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ABSTRACT

We study the e�ects of quenched weak disorder on quantum phasetransitions

in disordered magnets. The presence of disorder in the system canlead to a variety of

exotic phenomena,e.g., the smearing of transitions or quantum Gri�ths singularities.

Phase transitions are smeared if individual spatial regions can order indepen-

dently of the bulk system. In paper I, we study smeared quantum phase transitions

in binary alloys A1� x Bx that are tuned by changing the compositionx. We show that

in this case the ordered phase is extended over all compositionsx < 1. We also study

the composition dependence of observables. In paper II, we investigate the in
uence

of spatial disorder correlations on smeared phase transitions. Asan experimental

example, we demonstrate in paper III, that the composition-driven ferromagnetic-to-

paramagnetic quantum phase transition in Sr1� xCaxRuO3 is smeared.

When individual spatial regions cannot order but 
uctuate slowly, the phase

transition is characterized by strong singularities in the quantum Gri�ths phase. In

paper IV, we develop a theory of the quantum Gri�ths phases in disordered ferromag-

netic metals. We show that the quantum Gri�ths singularities are stronger than the

usual power-law quantum Gri�ths singularities in insulating magnets. In paper V,

we present an e�cient numerical method for studying quantum phase transitions in

disordered systems withO(N ) order parameter symmetry in the large-N limit. Our

algorithm solves iteratively the large-N self-consistent equations for the renormalized

distances from criticality.

Paper VI is devoted to the study of transport properties in the quantum

Gri�ths phase associated with the antiferromagnetic quantum phase transition in a

metal. We �nd unusual behavior of transport properties which is in contrast to the

normal Fermi-liquid behavior.
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1. INTRODUCTION

1.1. PHASE TRANSITIONS AND CRITICAL PHENOMENA

A phase transition is the abrupt transformation of a thermodynamic system

from one phase to another. Examples are the phase transitions ofwater [2]. The

water can exist as a gas, liquid, or solid depending on temperature and pressure as

shown in Fig. 1.1. The solid and gas phases are connected along the lineAC, where

they coexist and are in equilibrium. The liquid and solid phases are connected along

the line AD, they also coexist and are in equilibrium on the coexistence line AD.

Similarly, liquid and gas can also coexist. These two phases are separated by the

liquid-gas coexistence line AB. At point A, at which the three lines intersect, solid,

liquid, and gas all exist in equilibrium. This point is known as thetriple point.

The phase transitions occurring when crossing coexistence lines are charac-

terized by discontinuities in the�rst derivatives of the Gibbs free energy across the

coexistence lines. They are called�rst-order phase transitions. First order phase

transitions involve latent heat which is absorbed or released during the crossing of

the coexistence lines. The point B at which the liquid and gas phases ofa water be-

come identical is called thecritical point . It is characterized by acritical temperature

Tc and acritical pressurePc. At temperatures aboveTc and pressures higher thanPc,

there is only one 
uid phase. The transition occuring at the critical point is called

a second-orderor continuous phase transition. At continuous phase transitions, no

latent heat is released or absorbed and the�rst derivatives of the Gibbs free energy

are continuous.

Another example of phase transitions are magnetic phase transitions. Just as

a 
uid can exist as a liquid, or a gas, a magnetic system can exist as a ferromagnet
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Figure 1.1: Schematic phase diagram of water.

or paramagnet. But, just as liquid and gas are not the only phases of a 
uid system,

the ferromagnetic and paramagnetic phases are also not the only two possible phases

of magnetic systems.

The most basic model of magnetic systems is the Ising model. The Ising model

consists of a lattice ind > 1 dimensional space. The classical spin variableSi = � 1

is attached to the i -th lattice site. In the presence of an external magnetic �eld, the

model is described by the following Hamiltonian

H = � J
X

i;j

Si Sj � h
X

i

Si ; (1.1)

whereJ is the interaction between spins andh is a uniform external magnetic �eld. In

the absence of the magnetic �eldh = 0, for J > 0 and at temperaturesT < T c, where

Tc is the critical temperature, spins prefer to align in parallel; the corresponding phase

is called the ferromagnetic phase (Fig. 1.2a). ForJ < 0 and low temperatures, the

spins are antiparallel, and the system is in the antiferromagnetic phase (Fig. 1.2b).

At temperatures T > T c, the system shows paramagnetic behavior (Fig. 1.2c),i.e.,

the spins 
uctuate between up and down. Di�erent phases can be distinguished by

an order parameter, a quantity that is zero in one phase (the disordered phase) and
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Figure 1.2: Magnetic systems. a) ferromagnet, b) antiferromagnet, c) paramagnet,
spins 
uctuate in time.

non-zero in the other, ordered phase. In a ferromagnetic system, the order parameter

is the magnetisation per sitem = hSi i . m = 0 in the paramagnetic phase andm 6= 0

in the ferromagnetic phase as shown in Fig. 1.3a.

At low temperatures T < T c, the ferromagnet has two equivalent thermody-

namic states with magnetizationsm > 0 and m < 0. In the presence of an external

magnetic �eld h 6= 0, the �eld energy will tend to align the spins with h. Therefore,

as h changes from being negative to positive, the sign of the magnetizarion, m, will

also change abruptly. So, forT � Tc the �eld-driven transition between two up and

down phases is �rst order. It turns into a continuous transition atT = Tc (Fig. 1.3b).

1.1.1. Landau Mean-Field Theory. Landau theory postulates that for a

given phase transition, the free energyF (known as the Landau free energy) is an

analytic function of the order parameterm and can be expanded in a power series

F = F0 + tm2 + vm3 + um4 + O(m5) � hm ; (1.2)
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Figure 1.3: Phase transition in a ferromagnet. a) Magnetisation as afunction of
temperature in the ferromagnetic Ising model, b) Phase diagram ofthe
ferromagnetic Ising model.

where t; v; u are system parameters that may depend on external parameters such

as temperature, pressure and chemical compositionetc.. h is an external �eld. The

correct physical value of the order parameter can be determinedby minimizing the

free energy. Landau theory only uses the average value ofm, thus it can be understood

as a sophisticated mean-�eld theory.

If v 6=0, Landau theory describes �rst-order phase transitions. In the absence

of the external �eld, for t > t � , wheret � = 9v2=32u, there is a minimum only atm = 0

(Fig. 1.4a). For t < t � , a secondary minimum and maximum appear in addition to the

minimum at m = 0 (Fig. 1.4b). As t is lowered further to the valuet0 both minima

have the same value (Fig. 1.4c). Belowt0, the secondary minimum is now the global

minimum, and the value of the order parameterm which minimizes the Landau free

energyF jumps discontinuously fromm = 0 to a non-zero value (Fig. 1.4d).

For v = 0, Landau theory describes continuous phase transitions. In the

absence of external �eld, and fort > 0, the Landau free energy has a single minimum

at m = 0 (Fig. 1.5a). For t � 0, the minima of F are at (Fig. 1.5b,c)

m = �

r
� t
2u

� (� t)� : (1.3)



5

Figure 1.4: First-order phase transition. The Landau free energyas a function of
order parameter for various temperatures.

Thus, according to Landau theory, criticality in the order parameter is char-

acterized by a critical exponent� = 1=2. The singularity in Eq. (1.3) is an example

of critical singularities. Singularities also occur in the vicinity of the critical point in

the following observables

C � j tj � � ; (1.4)

� � j t j � 
 ; (1.5)

and

mc(h) � h1=� : (1.6)

Here, C is the speci�c heat, � is the order parameter susceptibility, andmc is the

order parameter at the critical point. � , 
 and � are called critical exponents. The

values of critical exponents within Landau theory are given in the Table 1.1. They

are identical to the usual mean-�eld values.

1.1.2. Breakdown of Landau Theory. Landau theory uses the average

order-parameter while neglecting 
uctuations about this average. The e�ects of these
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Figure 1.5: Second-order phase transition. The Landau free energy as a function of
order parameter for various temperatures.


uctuations can become important near the critical point and cause the Landau

theory to fail . The 
uctuations are described by the correlation function

G(~r1; ~r2) = hm(~r1)m(~r2)i � h m(~r1)i hm(~r2)i : (1.7)

For translationally invariant system G(~r1; ~r2) = G(~r1 � ~r2) = G(~r). Near the the

critical point, G(~r) has the form [2]

G(~r) �
1

r d� 2+ �
exp(� r=� ) : (1.8)

The critical exponent is� = 0 in the Landau theory. The correlation length� diverges

at the critical point as

� � j tj � � ; (1.9)

implying long-range correlations in space. Here,� is the correlation length exponent.

In addition to the long-range correlations in space, there are analogous long-

range correlations of the order parameter 
uctuations in time. Close to the critical
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Table 1.1: Critical exponents in the Landau mean �eld theory.

crit. exp. � 
 � � � �
1/2 1 3 0 0 1/2

point, the correlation time diverges as

� c � j t j � �z ; (1.10)

wherez is the dynamical critical exponent.

The relative strength of the order-parameter 
uctuations can be estimated by

PLG =
j
R

dd~rG(~r)j
R

dd~rm2(~r)
: (1.11)

The criterion that PLG be small (PLG � 1) for the validity of Landau theory is

called the Ginzburg criterion [3]. Substituting Eqs. (1.3,1.8,1.9) into Eq.(1.11), the

Ginzburg criterion takes the form

t �d � 2� � 2� � 1 : (1.12)

Thus, the Landau theory is valid in the limit t ! 0, if

d >
2� + 2�

�
� d+ ; (1.13)

where d+ is the upper critical dimension. Inserting mean-�eld values� = 1=2 and

� = 1=2 givesd+ = 4. Thus, according the Ginzburg criterion the Landau theory

breaks down ford < 4. Another critical dimension is the so-called lower critical

dimension d� . Below d� , no phase transition is observed in the system. In such a
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case, no long range order is possible due to strong 
uctuations.d� = 1; or 2 for Ising

and O(3) Heisenberg symmetries, respectively.

1.1.3. Landau-Ginzburg-Wilson Theory. As we have seen in the last

subsection, Landau theory breaks down below the upper critical dimension d+ =

4 because of the strong order parameter 
uctuations. In orderto describe phase

transitions more adequately one needs to generalize the Landau free energy function

(1.2) to a functional that depends on a spatially varying order parameter �eld � (r ).

