2 @ 4(-1)" coslnx)
interval [—7, 7] has full Fourier series z . Z_(‘_lz_ =

' n=1 n
(b) Discuss the pointwise convergence or lack thereof for the full Fourier series of f* at each point x

in the interval [-7,7].

(c) Use the results of parts (a) and (b) to help find the sums of the series Z( Ziz
n=1 1

7.(29 pts.) (a) Find a solution to the damped wave equation
(1) u,—u +2u,=01n O<x<m, 0<t<o0,



satisfying the boundary conditions

(2)-3) 1, (0,0)=0=u (1) for 0<1 <o,
(4) u(x,0)=0 for 0<x <7,
(5) 1, (x,0)=x" for 0<x<7.

(b) Show thatif u=u (x,l) satisties (1)-(2)-(3) then its energy function
E()==]
2 0

(27N, 27 A1
KRR \x,zu dx

is decreasing on 0 <7 <.
(c) Is the solution to the problem in part (a) unique? Justify your answer.



A Brief Table of Fourier Transforms

/()

{1 if ~b<x<b,

0 otherwise.

{1 if c<x<d,

0 otherwise.

L (a>0)

x +a’

X if 0<x<b,
2b—-x if b<x<2b,
0 otherwise.

e if x>0,
0 otherwise.

{e“‘ if b<x<ec,

0 otherwise.

e if —b<x<b,
0 otherwise,
{e if c<x<d,

0 otherwise,

e (a > O)
sm)(cax) (a>0)




Fourier Series Convergence Theorems

Consider the eigenvalue problem

(1) X' (x)+2X(x)=0 ina<x<b
with any symmetric boundary conditions of the form

{a]f(a) FASB) 71 (@)+6,1'() =0
- @, f(@)+ By (B)+ 7,/ (@) + 6, (B) =0

and let &= {Xsz:sz-} be the complete orthogonal set of eigenfunctions for (1)-(2). Let f be

any absolutely integrable function defined on a < x <5 . Consider the Fourier series for / with
respect to @ :

where

A _ ALY (n=1,2,3,...).

n <A,n,/\/n)

Theorem 2. (Uniform Convergence) If
(i) f(x),f'(x), and f"(x) existand are continuous for « <x<b and
(i) f satisfies the given symmetric boundary conditions,

then the Fourier serics of f converges uniformly to f/ on [a,b].

Theorem 3. (L’ —Convergence) If
h
H/(A)( dx <o

then the Fourier serics of f convergesto f in the mean-square sense in (a,b).

Theorem 4. (Pointwise Convergence of Classical Fourier Series)
(1) If f 1s a continuous function on ¢ £ x<b and f'is piccewise continuous on « < x <), then the

classical Fourier series (full, sine, or cosine) at x converges pointwise to f(x) in the open interval
a<x<b.
(1) If f is a piecewise continuous function on a<x<5h and f’is piecewise continuous on
¢ ~x<b,then the classical Fourier series (full, sine, or cosine) converges pointwise at  /ery point x
in (—oo,oo) . The sum of the Fourier series is
. .

i f (x +f (x

24X, (%)= ) )
n=1 2

for all x in the open interval (a,b).

Theorem 4. If f is a function of period 2/ on the real line for which / and /' are piecewise

() ()

continuous, then the classical full Fourier series converges to

fore ‘yreal x.
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30«\«,(4& Solukion o§ the PE n (8) .
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£7@)  TF nza dhen ¥, SN 50 ) (c‘@s({;‘:m ;;M(mm
(Cond. , | .
(Cont ) 15 the ‘3&“@(»& sfo\kd’iav‘\ o‘g'*“\c Y i (8)' Tukma into account the it

l.aw\
n(B8) we “‘W&, “p Yo a constant Fackor,

- - ~t

T@): \-e,Zt} T&):-{—,et} mw\ Tn(f):eﬁn(\[:\r——l t) if w2,
B\\j fhe Su.YL(YOS\hCM Yrmqy‘e a ’fo(mv‘ sdubion fo (1)- (1)-6}-#) is
W)= ZZ AZHTE) = Al-e )4 Amwe + 'ZAws(nx)e Sw\(Jn—rl:)