Expanding in both � (r ) and its gradient yields the Landau-Ginzburg-Wilson (LGW)

functional (for the casev = 0)

S[� (r )] =
1
T

Z
ddr

�
t� 2(r ) + c[r � (r )]2 + u� 4(r )

	
; (1.14)

The LGW theory is a nontrivial many-body problem which cannot be solved in

closed form. Wilson solved this problem for which he was awarded a Nobel Prize in

Physics in 1982 [4, 5]. He treated the Landau-Ginzburg-Wilson theory by means of

a renormalization group (RG) [2] which is based on the Kadano� scaling. We will

discuss both scaling theory and RG in details below.

1.1.4. The Scaling Hypothesis. In this subsection, we will discuss the

scaling theory [2, 6]. The scaling hypothesis is based on the idea [7] that close to

the critical point, the only relevant length is the correlation length.Let us consider

a system with a lattice constanta0 close to ferromagnetic phase transition. The

neighboring spins are mostly parallel. Therefore we can replace a block of neighboring

spins of sizeba0 by a single \renormalized" spin. If we do this everywhere in the

lattice, we get a system with a new lattice constantba0. If we now rescale all lengths

by a factor b, the distance from criticality t and �eld h will be renormalized astb = byt t

and hb = byh h. Rescaling length byb leads to the change of the free energy density
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f by a factor of b� d. f therefore ful�lls the homogeneity relation

f (t; h) = b� df (byt t; byh h) : (1.15)

Because the length scale is reduced by the factor ofb, correlation length is changed

by the same factor,� 0 = �=b. Therefore, the scaling form for the correlation length

has the form

� (t; h) = b�(byt t; byh h) : (1.16)

Using scaling forms Eq. (1.15,1.16), we can �nd the scaling behavior ofther-

modynamic functions and derive scaling relations.

As the rescaling factorb is arbitrary, we can choose it such thatbyt t = 1. This

leads to the scaling forms

f (t; h) � td=yt gf (h=tyh =yt ) ; (1.17)

and

� (t; h) � t � 1=yt g� (h=tyh =yt ) : (1.18)

Thus, in zero magnetic �eld, the correlation length diverges as

� (t) = jtj � � ; (1.19)

with � = 1=yt .

The zero-�eld magnetization can be found as
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m(t) = �
�

@f
@h

�

T

� t (d� yh )=yt : (1.20)

Comparing the above equation with Eq. (1.3) gives the scaling relation

� = ( d � yh)� ; (1.21)

The magnetization at the critical point t = 0, with the choice of b = h� 1=yh in

Eq. (1.15), has the form

m � h(d� yh )=yh ; (1.22)

which gives Widom's scaling relation [8]

� =
yh

d � yh
: (1.23)

Similarly, the susceptibility � (t) = @m=@h� j tj � (2yh � d)� and gives Fisher's scaling

law [9],


 = (2 yh � d)� ; (1.24)

and the speci�c heat C(t) = � T @2f=@t2 � j t j �d � 2 � j t j � � leads to Joshephson's

identity [10]

� = 2 � �d : (1.25)

Joshephson's scaling law is valid only below the upper critical dimension.
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Finally, using scaling relations derived above, we can obtain Rushbrooke's

identity [11]

� + 2� + 
 = 2 ; (1.26)

and Widom's identity

� + � (� + 1) = 2 : (1.27)

Scaling theory was originally developed on a purely heuristic basis. Today it

can be derived by means of the renormalization group. It is an extremely powerful

tool for analyzing experiments and numerical data.

1.1.5. Renormalization Group Theory. The renormalization group (RG)

method [2, 6] is based on the idea that close to the critical point, thecorrelation

length, � , is the only important length scale, and that microscopic length scales are

irrelevant. The fact that at the critical point the correlation length diverges causes

the critical behavior to be dominated by long-wavelength 
uctuations. If we inte-

grate over 
uctuations having wavelengtha . � . ba, a a being lattice constant, the

behavior of the correlation function for distancesr > ba will not be changed. The

integration over short-wavelength 
uctuations assigns to the original system another

corresponding system having the same behavior at long distances.The transforma-

tion between these systems is called a renormalization-group transformation (RGT).

It leads to a system with a new Hamiltonian with new coupling constantswhich can

be obtained from the old one by the RG recursion relations. RGT can be iterated by

integrating over 
uctuations having wavelenghtsba. � . b2a etc..

The crucial ingredient of the RG method is existence of�xed points. A �xed

point is a point where the Hamiltonian is mapped onto itself under the RGT. Corre-

spondingly, at �xed points the correlation length � does not change under the RGT
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and thus it can be 0 or1 . The �xed point with � = 1 is referred to as acritical �xed

point, and a �xed point with � = 0 as a trivial �xed point . The behavior of the RG


ows, ( i.e. the change of the Hamiltonian parameters under the RGT) determine the

phase diagrams. A �xed point can be attractive, repulsive, or mixed. If the system

starts close to an attractive �xed point, then the iterations bring it back to the �xed

point. On the other hand, if the system starts close to a repulsive �xed point, it is

driven away from that by the iterations. The �xed point is mixed if the system is

repulsive in one direction and attractive in another direction. At thecritical point,

the RG �xed point is repulsive in one direction and attractive in all other directions.

Renormalization Group in the momentum space. As an example, let

us construct explicitly the RG transformations in the simple case of the Gaussian

model. The model is described by the Landau functional in the momentum space

�H = � hm(0)� +
1
2

Z

jqj< �
ddq [t + jqj2]jm(q)j2 ; (1.28)

in the presence of external magnetic �eldh. Here,� = 1=T � . � is a high momentum

cut o�. This model is de�ned only for t > 0, since there is nom4 term to insure

stability for t < 0. However, the partition function is still singular at t = 0. So, the

model represents approaching a phase transition from the disordered side. To do RG

calculations, we need to implement three following steps:

(1) Coarse grain: We divide the 
uctuations into two components as:

m(q) =

8
><

>:

m(q) for 0 < q < � =b

� (q) for � =b < q < �
(1.29)

� We set Planck's constant and Boltzmann constant to unity (~ = kB = 1) in what follows.
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Then, we integrate out the short-wavelength 
uctuations� (q) (Fig. 1.6). The

functional integral in the partition function involves only integrations over indepen-

dent modes. We obtain

Z = Z0

Z
Dm(q) exp

�
� hm(0) +

1
2

Z

jqj< � =b
ddq [t + jqj2]jm(q)j2

�
; (1.30)

whereZ0 is the non-singular part resulting from integration over� .

(2) Rescale:Next, we need to rescale momentumq = b� 1q0. This leads to

H 0 = � hm(0) +
1
2

Z

jqj< �
ddq0 b� d [t + b� 2jq0j2]jm(q0=b)j2 ; (1.31)

(3) Renormalize: Finally, we rescalem = zm0 such that coe�cient in the

above Hamiltonian in front of jq0j2 is recovered to 1=2. This leads to the renormalized

Hamiltonian

H 0 = � h0m(0) +
1
2

Z

jqj< �
ddq0 [t0+ jq0j2]jm(q0)j2 ; (1.32)

with the renormalized parameters

h0 = hb1+ d=2; t0 = tb2 : (1.33)

These are the recursion relations.

There is a unique �xed point at t � = h� = 0; called Gaussian �xed point.

Comparing Eq. (1.33) to Eq. (1.15), we can identify the exponentsyt = 2 and yh =

1 + d=2. Using these exponents in Sec. 1.1.4, one can �nd the critical exponents

� = 1=2 and � = 2 � d=2.



14

Figure 1.6: The reduction of momentum by a factorb in the RG scheme.

RG methods for more complex models follow the same basic steps. Just the

technical implementation is di�erent.

1.1.6. Quantum Phase Transitions. Quantum phase transitions [12] oc-

cur by varying a non-thermal parameter such as magnetic �eld, pressure or chemical

composition at absolute zero temperature. The macroscopic order can be destroyed

by quantum 
uctuations which are in accordance with Heisenberg's uncertainty prin-

ciple. The critical point associated with a continuous quantum phasetransition is

called quantum critical point. Quantum phase transitions may seem like an ab-

stract theoretical idea of little practical consequence because absolute zero cannot

be reached. However, they are the key to explain a wide variety of experiments.

The quantum 
uctuations dominate the material's properties in the vicinity of the

quantum critical point not just at absolute zero but also at low but non-zero temper-

atures. In metallic systems, they can cause strong deviations from the conventional

Fermi-Liquid behavior of normal metals [13].

An experimental example of a quantum phase transition was found inthe

compound LiHoF4 by Bitko et al. in 1996 [1]. The phase diagram of this compound is

shown in Fig. 1.7. The phase transition between the ferromagnetic and paramagnetic

phases can be achieved in two di�erent ways: (i) thermal (classical) phase transition,

by varying the temperature at �xed small external magnetic �eld and (ii ) quantum
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Figure 1.7: Temperature-transverse magnetic �eld phase diagramof LiHoF4 after [1].

phase transition, by changing external �eld at absolute zero temperature T = 0. As

pointed out above, quantum phase transitions are caused by quantum 
uctuations.

In LiHoF 4 compound, these 
uctuations are caused by the transverse magnetic �eld,

they increase with increasing �eld and destroy the ferromagnetic order at the quantum

critical point.

To understand relations between classical and quantum phase transitions, let

us look at the quantum-to-classical mapping. In classical statistical mechanics, static

and dynamic behaviors decouple. The kinetic and potential parts ofthe Hamiltonian

commute, resulting in factorization of the partition function

Z =
Z

� i dpi e� �H kin

Z
� i dqi e� �H pot = Zkin Zpot : (1.34)

The kinetic contribution to the free energy will usually not display anysingularities,

since it derives from the product of simple Gaussian integrals. Therefore, one can

study classical phase transitions using a time independent Landau-Ginzburg-Wilson

theory such as equation (1.14).
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In contrast, in quantum mechanics the kinetic and potential partsof the

Hamiltonian do not commute. Thus, the partition function does not factorize and one

must solve for the dynamics together with the thermodynamics. Therefore, quantum

mechanical analogs of the Landau-Ginzburg-Wilson theory need tobe formulated

in terms of space and time dependent �elds. A simple example of such aquantum

Landau-Ginzburg-Wilson functional has the form [14, 15]

S[� ] =
Z �

0
d�

Z
ddr

�
[@� � (r ; � ) + [ r � (r ; � )]2 + r� 2(r ; � ) +

1
2

� 4(r ; � )
�

; (1.35)

where � and � (r ; � ) are imaginary time and the order parameter �eld, respectively.

r measures distance to the quantum critical point. At quantum phase transitions,

the imaginary time acts as an additional coordinate. In addition to the correlation

length � , quantum system is characterized by the correlation length in imaginary time

direction � � . As the transition is approached both the order parameter correlation

length � and correlation time � � diverge:

� � j r j � � ; � � � � z ; (1.36)

wherez is the dynamical critical exponent.