n=o nxy

wheve A, A A .. ave af{i\-}mff) Conslanks . Then

°) 7y Tay
- od -t - T .
u,c@c,bj = 2A°¢ + A\ws(y)(\—t)c-h + L Aconde U:—n cw(f:t t) - Sw\Q?J t%
w2
so to s&bgj (5) we muwst Wave

X = ut("o\ = 2A_ + A Cos(*) + Z:_, A ‘r——;c“(“") ot 2y,

n=1

8\3 onuem L

2
on: 7_;_) A‘:—'}/ ahA fr\,n;-),) An‘[;i: =

”ﬂwﬁ o~ Sotwﬂevl +o U),(ﬂ_@)_&)_@ is
W) = T (1-5%) - fus)te ++"”Z mws(nx)sm( )

-
SRR (b) Leb w= w(x ) Sa;h'sgt) M-a-3) ard, eonsidexr ER) = 3—5 [u:(x{:)+ u:(x,é)]d;‘}
The. eneray 'f\m&tavx 'gw w on the tnberval o2t <o, We have

L Em=t j 2 [ (xé\’\'“x("/*—)ldx

> o
/*""ﬂ/*-’g-—"’“
L S [l&k(ﬁ o h{oﬂe)-\— " (*/{’)LL“L"/"’)]A’“
o v

™ m

N __ j;u,c@,evu,ctcx,ﬂo\» ; W‘& j NN
X (o]

O by (2)(3)




&7&) (L"‘i:\ E/Ct) = qut(xlé)[u&(_"/ﬁ) — uxx(x,b)]okx

o
LAY

22 e (by o)

]

s)

Con%%uutlj E=gd) is aleorw'm% om t2o .

- (L) \Es’ ‘ﬂwﬂ, T3 O»JL) ene $o!k£ion +o ‘H\& Proue,m in . ’t(' —I r P
Hhat w=v(<t) is anether solubion o Hais Frouem and eomsider w>t) = u(>t)-v(x €)
j:owf o€ x<T and t20. Then W is continuems avnd, sdves

(‘,) w%—- W)(x+ 2w£:o i 0 <> <T, 04 t<os
(2,)._(3/) Hx (O/f;) =0 = wx('t'\')'(;) 'I'f' £ > O)
(4/)’(5’) W(x/ o) = 0 = We(x,o\ ]f 0% x <1,

v
53 FNJC LL), H\Luersj funckion EW) = Jijo[w:(x,e)Jr w;(%,t\:\oLx i
olz,c(w'm% on o< 'l:<oo.. Buk then Lf) (5) and differentiation of (+’>

Ly

0<EW) £E@E) = %‘j [ w:(x,o),t W:(xlo)}ix = 0.

[S)
Cmsu‘urﬂj the vmis[&nbﬂneorem imglies Wi (D =0=wW (1) £ goxer
and 0¢ t< °¢) MW W(le.) = Constant in 'H\q, si\’(? OﬁxéT\_/ 02t<w,

i I - - - ~
'Bui«' (4’ ) cmiylse,s Fhe constant is cho}' e, u.(x,e)_y(x){;) = wWixt) - o ;,f

Al 0 x ¢ and 0<b<o, Since Vixt) = ufet) in fhe ,{,;? 2% 2T, 0% deu
J

Ahere is o»\lj one. solubion 1o the fro[:(ou Mm@ .
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F\Aa& EXa_m
n= |({
mean= [07.9
median = jo4

stardard izvidcion = 53.0

Distbidion of Seaves

Ravge Godude Grode  Undograduate Grade
174 ~200 A A
146 ~ 173 B 8
120 ~ 45 C B
foo — 119 C c
o - 1 = >