At non-zero temperatures, the extension of the extra dimensionis �nite and

close to the critical point where� � > � , the extra dimension cannot a�ect the critical

behavior. In contrast, at T = 0, the extension in imaginary time direction is in�nite,

and the critical behavior is described by a theory in higher dimension.The quan-

tum phase transition in d dimensions is equivalent to some classical phase transition

in higher d + z dimensional space. If space and imaginary time enter the theory

symmetrically the dynamical exponentz = 1, but in general, it can be larger than

one.
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Let us now discuss properties of the system near a quantum critical point

qualitatively [16]. The schematic phase diagram is shown in Fig. 1.8. The disordered

phase at �nite temperaturesT can be divided into di�erent regimes. For lowT and

r > 0, the extension in imaginary time direction� � < � , equivalently T < r �z . In

this regime quantum mechanics is important and excitations are well-de�ned quasi-

particles. Correspondingly, the regime is called \quantum disordered". For magnetic

transitions in metallic systems, this regime will be the usual Fermi-liquidregime.

For T > T c and r < 0, but � > � � , the order is destroyed by thermal 
uctuations.

The corresponding regime is called \thermally disordered" regime (excitations are

well-de�ned quasiparticles). In the \quantum critical" regime, bounded by crossover

lines T � j r j �z , properties are determined by unconventional excitation spectrum of

the quantum critical ground state, where quasiparticle excitations are replaced by a

critical continuum of excitations.

In the quantum critical regime, this continuum is thermally excited leading

to unconventional power-law temperature dependencies of observables. Quantum

critical behavior is cuto� at high temperatures whenT exceeds a characteristic mi-

croscopic energy scale of the system. In a magnet this cuto� is thetypical exchange

energy.

For any transition occurring at a �nite temperature Tc, quantum mechanics is

unimportant for jtj . T1=�z
c \because~! c � kBT", where t = ( T � Tc)=Tc and ~! c is

the quantum energy scale. Correspondingly, the critical behavioris described by the

classical theory.

Let us now discuss brie
y scaling at quantum phase transitions. Because a

quantum phase transition ind spatial dimensions is related to a classical transition

in d + z dimensions, the scaling form can be generalized as

f (r; h; T ) = b� (d+ z) f (rb1=� ; hbyh ; T bz) : (1.37)
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Figure 1.8: Schematic phase diagram in the vicinity of a quantum critical point. The
horizontal axis represents the quantum control parameterr , the vertical
axis is the temperatureT. Tc is the phase boundary.

Using this homogeneity relation, we can see how quantum 
uctuations result in un-

conventional power-law temperature dependencies of physical observables. In the

absence of �eldh = 0, if we chooseb= r � � , we �nd

f = r � (d+ z) f (1; T r � �z ) ; (1.38)

or if we substitute b= T � 1=z, we obtain

f = T (d+ z)=zg(rT � 1=�z ) : (1.39)

Then, for the speci�c heat C = T @S=@Tat r = 0, we obtain the unconventional

relation

C(r = 0; T) � Td=z ; (1.40)

in the quantum critical regime.
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1.2. PHASE TRANSITIONS IN THE PRESENCE OF DISORDER

Realistic materials always contain impurities, defects or other kinds of disor-

der. Therefore, signi�cant attention has been attracted by phase transitions in the

presence of quenched disorder [17, 18]. In the following, we consider weak quenched

disorder i.e., time independent-disorder which does not qualitatively modify the two

bulk phases separated by the transition. The question of how quenched disorder

in
uences phase transitions has a long history. Initially, it was thought that any

kind of disorder destroy continuous transitions, because in the presence of disorder,

the system divides itself up into spatial regions which independently undergo the

phase transition at di�erent temperatures. Correspondingly, there would not be sin-

gularities in observables (see Ref. [19] for a historical discussion).However, later, it

became clear that phase transitions can remain sharp in the presence of disorder in

the system.

1.2.1. Harris Criterion. Harris [20] found a simple heuristic criterion that

governs whether weak disorder changes the critical behavior of agiven clean critical

point. Here, we sketch the derivation of the Harris criterion. Let us consider a system

with quenched disorder which undergoes a second order phase transition at a tem-

peratureT0
c . Due to the presence of the disorder, the e�ective transition temperature

Tc(r ) may be position dependent (Tc(r ) is not a true phase transition temperature

but marks the point where the order parameter atr orders locally). The deviation

from the critical temperature T0
c can be written as

�T c(r ) = Tc(r ) � T0
c : (1.41)
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The typical value of the 
uctuations �T c(r ), over a large volume with linear sizeL

can be estimated using the central limit theorem, yielding

� Tc(r ) � L � d=2 : (1.42)

Harris observed that a sharp phase transition can only occur if the
uctuations

�T c(r ) over a correlation volume� d are much smaller than the global distance from

the critical point T0
c . At the clean critical point � � j T � T0

c j � � , therefore the criterion

for the stability of the clean critical point becomes

jT � T0
c j � d�= 2 < jT � T0

c j ; (1.43)

which is ful�lled if

d� > 2: (1.44)

The last inequality is called the Harris criterion. Thus, if the Harris criterion is

ful�lled, weak disorder does not change the clean critical behaviors. However, non-

universal quantities such as the critical temperature can be changed.

1.2.2. Strong-Disorder Renormalization Group Theory. We now dis-

cuss the strong-disorder renormalization group methods used for studies of the critical

behavior of disordered systems. These methods are de�ned only for disordered sys-

tems and are performed in real space. Strong-disorder renormalization group cannot

be de�ned for pure systems which do not feature spatial heterogeneities.

The strong-disorder renormlization group was introduced by Ma, Dasgupta

and Hu [21] for the random antiferromagnetic quantum spin chain. The idea of

the strong-disorder renormalization group is to identify the strongest coupling in the

system. One then �nds the ground state of the corresponding part of the Hamiltonian,
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and treats the coupling to the rest of the system perturbatively.Finally, one then

throws out the excited states involving the strong coupling, yieldinga new e�ective

Hamiltonian. This renomalization procedure is repeated ad in�nitum.

We now sketch the strong-disorder renormalization group procedure in the

random transverse-�eld Ising model developed by Fisher [22]. The Hamiltonian of

the transverse-�eld Ising model is given by

H = �
X

i

Ji � z
i � z

i +1 �
X

i

hx
i � x

i : (1.45)

Here, Ji > 0 are the nearest neighbor interactions andhx
i are random trans-

verse �elds. � x
i and � z

i are Pauli matrices representing the spin at sitei ,

� x =

0

B
@

0 1

1 0

1

C
A ; � y =

0

B
@

0 � i

i 0

1

C
A ; � z =

0

B
@

1 0

0 � 1

1

C
A :

The orthogonal eigenstates corresponding to the operator� z are

j "i =

0

B
@

1

0

1

C
A and j #i =

0

B
@

0

1

1

C
A :

For the operator � x , the orthogonal eigenstates are

j !i =
j "i + j #i

p
2

and j  i =
j "i � j #i

p
2

:

The renormalization group procedure is as follows:

(1) Find the strongest coupling


 � maxf Ji ; hx
i g: (1.46)
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Figure 1.9: Schematic of strong-disorder renormalization group decimation for spin
chain.

If the largest coupling is an interaction, for example 
 = J3, then neighboring

transverse �elds hx
2 and hx

3 can be treated as a perturbation to the term� J3� z
2� z

3,

which has two degenerate ground statesj ##i and j ""i . The two spins involved are

joined together into a spin cluster with an e�ective transverse �eld(Fig. 1.9)

~hx
2 �

hx
2hx

3

J2
: (1.47)

We now throw away the excited statesj "#i and j #"i of the spin cluster and treat

the cluster as an e�ective spin whose moment is

~� 3 = � 2 + � 3 : (1.48)

If instead the strongest coupling is a transverse �eld, for instance 
 = hx
2,

then the associate part ofH is � hx
2 � x

2 which has a ground statej !i and excited

state j  i . The coupling of� 2 to the rest of the system� J1� z
1� z

2 � J2� z
2� z

3 is treated

in second-order perturbation theory. This yields an e�ective interaction
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~J1 �
J1J2

hx
2

: (1.49)

Throwing out � 2 by neglecting its excited state leads to a new spin chain with one

fewer spin and new coupling~J1.

The strong-disorder renormalization steps explained above are sketched in

Fig. 1.9. Under the repeated use of the decimation transformations, Eqs. (1.47,

1.49), the energy scale 
 is gradually decreased accompanied by an aggregation and

annihilation process of spin clusters. These steps are repeated adin�nitum.

When the strongest coupling is a �eld, the corresponding cluster is annihi-

lated. In contrast, if the largest one is an interaction, the clusters that it connects

are aggregated into one cluster. In the paramagnetic phase, annihilation dominates

as 
 ! 0, and large clusters are not created. In the ferromagnetic phase, the aggre-

gation dominates as 
 ! 0. A cluster of in�nite size is formed at 
 = 0. At the

quantum critical point annihilation and aggregation balance and an in�nite cluster

�rst appears.

Because theJi and hx
i are random quantities, we need to study their probabil-

ity distributions. At each strong-disorder renormalization group step these probabil-

ity distributions of log J and logh change. The corresponding 
ow equations for the

distribution functions were derived by Fisher [22]. The renormalization 
ow equations

display very interesting behavior. At the critical point, given by [logJ ]av = [log hx ]av,

here [:::]av denotes disorder average, the widths of the distributions divergeas 
 ! 0.

Therefore, the critical �xed point is called an in�nite randomness �xed point.

This type of critical point has unusual properties. For example, it displays

activated scaling rather than conventional power-law scaling. At the critical point
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the length of the clusters or renormalized bonds scales as

L  � log
�


 0




�
: (1.50)

Here, 
 0 is a microscopic energy scale and = 1=2 is known as the tunneling critical

exponent. The relation between time-scale and length-scale is thuslogarithmic

log� � � �  ; (1.51)

This implies that the dynamical exponentz is formally 1 . The magnetic moment of

a cluster scales as

� � log
�


 0




� �

; (1.52)

with � = (1 +
p

5)=2 equal to the golden mean.

The correlation length is found to scale like

� � r � � ; (1.53)

where the exponent� = 2. Here, the distancer from criticality is de�ned as

r =
[loghx ]av � [logJ ]av

var(log hx ) + var(log J )
; (1.54)

where var(:::) denotes the variance.

The strong-disorder renormalization group can also be used to analyse ther-

modynamic observables o� criticality. Fisher [22] found strong power-law quantum

Gri�ths behaviors of thermodynamic observables in the so-called Gri�ths region. In

the next subsections, we discuss the Gri�ths phase in more detail.
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1.2.3. Classi�cation of Critical Points. We emphasize that the Harris

criterion is only a necessary condition for the stability of a clean critical point. It

is not a su�cient condition because it only deals with average disorderbehavior at

large length scale. Possible qualitative e�ects at �nite length scales are not covered by

the Harris criterion. Using the Harris criterion and strong-disorder renormalization

group analysis, we can classify critical points (Motrunich et al. [23]):

The �rst class includes systems whose clean correlation length critical ex-

ponents � ful�l the Harris criterion. At the critical point, when the length sca le

increases (coarse graining), the e�ective disorder becomes smaller and smaller with-

out bound. At large length scales, the system becomes asymptotically homogeneous.

Thus, disorder is renormalization group irrelevant at the critical point. The system is

then controlled by a pure �xed point. An example is the classical three-dimensional

Heisenberg model with the clean critical exponent� � 0:698 [24], which ful�lls the

Harris criterion.

The second class contains systems whose clean critical exponent� does not

ful�l the Harris criterion. Under coarse graining, the e�ective disorder strength con-

verges, towards a �nite level, and the system is then controlled by a�nite-disorder

�xed point. The critical behavior is of conventional power-law typebut with a dif-

ferent critical exponent which ful�lls the Harris criterion. An example is the three-

dimensional classical Ising model with the clean critical exponent� � 0:627 [25]

which does not ful�ll the Harris criterion. In the presence of disorder, the critical

exponent is� � 0:684 [26].

In the third class, the clean critical exponent also does not ful�l the Harris

criterion. At the critical point, under coarse graining, the e�ective disorder be-

comes larger and larger without bound. The system is controlled by an in�nite-

randomness �xed point. At the in�nite-randomness critical point, the dynamical

scaling is activated (logarithmic) rather than power-law. Examples inthis class are:
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the one-dimensional random quantum spin chain, and one and two-dimensional ran-

dom quantum Ising systems [27, 28, 29].

1.2.4. Rare Region E�ects. We now discuss the e�ect of rare strong dis-

order 
uctuations on phase transitions. Let us consider a randomly diluted classical

magnet (Fig. 1.10). The dilution reduces the transition temperature from its clean

value Tc to the new value Tc(p), where p is the vacancy concentration. However,

there will always be large spatial regions (rare regions) that are devoid of impurities.

For temperaturesTc(p) < T < T c, they can show local order even if the bulk system

is in the disordered phase. The locally ordered rare regions are not static but they


uctuate slowly. Gri�ths showed that the rare regions can lead to a singularity in

the free energy in a whole parameter regionTc(p) < T < T c, which is now known

as the Gri�ths phase [30]. The e�ect of the rare regions depends onthe e�ective

dimension of the rare regions. Three cases can be distinguished [31]:

(i) If the rare regions are below the lower critical dimensionalityd�
c of the

problem, an isolated rare region cannot undergo the phase transition by itself. As

will be shown in Sec. 1.2.5, the Gri�ths singularity is only an essential one and the

resulting rare-region contributions to observables are small. This case is realized in

generic classical systems (where the rare regions are �nite in all directions and thus

e�ectively zero-dimensional). It also happens at some quantum phase transitions such

as the transition in the diluted bilayer Heisenberg quantum antiferromagnet [32, 33].

Here, the rare regions are equivalent to one-dimensional classicalHeisenberg models

which are belowd�
c = 2.

(ii) In the second class, the rare regions are exactly at the lower critical dimen-

sion. In this case, the system shows strong power-law quantum Gri�ths singularities

(see Secs. 1.2.6, 1.2.7). This case is realized, e.g., in classical Ising models with linear

defects [34] and random quantum Ising models (each rare regions corresponds to a

one-dimensional classical Ising model in imaginary time direction) [28]as well as in
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Figure 1.10: Schematic plot of a diluted magnet. Circled shaded area (rare region)
is devoid of impurities.

the disordered itinerant quantum Heisenberg magnets (the rare regions are equivalent

to classical one-dimensional Heisenberg models with 1=� 2 interaction) [31].

(iii) Finally, in the third class, the rare regions are above the lower critical

dimension, i.e., they can undergo the phase transition independentlyfrom the bulk

system. This leads to a smeared phase transition (see Sec. 1.2.8). Examples are:

classical Ising magnets with planar defects [35] (the rare regions are e�ectively two-

dimensional) and itinerant quantum Ising magnets [36, 37] where the rare regions are

equivalent to classical one-dimensional Ising models with 1=� 2 interaction.

1.2.5. Classical Gri�ths E�ects. Uncorrelated disorder at classical phase

transitions leads to exponentially weak classical Gri�ths singularities(the singularity

in the free energy is only an essential one). The singularities in thermodynamic

observables can be estimated using optimal 
uctuation theory [38,39].

Let us consider the diluted classical magnet (Fig. 1.10). The probability for

the �nding an impurity-free region of linear sizeLRR is
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P(LRR ) � exp(� bLd
RR ) ; (1.55)

with b a constant that depends on the disorder strength. For temperatures Tc(p) <

T < T c, the system is in the Gri�ths phase. In an external magnetic �eld h, a rare

region of linear sizeLRR can be polarized if�h > k BT, where� � Ld
RR is the magnetic

moment of a rare region. Using this condition, one can de�ne a minimumvolume of

a rare region that can be polarized,Ld
m � kBT=h. The rare-region contribution to

the magnetization-�eld curve can be estimated by summing over all polarized rare

regions

mRR (h) �
Z 1

L m

dLRR P(LRR )Ld
RR � exp(� bkBT=h) : (1.56)

Thus, the rare-region contribution is singular, however it is exponentially weak.

The contribution of the rare regions to the magnetic susceptibility can be

estimated easily. The order parameter susceptibility� (LRR ) is proportional to L2d
RR .

Thus, the rare region contribution to the susceptibility grows as a power of its linear

sizeLRR . The rare region contribution to the total susceptibility can be obtained by

summing over all rare regions,

� RR �
Z

dLRR P(LRR )� (LRR ) : (1.57)

The power law increase of the susceptibility cannot overcome the exponential drop

in the rare region densityP(LRR ). Thus, the rare region contribution to the order

parameter susceptibility is exponentially weak [40].

1.2.6. Quantum Gri�ths E�ects. We have seen in the subsection (1.2.5)

that the rare-region e�ects are exponentially weak at classical phase transitions. In



29

this subsection, we discuss the rare-region e�ects at quantum phase transitions. At

quantum phase transitions quenched disorder is perfectly correlated in the imaginary

time direction which becomes in�nitely extended at zero temperature. This leads to

enhanced rare-region e�ects [17, 18].

For de�niteness, we consider the random transverse-�eld Ising model with

random interactions and homogeneous �eld. Let us assume that the interactions

are binary distributed random variables, so the interaction can take valuesJl or Jh

(Jh > J l ). Because of the disorder, the critical �eldhc will be betweenhc;h and hc;l ,

critical �elds of hypothetical systems with Ji � Jh or Ji � Jl . The probability for

�nding a rare region of linear sizeLRR , which has only strong bonds is exponentially

small in its volume

P � exp(� bLd
RR ) : (1.58)

In the Gri�ths phase hx
c;l < h x < h x

c;h, these rare regions are locally ordered. The

energy gap of a rare region is given by [41]

" � exp(� cLd
RR ) ; (1.59)

wherec = log( h=J). Combining the last two Eqs. (1.58, 1.59) leads to the power-law

density of states of the rare-region excitations in the low-energyregime,

� (" ) � " � � 1 : (1.60)

Here, � = b=cis the non-universal Gri�ths exponent. It varies systematically within

the Gri�ths phase and vanishes at the critical point.

The power-law density of states� (" ) leads to non-universal power-law quantum

Gri�ths singularities of several thermodynamic observables. The rare regions are
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equivalent to two-level systems with gap". The rare regions with energy gap" > T

are in their quantum ground states while rare regions with gap" < T are free. The

number n of free rare regions at temperatureT can be found as

n(T) �
Z

d�� (� )e� �=T =(1 + e� �=T ) � T � : (1.61)

The uniform static susceptibility can be estimated by summing Curie suscep-

tibilities for all free rare regions, yielding

� (T) = n(T)=T� T � � 1 : (1.62)

The speci�c heat C can be obtained from

� E �
Z

d�� (� )� e� �=T =(1 + e� �=T ) � T � +1 ; (1.63)

which gives

C � T � : (1.64)

Knowing the speci�c heat, we can �nd the rare region contribution to the

entropy as

� S � T � : (1.65)

To determine the zero-temperature magnetization in a small ordering �eld h,

we note that rare regions with� < h are (almost) fully polarized while the rare regions
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with � > h have very small magnetization. Thus,

m �
Z h

0
d�� (� ) � h� : (1.66)

The power-law singularities (1.61 - 1.66) are called the quantum Gri�ths singularities

[17, 18].

1.2.7. Quantum Gri�ths Singularities in Metals. Let us now discuss

rare-region e�ects at quantum phase transitions in a disordered metal. The standard

model that describes quantum phase transitions in metals was introduced by Hertz

[14]. He derived the model from a microscopic Hamiltonian of interacting electrons

(Hubbard model) by integrating out the fermionic degrees of freedom in the partition

function. As the result, he obtained Landau-Ginzburg-Wilson order parameter �eld

theories for the ferromagnetic and antiferromagnetic quantum phase transitions.

An important di�erence between systems of localized spins and metallic mag-

nets is that magnetic excitations are undamped in the localized spin systems while

they are damped in the itinerant magnets. This is the result of the coupling between

magnetic degrees of freedom and the gapless particle-hole excitations in the metal.

The damping is re
ected in the frequency-dependent term in the Landau-Ginzburg-

Wilson action. The Landau-Ginzburg-Wilson action of the clean transition is given

by [14]

S =
Z

d�
Z

ddx
h
� (x; � )�( x; � )� (x; � ) + u� 4(x; � )

i
: (1.67)

where� (x; � ) is the order parameter �eld, magnetization for a ferromagnet and stag-

gered magnetization for an antiferromagnet. It is a scalar for Ising symmetry, while

it has three components (� 1; � 2; � 3) for a Heisenberg magnet. �(x; � ) is the Gaussian
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vertex whose Fourier transform is

�( q; ! n) = r + q2 + 
 (q)j! n j : (1.68)

Here, ! n is a bosonic Matsubara frequency. The linear frequency dependence corre-

sponds to the overdamped dynamic of the system. This so-called Landau damping

is Ohmic. In contrast, for undamped dynamics the leading frequency dependence in

(1.68) would be! 2
n . The form of 
 (q) depends on the type of the transition. For anti-

ferromagnetic transitions it is a constant
 (q) = 
 0 for q ! 0 while for ferromagnetic

transitions 
 (q) � 1=jqja. In the former case, the lifetime of the spin-
uctuations

(paramagnons) is q� independent re
ecting the fact that the order parameter is not

a conserved quantity and paramagnons can decay locally. In the latter case, the

lifetime is q� dependent. This is due to the fact that the order parameter, thetotal

magnetization, is a conserved quantity in the ferromagnet. Relaxation of a low� q

excitations thus requires transporting the order parameter over a large distance which

takes a long time and has to di�use over a large distance, in long times.The value

of a depends on the character of the electron motion in the system andequals 1 or

2 for ballistic and di�usive ferromagnets, respectively. The e�ect of long-range inter-

actions created by soft modes in the itinerant ferromagnet modi�es the rare-region

e�ects [42]. We will discuss dirty ferromagnetic metals in detail in Paper IV. Here,

we discuss antiferromagnetic metals.

Consider for example, an itinerant antiferromagnetic Heisenberg model. The

randomness can be introduced by makingr a random function of position, r !

r + �r (x). The rare regions are �nite in the d space dimensions and in�nitely large

in imaginary time. Let us consider a single large rare region which is locallyordered,

while the bulk system is in the disordered phase. In the presence of damping, the

action (1.67) contains the linear dependence of the frequencies which is equivalent
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to a long-range interaction in imaginary time of the form 1=(� � � 0)2. Thus, each

rare region is equivalent to an one-dimensional Heisenberg model with a long-range

interaction 1=� 2. This model is known to be exactly at its lower critical dimension.

Correspondingly, the characteristic energy" of a rare region decreases exponentially

with its volume Ld
RR , resulting in power-law Gri�ths singularities analogous to those

in the random transverse-�eld Ising model (1.61 - 1.66). Without damping, the in-

teraction in imaginary time direction would be short-ranged and the corresponding

one-dimensional Heisenberg model is below its lower critical dimension. Thus, the

characteristic energy" decreases as a power-law with its volume, leading to the ex-

ponentially small contributions to the thermodynamic observables.

In recent years, indications of quantum Gri�ths phases have beenobserved

in experiments on a number of metallic systems such as magnetic semiconductors

[43, 44, 45], Kondo lattice ferromagnets [46, 47] and transition metal ferromagnets

[48, 49]. The phase diagram of Ni1� xVx is shown in Fig. 1.11. Pure Nickel undergoes

a ferromagentic phase transition at 630K. By doping vanadium atoms, the critical

temperature decreases. At constant temperature, the transition can be tuned by

changing the concentration of vanadium atoms. At zero temperature, the Ni1� xVx

compound under goes a quantum phase transition at vanadium concentration of xc �

11:4%. As shown in Fig. 1.12a , for concentrations slightly abovexc (11 � 15%) the

temperature dependence of the magnetic susceptibility is described by non-universal

quantum Gri�ths power laws for temperatures 30{300K. As shownin Fig. 1.12b,

the magnetization-�eld curves show non-linear behaviors above 3000 Gauss. These

behaviors are in very good agreement with the Gri�ths singularities (1.62) and (1.66).

1.2.8. Smeared Phase Transitions. In the last subsection, we have seen

that at lower temperatures, i.e., when damping is su�ciently strong,itinerant Heisen-

berg magnets display power-law Gri�ths singularities. Millis et al. [36, 37] showed

that metallic Ising magnets show qualitatively di�erent behavior.
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Figure 1.11: Temperature-composition magnetic phase diagram of Ni1� xVx (see
Ref. [48] for more details).

At zero temperature, each rare region is equivalent to a one-dimensional clas-

sical Ising model �nite in the d space dimensions and in�nite in imaginary time. The

interaction in the imaginary time direction is short-range without damping, while

Ohmic damping leads to a long-range 1=� 2 interaction. The one-dimensional Ising

model with 1=� 2 long-range interaction is known to have a phase transition [50].

Thus, each rare region undergoes the phase transition independently, i.e., individual

rare regions stop tunneling, leading to the smearing of the global phase transition.

At higher temperatures but below a microscopic cuto� scale, the damping is unim-

portant, i.e., the interaction is short range. In this case, the Ising model is exactly

at its lower critical dimension d�
c = 1. Correspondingly, the energy gap� decreases

exponentially with its volume. Thus, the dissipationless quantum Isingmodel can

show quantum Gri�ths singularities.

We now sketch the theory of smeared phase transitions in disordered metallic

Ising systems proposed by Vojta [17, 51]. Using optimal 
uctuation theory, we can

study the thermodynamics for small order parameterM . Let us again assume that
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the disorder is introduced via dilution. The probability for �nding a rare region of

width LRR is given by

P � exp(� bLd
RR ) : (1.69)

Such rare regions develop static order if the local distance from criticality ful�lls

r < r c(LRR ) < 0. Since rare regions are �nite in space, using �nite size-scaling

[52, 53], we can �nd

r c(LRR ) = A=L �
RR ; (1.70)

with A < 0, Here, � is the �nite-size scaling shift exponent. Thus, the probability

for �nding a rare region which becomes locally ordered atr c is exponentially small

P(tc) � exp(� ~bjr cj � d=� ) ; (1.71)

where~b is a constant. The total order parameter can be obtained by summing over all

rare regions showing local orders i.e.r c > r . This yields an exponential tail towards

the clean critical point

M (t) � exp(� ~bjr j � d=� ) : (1.72)

Thus, the global phase transition is destroyed by rounding, because static order can

develop on isolated rare regions.

At non-zero temperatures, the static magnetic order on the rare regions is

destroyed, and a �nite interaction of the order of the temperature is necessary to

align them. This means that the sharp phase transition is recovered. To estimate

the critical temperature Tc that bounds the ferromagnetic phase we note that the
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Figure 1.12: Behavior of observables in the quantum Gri�ths phase.(a) The tem-
perature dependence of magnetic susceptibility of Ni1� xVx for di�erent
Vanadium concentrations. Dotted lines represent �ts to Eq. (1.62). The
solid lines represent a model that sums a quantum Gri�ths law and a
Curie term (see Ref. [48] for more details). (b) Magnetization versus
�eld. The dashed lines represents �ts to Eq. (1.66).

interaction between two rare regions drops o� exponentially with their distancesx,

E int � e� x=� [51], where� is the bulk correlation length. The typical distancextyp

between neighboring locally ordered rare regions can be estimated from their density,

� , as xtyp � � � 1=d � M � 1=d. Therefore, the critical temperature dependence onr is

thus

log(1=Tc) � exp(� ~bjr j � d=� ) : (1.73)

If we take a Ruderman-Kittel-Kasuya-Yosida type interaction intoaccount which

decays as 1=xd with distance but is not contained in Hertz's theory, ther � dependence

of Tc changes to a simple exponential [51].

Let us now consider classical smeared phase transitions. A classical system

with uncorrelated disorder cannot show a smeared phase transition because all rare
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regions are of �nite size and cannot undergo true phase transitionat non-zero temper-

atures. However, if quenched disorder is perfectly correlated in one or more dimen-

sions then rare regions are in�nitely extended. If the number of correlated dimensions

dcor is high enough then large rare regions can undergo the phase transition indepen-

dently of the bulk system. This leads to a destruction of the sharp transition by

smearing [17].

Let us consider a classical random Ising model (Fig. 1.13). Assume that the

disorder is correlated in a su�ciently large dimensiondcor = 2 and it is distributed

randomly in dran = d� dcor dimension, so that the system undergoes a smeared phase

transition. Optimal 
uctuation theory for the behavior of the observable in the tail

can be developed along the same lines as the theory above. The only di�erence is that

the randomness is restricted indran dimension. The dimensionalityd in Eqs. (1.72,

1.73) therefore needs to be replaced bydran , yielding

M (r ) � e� ~bjr j � dran =�
: (1.74)

and

log(1=Tc) � exp(� ~bjr j � dran =� ) : (1.75)

1.3. FERMI LIQUIDS AND NON FERMI LIQUIDS

1.3.1. Landau Fermi-Liquid Theory. The Fermi-liquid theory is a pheno-

logical model of interacting fermions that describes the normal state of most metals at

low temperatures [54]. The theory of Fermi-liquids was developed by Landau in 1956,

and later re�ned by Abrikosov et al. (see e.g. [55]). According to the Fermi-liquid

theory, a gas of interacting fermionic particles is equivalent to a system of almost

non-interacting quasiparticles.
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Figure 1.13: Randomly layered magnet: disorder is correlated in two dimensions.

Based on the idea of turning on the interactions between particles adiabati-

cally, Landau suggested that the excited states of the interacting system correspond

one-to-one to the excited states of the noninteracting system,so that the total par-

ticle number, spin, and momentum are conserved. However, dynamical properties,

such as mass, magnetic moment etc. are renormalized to new values. Imagine, start-

ing with a noninteracting system with one particle in statek; � added to the ground

state Fermi sea. Turning on the interactions, the particle becomes \dressed" by in-

teractions; this results in a state with the characteristics of a particle in an excited

state with de�nite momentum k, and spin � . However, it is not a true eigenstate of

the interacting Hamiltonian. It is called a quasiparticle.

The Fermi-liquid theory is valid if the typical excitation energyi.e. T, is much

larger then the rate of the change of the Hamiltonian� (because of adiabatic turning

on of the interactions), and the lifetime of the quasiparticle� life is long compared to

� � 1, otherwise it will decay away during its birth. Thus, there is an energy window
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where the Fermi-liquid theory makes sense,

� � 1
life � � � T : (1.76)

Within Fermi-liquid theory, the lifetime is inversely proportional to the square of the

temperature, � � 1
life / T2. Thus, there is always a temperature range at low temper-

atures where Eq. (1.76) is ful�lled. Within the Fermi-liquid theory the behavior of

observables shows universal temperature dependencies (see Table 1.2) [56].

1.3.2. Metals Near a Quantum Critical Point. The Fermi-liquid theory

has been very successfully in describing the low-temperature behavior of normal met-

als. However, some experimental measurements show strong deviations from Fermi-

liquid behavior (e.g. [13]). Non Fermi-liquid behavior is often observed to occur near

a quantum critical point. For example, such non Fermi-liquid behaviorwas observed

experimentally in the CeCu6� x Aux compounds [57]. In these compounds, the phase

transition is tuned by changing the gold concentration. The quantum critical point

is found at a concentrationxc � 0:1. For concentrationsx < x c, the system is in a

non-magnetic phase, while forx > x c, the system is in the antiferromagentic phase.

Fig. (1.14a) shows speci�c heat data in the vicinity of the quantum critical point

plotted as C=T. The speci�c heat shows aT log(T) form between 0.06 K and 2.5 K,

indicating non Fermi-liquid behavior. Non Fermi-liquid behavior is observed also in

resistivity data shown in Fig. (1.14b). Far away from critical point, for concentrations

x = 0:5 and x = 1 system shows Fermi-Liquid behavior,i.e., resistivity � � T2. At

the critical point, non Fermi-liquid behavor is observed with� � T.

1.3.3. Semi-Classical Boltzmann Theory. In this subsection, we discuss

transport phenomena in metals [58] within the semi-classical Boltzmann transport

formalism.



40

Table 1.2: Behaviors of observables in the Fermi-liquid.

Speci�c heat C � T
Entropy S � T

Pauli susceptibility � � const:
Electrical resistivity � � T2

In semi-classical approximation, an electron wavepacket is constructed from a

superposition of plane wave states, so that its sizedr in space is much smaller then its

mean free pathl, i.e., the length traveled by electrons between successive collisions.

This allows us to consider electrons as point-like quasiparticles. In order to assign a

mean wave numberk, to the wave packet, electrons should be localized ink space,

i.e. dk � k. According to the Heisenberg uncertainty principledkdr � 1, which

implies that the mean wave length of the electron� = 2�=k should be much smaller

than the mean free pathl: � � l .

A macroscopic system contains of the order of 1023 electrons; therefore it is im-

possible to solve the equations of motion for each electron and a statistical treatment

is needed. It is useful to know what electrons do \on average" andless important

what each particular electron does. The Boltzmann transport equation describes the

time evolution of the electron distribution function f (r; k; t ), i.e., the occupancy of

state k at position r and time t. The distribution function can change due to three

reasons: di�usion, drift and collisions. The di�usion is caused by any gradient in

electron concentration, e.g@f=@r, whereas the drift (di�usion in k space) is caused

by external forces. The collisions are due to \internal" forces between electrons. The

time evolution of the electron distribution function is given by Boltzmann transport

equation
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Figure 1.14: Low-temperature begavior of the CeCu6� x Aux compound. (a) Speci�c
heat, plotted as C=T versus log(T) for di�erent concentrations of Au
atoms. (b) The resistivity � as a function of temperatureT for the
concentrations of Au: x = 0:5, x = xc = 0:1 and x = 1. Data taken
from Ref. [57].

@f
@t

= � vk �
@f
@r

� _k �
@f
@k

+
@f
@t

�
�
�
�
coll

: (1.77)

Here, on the right hand side, the �rst and second terms correspond to the changes of

the electron distribution function f due to the di�usion and drift, respectively. The

last one is the collision term, which depends on the microscopic scattering mechanism.

The total local rate of change of the distribution must vanish in a steady state.

Assume there is elastic scattering only, from statejki to state jk0i . The

scattering probability Pkk 0dk0 is given by

Pkk 0dk0 = f k (1 � f k 0)Z kk 0dk0: (1.78)
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Here,Z kk 0 is transition amplitude. Summing over all statesk0 from which the particle

may come and into which it may go, we obtain

@f
@t

�
�
�
�
coll

=
Z

[f k 0(1 � f k ) � f k (1 � f k 0)]Z kk 0dk0: (1.79)

Combining the two Eqs. (1.77, 1.79) gives a nonlinear integrodi�erential equation for

the distribution function

� vk �
@f
@r

� _k �
@f
@k

+
Z

[f k 0(1 � f k ) � f k (1 � f k 0)]Z kk 0dk0 = 0 : (1.80)

It is clear that �nding a complete solution of this equation must be beyond

feasibility in most cases. Hence, approximations must be made. A very common

simpli�cation is the linearization for small deviations from equilibrium, i.e., f k =

f 0
k + �f k , wheref 0

k is the equilibrium Fermi-Dirac distribution function. Substituting

the approximatedf k into Eq. (1.81), and keeping terms to leading order in�f k , gives

the linearized Boltzmann equation in the form

� vk �
@f0

@T
r T � _k �

@f0

@k
= �

Z
[(f k � f 0

k ) � (f k 0 � f 0
k 0)]Z kk 0dk0: (1.81)

While we discussed only elastic scattering above, a similar equation withmodi�ed

transition rates Z kk 0 is obtained for inelastic scattering. Transition ratesZ kk 0 can be

calculated from the microscopic Hamiltonian using Fermi's golden rule.

The task of �nding a solution of a linearized inhomogeneous integral Boltz-

mann equation is a typical problem of applied mathematics. It is well known that the

solution can be formally constructed be applying a variational principle to a general

trial function [58]. For this approach it is convenient to introduce a new function � k
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de�ned by

f k = f 0
k � � k

@f0k
@"k

: (1.82)

� k is a measure of the deviation of the electron distribution from equilibrium. By

de�ning the scattering operator P̂

P̂ (:::) =
Z

dk0(:::)Pkk 0 ; (1.83)

one can write the right side of the Boltzmann Eq. (1.81) aŝP� k =T. In the same way,

X is de�ned such that X =T matches the left side of the Eq. (1.81). This leads to the

new alternative formulation of the Boltzmann equation in the form

X = P̂� k : (1.84)

De�ning an inner product by

h� ; 	 i =
Z

dk� k 	 k : (1.85)

leads to

h� ; X i = h� ; P̂ � i : (1.86)

The variational principle states that among all functions which satisfy this

condition, the solution of the integral equation maximizesh� ; P̂ � i . Alternatively, it

can be formulated as follow: the solution of the integral Eq. (1.86) gives the minimal
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value to the functional

h� ; P̂ � i
h� ; X i 2

: (1.87)

The variational principle can be formulated in thermodynamics and in trans-

port properties as well. In the thermodynamics, the variational principle states that

in the steady state the currents in the sample are such that the entropy production

takes its maximum value [58].

According to the variational principle, the electrical resistivity in the steady

state is given by as minimum of a functional of �k

� =
h� ; P̂ � i

h� ; X (E = 1) i 2
; (1.88)

whereE is the external electrical �eld which is related to the change of thek vector

as _k = E.

Thus, the electrical resistivity is the extremal value of the variational function

in unit electric �eld. Similarly, the variational principle can be applied to other

transport properties such as the thermal conductivity, the Peltier coe�cient and the

thermopower [58].

1.4. SUMMARY

In this section, an introduction was given to classical and quantum phase

transitions (Section. 1.1). We derived the critical behavior of observable quantities

near the phase transition within the Landau mean-�eld approach. We also showed

that for dimensions d < 4 the Landau theory breaks down; and we discussed the

Landau-Ginzburg-Wilson theory which works for dimensionsd < 4. In addition, we

discussed the scaling theory to characterize critical behavior andgave an introduction
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to the renormalization group method in momentum space which can beused to solve

the Landau-Ginzburg-Wilson theory.

Section 1.2 was devoted to a discussion of how disorder can a�ect phase transi-

tions. We saw that disorder can have much more dramatic e�ects onquantum phase

transitions than on classical phase transitions. The impurities and defects may lead

to strong-disorder phenomena including power-law quantum Gri�ths singularities,

in�nite-randomness critical points and the smearing of the phase transition. Quan-

tum Gri�ths singularities are caused by rare spatial con�gurations of the disorder

(rare regions) that 
uctuate very slowly. As a consequence, observables display sin-

gular behavior not just at criticality but in a whole parameter region near the critical

point which is called the quantum Gri�ths phase. If rare regions showstatic order,

i.e., they undergo the phase transition independently of the bulk system, they lead

to a smearing of the global phase transition. We also brie
y discussed the strong-

disorder renomalization group which can be used to study the critical behavior of the

observable quantities on disordered system.

In the Section 1.3, we considered the Fermi-liquid theory which describes

the behavior of observable quantities in normal metals at low temperatures. We

showed that the strong quantum 
uctuations near quantum phase transitions can

cause signi�cant deviations from the Fermi-liquid behavior of normalmetals. In

addition, we introduced the semi-classical Boltzmann transport theory which can be

used to study the transport properties near quantum phase transitions in metals.

We also discussed the solution of the Boltzmann transport equationby means of a

variational principle.
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ABSTRACT �

Phase transitions in random systems are smeared if individual spatial regions

can order independently of the bulk system. In this paper, we study such smeared

phase transitions (both classical and quantum) in substitutional alloys A1� xBx that

can be tuned from an ordered phase at compositionx = 0 to a disordered phase at

x = 1. We show that the ordered phase develops a pronounced tail that extends over

all compositionsx < 1. Using optimal 
uctuation theory, we derive the composition

dependence of the order parameter and other quantities in the tail of the smeared

phase transition. We also compare our results to computer simulations of a toy model,

and we discuss experiments.

� Published in Physical Review B 83 224402 (2011).
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1. INTRODUCTION

When a phase transition occurs in a randomly disordered system, one of the

most basic questions to ask is whether the transition is still sharp, i.e., associated

with a singularity in the free energy. Naively, one might expect that random dis-

order rounds or smears any critical point because di�erent spatial regions undergo

the transition at di�erent values of the control parameter. This expectation turns

out to be mistaken, as classical (thermal) continuous phase transitions generically

remain sharp in the presence of weak randomness. The reason is that a �nite-size

region cannot undergo a true phase transition at any nonzero temperature because

its partition function must be analytic. Thus, true static long-range order can only

be established via a collective phenomenon in the entire system

Recent work has established, however, that some phase transitions are indeed

smeared by random disorder. This can happen at zero-temperature quantum phase

transitions when the order parameter 
uctuations are overdamped because they are

coupled to an (in�nite) heat bath.[51, 59] As the damping hampers the dynamics, suf-

�ciently large but �nite-size regions can undergo the phase transition independently

from the bulk system. Once several such regions have developed static order, their

local order parameters can be aligned by anin�nitesimally small mutual interaction.

Thus, global order develops gradually, and the global phase transition is smeared.

Classical thermal phase transitions can also be smeared provided the disorder is per-

fectly correlated in at least two dimensions. In these cases, individual \slabs" of �nite

thickness undergo the phase transition independently of the bulk system.[35, 60]

The existing theoretical work on smeared phase transitions focuses on situa-

tions in which a sample with some �xed degree of randomness is tuned through the

transition by changing the temperature (for classical transitions) or the appropriate

quantum control parameter such as pressure or magnetic �eld (for quantum phase
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transitions). However, many experiments are performed on substitutional alloys such

as CePd1� x Rhx or Sr1� xCaxRuO3. These materials can be tuned from an ordered

phase (ferromagnetic for the two examples) at compositionx = 0 to a disordered

phase atx = 1 while keeping the temperature and other external parameters�xed,

i.e., they undergo a phase transition as a function of composition. The composition

parameter x actually plays a dual role in these transitions. On the one hand,x is

the control parameter of the phase transition. On the other hand, changingx also

changes the degree of randomness. If such a composition-tunedphase transition is

smeared, its behavior can therefore be expected to be di�erent than that of smeared

transitions occurring at �xed randomness.

In this paper, we investigate the properties of composition-tunedsmeared

phase transitions in substitutional alloys of the type A1� xBx . We show that the

ordered phase extends over the entire composition rangex < 1, and we derive the

behavior of the system in the tail of the smeared transition. Our paper is organized

as follows. In Sec. 2, we consider a smeared quantum phase transition in an itinerant

magnet. We use optimal 
uctuation theory to derive the composition dependence of

the order parameter, the phase boundary, and other quantities. In Section 3 we brie
y

discuss how the theory is modi�ed for smeared classical transitionsin systems with

correlated disorder. Section 4 is devoted to computer simulations of a toy model that

illustrate and con�rm our theory. We conclude in Sec. 5 by comparingcomposition-

tuned smeared transitions with those occurring at �xed randomness. We also discuss

experiments.

2. SMEARED QUANTUM PHASE TRANSITION

2.1. Model and Phase Diagram. In this section we investigate the ferro-

magnetic or antiferromagnetic quantum phase transition of itinerant electrons with
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Ising order parameter symmetry. In the absence of quenched randomness, the Landau-

Ginzburg-Wilson free energy functional of this transition ind space dimensions reads

[14, 15]

S =
Z

dydz  (y)�( y; z) (z) + u
Z

dy  4(y) : (1.1)

Here,  is a scalar order parameter �eld,y � (y ; � ) comprises imaginary time�

and d-dimensional spatial positiony,
R

dy �
R

dy
R1=T

0 d� , and u is the standard

quartic coe�cient. �( y; z) denotes the bare inverse propagator (two-point vertex)

whose Fourier transform reads

�( q; ! n) = r + � 2
0q2 + 
 0(q) j! n j : (1.2)

Here, r is the distance from criticality,y � 0 is a microscopic length scale, and! n is a

Matsubara frequency. The dynamical part of �(q; ! n ) is proportional to j! n j. This

overdamped dynamics re
ects the Ohmic dissipation caused by the coupling between

the order parameter 
uctuations and the gapless fermionic excitations in an itinerant

system. The damping coe�cient 
 0(q) is q-independent for an antiferromagnetic

transition but proportional to 1=jqj or 1=jqj2 for ballistic and di�usive ferromagnets,

respectively.

We now consider two materials A and B. Substance A is in the magnetic

phase, implying a negative distance from criticality,rA < 0, while substance B is

nonmagnetic with rB > 0. By randomly substituting B-atoms for the A-atoms to

form a binary alloy A1� xBx , we can drive the system through a composition-driven

magnetic quantum phase transition.

A crucial role in this transition is played by rare A-rich spatial regions. They

can be locally in the magnetic phase even if the bulk system is nonmagnetic. In

yStrictly, one needs to distinguish the bare distance from criticality that appears in (1.2) from
the renormalized one that measures the distance from the true critical point. We suppress this
di�erence because it is unimportant for our purposes.
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the presence of Ohmic dissipation, the low-energy physics of each such region is

equivalent to that of a dissipative two-level system which is known toundergo, with

increasing dissipation strength, a phase transition from a 
uctuating to a localized

phase.[61] Therefore, the quantum dynamics of su�ciently large rare regions com-

pletely freezes,[36] and they behave as classical superspins. At zero temperature,

these classical superspins can be aligned by anin�nitesimally small residual inter-

action which is always present as they are coupled via the 
uctuations of the para-

magnetic bulk system. The order parameter is thus spatially very inhomogeneous,

but its average is nonzero for anyx < 1 implying that the global quantum phase

transition is smeared by the disorder inherent in the random positions of the A and

B atoms.[17, 18, 51]

At small but nonzero temperatures, the static magnetic order onthe rare re-

gions is destroyed, and a �nite interaction of the order of the temperature is necessary

to align them. This restores a sharp phase transition at some transition temperature

Tc(x) which rapidly decreases with increasingx but reaches zero only atx = 1. If the

temperature is raised aboveTc, the locally ordered rare regions act as independent

classical moments, leading to super-paramagnetic behavior. A sketch of the resulting

phase diagram is shown in Fig. 1.

2.2. Optimal Fluctuation Theory. In this section, we use optimal 
uctu-

ation theory [62, 63, 64] to derive the properties of the tail of thesmeared quantum

phase transition. This is the composition range where a few rare regions have devel-

oped static magnetic order but their density is so small that they are very weakly

coupled.

A crude estimate of the transition point in the binary alloy A1� xBx can be

obtained by simply averaging the distance from criticality,rav = (1 � x)rA + xr B .

The transition point corresponds torav = 0. This gives the critical composition in
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Magnetic
phase

Tc decreases
exponentially
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power-law tail

Super-PM
behavior

xc
0

Figure 1: (Color online) Schematic temperature-composition phasediagram of a bi-
nary alloy A1� xBx displaying a smeared quantum phase transition. In the
tail of the magnetic phase, which stretches all the way tox = 1, the rare
regions are aligned. AboveTc, they act as independent classical moments,
resulting in super-paramagnetic (PM) behavior.x0

c marks the critical com-
position in average potential approximation de�ned in (1.3).

\average potential approximation,"

x0
c = � rA =(rB � rA ) : (1.3)

Let us now consider a single A-rich rare region of linear sizeLRR embedded

in a nonmagnetic bulk sample. If the concentrationx loc of B atoms in this region

is below some critical concentrationxc(LRR ), the region will develop local magnetic

order. The value of the critical concentration follows straightforwardly from �nite-size

scaling,[52, 53]

xc(LRR ) = x0
c � DL � �

RR ; (1.4)

where � is the �nite-size shift exponent andD is a constant. Within mean-�eld

theory (which should be qualitatively correct in our case because the clean transition

is above its upper critical dimension[14]), one �nds� = 2 and D = � 2
0=(rB � rA ).
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Sincexc(LRR ) must be positive, (1.4) implies that a rare region needs to be larger

than Lmin = ( D=x0
c)

1=� to develop local magnetic order.

As the last ingredient of our optimal 
uctuation theory, we now analyze the

random distribution of the atoms in the sample. For simplicity, we assume that the

lattice sites are occupiedindependentlyby either A or B atoms with probabilities 1� x

and x, respectively. Modi�cations due to deviations from a pure random distribution

(i.e., clustering) will be discussed in the concluding section 5. The probability of

�nding NB = Nx loc sites occupied by B atoms in a spatial region with a total of

N � Ld
RR sites is given by the binomial distribution

P(N; x loc) =
�

N
NB

�
(1 � x)N � NB xNB : (1.5)

We are interested in the regimex > x 0
c where the bulk system will not be magnetically

ordered but x loc = NB =N < x c(LRR ) such that local order is possible in the region

considered.

To estimate the total zero-temperature order parameterM in the tail of the

smeared transition (where the rare regions are very weakly coupled), we can simply

sum over all rare regions displaying local order

M �
Z 1

L min

dLRR

Z xc(L RR )

0
dxloc m(N; x loc)P(N; x loc) : (1.6)

Here,m(N; x loc) is the order parameter of a single region ofN sites and local compo-

sition x loc; and we have suppressed a combinatorial prefactor. We now analyze this

integral in two parameter regions, (i) the regime wherex is somewhat larger thanx0
c

but not by too much, and (ii) the far tail of the transition at x ! 1.
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If x is not much larger thanx0
c, the rare regions are expected to be large, and

we can approximate the binomial distribution (1.5) by a Gaussian,

P(N; x loc) =
1

p
2�N (1 � N )

exp
�
� N

(x loc � x)2

2x(1 � x)

�
(1.7)

To exponential accuracy inx, the integral (1.6) can now be easily performed in

saddle point approximation. Neglectingm(N; x loc), which only modi�es power-law

prefactors, we �nd that large rare regions of sizeL �
RR = D(2� � d)=[d(x � x0

c)] and

maximum possible B-concentrationx loc = x0
c � DL � �

RR dominate the integral. Inserting

these saddle point values into the integrand yields the composition dependence of the

order parameter asz

M � exp
�
� C

(x � x0
c)

2� d=�

x(1 � x)

�
(1.8)

whereC = 2( D=d)d=� (2� � d)d=� � 2� 2 is a non-universal constant.

Let us now analyze the far tail of the smeared transition,x ! 1. In this regime,

the binomial distribution cannot be approximated by a Gaussian. Nonetheless, the

integral (1.6) can be estimated in saddle-point approximation. We �nd that for x ! 1,

the integral is dominated by pure-A regions of the minimum size that permits local

magnetic order. This meansLRR = Lmin = ( D=x0
c)

1=� and x loc = 0. Inserting these

values into the integrand of (1.6), we �nd that the leading composition dependence

of the order parameter in the limit x ! 1 is given by a non-universal power law,

M � (1 � x)L d
min = (1 � x)(D=x 0

c )d=�
: (1.9)

We thus �nd that M is nonzero in the entire composition range 0� x < 1, illustrating

the notion of a smeared quantum phase transition.

zThis result is valid for d < 2� which is ful�lled for our transition. In the opposite case, the
integral over L RR is dominated by its lower bound, resulting in a purely Gaussian dependence of
M on x � x0

c .
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So far, we have focused on the zero-temperature order parameter. Other

quantities can be found in an analogous manner. Let us, for example, determine the

phase boundary, i.e., the composition dependence of the critical temperature Tc. As

was discussed in Sec. 2.1, the static magnetism of the rare regions isdestroyed at

nonzero temperatures. Consequently, magnetic long-range order in the sample can

only develop, if the rare regions are coupled by an interaction of theorder of the

temperature. The typical distance between neighboring locally ordered rare regions

can be estimated from their density,� , asr typ � � � 1=d � M � 1=d. Within the Landau-

Ginzburg-Wilson theory (1.1,1.2), the interaction between two rareregions drops o�

exponentially with their distancer , E int � exp(� r=� b), where� b is the bulk correlation

length. This leads to a double-exponential dependence ofTc on x for compositions

somewhat abovex0
c, i.e., ln(1=Tc) � expf C(x � x0

c)2� d=� =[dx(1 � x)]g. For x ! 1,

we �nd ln(1 =Tc) � (1 � x)� L d
min =d. However, in a real metallic magnet, the locally

ordered rare regions are coupled by an RKKY-type interaction that decays as a

power law with distance,E int � r � d, rather than exponentially.[65] (This interaction

is not contained in the long-wavelength expansion implied in (1.2).) Therefore, the

composition dependence of the critical temperature takes the same form as that of

the magnetization,

Tc � exp
�
� C

(x � x0
c)2� d=�

x(1 � x)

�
(1.10)

for compositions somewhat abovex0
c and

Tc � (1 � x)L d
min = (1 � x)(D=x 0

c )d=�
(1.11)

in the far tail of the smeared transition,x ! 1.

We now turn to the order parameter susceptibility. It consists of two di�er-

ent contributions, one from the paramagnetic bulk system and onefrom the locally

ordered rare regions. The bulk system provides a �nite, non-critical background
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throughout the tail of the smeared transition. Let us discuss therare region contri-

bution in more detail. At zero temperature, the total order parameter M is nonzero

for all x < 1. The rare regions therefore always feel a symmetry-breaking e�ective

�eld which cuts o� any possible divergence of their susceptibilities. Weconclude

that the zero-temperature susceptibility does not diverge anywhere in the tail of the

smeared transition. If the temperature is raised aboveTc, the relative alignment of the

rare regions is lost, and they behave as independent large (classical) moments, lead-

ing to a super-paramagnetic temperature dependence of the susceptibility, � � 1=T

(see Fig. 1). At even higher temperatures, when the damping of the quantum dy-

namics becomes unimportant, we expect the usual non-universalquantum Gri�ths

power-laws,� � T � � 1, where� is the Gri�ths exponent.[17, 18, 66]

3. SMEARED CLASSICAL PHASE TRANSITION

Classical (thermal) phase transitions with uncorrelated disorder cannot be

smeared because all rare regions are of �nite size and can thus notundergo a true

phase transition at any nonzero temperature. However, perfect disorder correlations

in one or more dimensions lead to rare regions that are in�nitely extended in the

thermodynamic limit. If the number of correlated dimensions is high enough, these

in�nitely large rare regions can undergo the phase transition independently of the

bulk system, leading to a smearing of the global phase transition.[60]This happens,

for example, in a randomly layered Ising magnet, i.e., an Ising model with disorder

correlated in two dimensions.[35]
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In this section, we discuss how the theory of Sec. 2 is modi�ed for these

smeared classical phase transitions. For de�niteness, we consider a classical Landau-

Ginzburg-Wilson free energy ind dimensions,

S =
Z

dy  (y)[r � @2
y ] (y ) + u

Z
dy  4(y) : (1.12)

As in the quantum case, we now consider a binary \alloy" A1� x Bx of two materials A

and B. The atoms are arranged randomly ind? dimensions, while they are perfectly

correlated indk = d � d? dimensions. For example, ifd? = 1 and dk = 2, the system

would consist of a random sequence of layers, each made up of only Aatoms or only

B atoms.

If the correlated dimensiondk is su�ciently large, the \alloy" undergoes a

smeared classical phase transition as the compositionx is tuned from 0 to 1 at a

(�xed) temperature at which material A is magnetically ordered, rA < 0, while

material B is in the nonmagnetic phase,rB > 0. The optimal 
uctuation theory for

the behavior in the tail of the smeared transition can be developed along the same

lines as the theory in Sec. 2. The only important di�erence stems from the fact that

the randomness is restricted tod? dimensions. The dimensionalityd in eqs. (1.8)

and (1.9) therefore needs to be replaced byd? , leading to

M � exp
�
� C

(x � x0
c)

2� d? =�

x(1 � x)

�
(1.13)

for compositions somewhat abovex0
c and

M � (1 � x)L
d?
min = (1 � x)(D=x 0

c )d? =�
(1.14)

for x ! 1. The same substitution ofd by d? was also found for smeared classical

transitions tuned by temperature rather than composition.[60]
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4. COMPUTER SIMULATIONS

To verify the predictions of the optimal 
uctuation theory in Sec. 2 and to

illustrate our results, we have performed computer simulations of atoy model, viz., a

classical Ising model withd space-like dimensions and one time-like dimension. The

interactions are between nearest neighbors in the space-like directions but in�nite-

ranged in the time-like ones. This (d + 1)-dimensional toy model retains the pos-

sibility of static order on the rare regions (which is crucial for the transition being

smeared) but permits system sizes large enough to study exponentially rare events.

The Hamiltonian reads

H = �
1
L �

X

hy ;zi ;�;� 0

Sy ;� Sz;� 0 �
1
L �

X

y ;�;� 0

Jy Sy ;� Sy ;� 0 (1.15)

Here y and z are d-dimensional space-like coordinates and� is the time-like coor-

dinate. L � is the system size in time direction andhy; zi denotes pairs of nearest

neighbors on the hyper-cubic lattice in space.Jy is a quenched random variable hav-

ing the binary distribution P(J ) = (1 � x) � (J � Jh) + x � (J � Jl ) with Jh > J l . In

this classical modelL � plays the role of the inverse temperature in the corresponding

quantum system and the classical temperature plays the role of the quantum tuning

parameter. Because the interaction is in�nite-ranged in time, the time-like dimen-

sion can be treated in mean-�eld theory. ForL � ! 1 , this leads to a set of coupled

mean-�eld equations for the local magnetizationsmy = (1 =L� )
P

� Sy ;� . They read

my = tanh � [Jy my +
X

z

mz + h] ; (1.16)

where the sum is over all nearest neighbors of sitey and h ! 0 is a very small

symmetry-breaking magnetic �eld which we typically set to 10� 12. If all Jy � Jh, the

system undergoes a (sharp) phase transition atTh = Jh + 2d, and if all Jy � Jl , it
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undergoes the transition atTl = Jl + 2d. In the temperature rangeTh > T > T l , the

phase transition can therefore be tuned by compositionx.

The mean-�eld equations (1.16) can be solved e�ciently in a self-consistency

cycle. Using this approach, we studied systems in one, two, and three space dimen-

sions. The system sizes were up to L=10000 in 1d, and up toL = 100 in 2d and

3d. For each parameter set, the data were averaged over a largenumber of disorder

realizations. Details will be given with the individual results below.

Figure 2 shows an overview over the magnetizationM as a function of compo-

sition x for a (3+1)-dimensional system at several values of the classicaltemperature

in the interval Th > T > T l .

The �gure clearly demonstrates that the magnetic phase extendssigni�cantly

beyond the \average potential" valuex0
c = ( Th � T)=(Th � Tl ). In this sense, the

magnetic phase in our binary alloy bene�ts from the randomness. Inagreement

with the smeared phase transition scenario, the data also show that M (x) develops

a pronounced tail towardsx = 1. (By comparing di�erent system sizes, we can

exclude that the tail is due to simple �nite-size rounding.[60]) We performed similar

simulations for systems in one and two space dimensions, with analogous results.

To verify the theoretical predictions of the optimal 
uctuation theory devel-

oped in Sec. 2, we now analyze the tail of the smeared phase transition in more

detail. Figure 3 shows a semi-logarithmic plot of the magnetizationM vs. the com-

position x for a (1 + 1)-dimensional system, a (2 + 1)-dimensional system, and a

(3 + 1)-dimensional one. In all examples, the data follow the theoretical prediction

(1.8) over at least 2 orders of magnitude inM in a transient regime of intermediate

compositionsx.

We also check the behavior of the magnetization for compositions very close

to x = 1. Since (1.9) predicts a non-universal power law, we plot log(M ) vs.

log(1 � x) for a (3 + 1)-dimensional system in Fig. 4. The �gure shows that the
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Figure 2: (Color online) MagnetizationM vs compositionx for a (3+1)-dimensional
system havingJh = 20, Jl = 8 and several values of the classical tempera-
ture T. The data represent averages over 100 samples of sizeL = 100. The
values of the critical concentration in \average potential approximation,"
x0

c, are shown for comparison.

magnetization tail indeed decays as a power of (1� x) with x ! 1. The expo-

nent increases with increasing temperature in agreement with the prediction that it

measures the minimum sizeNmin � Ld
min a rare regions needs to have to undergo

the transition independently. The inset of Fig. 4 shows a �t of the exponent to

Ld
min � [x0

c(T)]� 3=2 = [( Th � T)=(Th � Tl )]� 3=2. The equation describes the data rea-

sonably well; the deviations at small exponents can be explained by the fact that our

theory assumes the rare-region size to be a continuous variable which is not ful�lled

for rare regions consisting of just a few lattice sites.

Our computer simulation thus con�rm the theoretical predictions inboth com-

position regions in the tail of the transition. In a transient regime above x0
c, we ob-

serve the exponential dependence (1.8) while the magnetization for x ! 1 follows the

non-universal power law (1.9).
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Figure 3: (Color online) log(M ) vs x in the tail of the transition for three example
systems: (i) (3 + 1)-dimensional system withL = 100; Jh = 20; Jl = 8, and
T = 23, (ii) (2 + 1)-dimensional system with L = 100; Jh = 15; Jl = 8,
and T = 18, and (iii) (1 + 1)-dimensional system with L = 10000; Jh =
11; Jl = 8, and T = 12:8. All data are averages over 100 disorder con�gu-
rations. The solid lines are �ts to (1.8), with the �t intervals restrict ed to
x 2 (0:25; 0:55) in (1+1) dimensions, (0.6,0.72) in (2+1) dimensions and
(0.7,0.82) for the (3+1)-dimensional example.

5. CONCLUSIONS

In summary, we have investigated phase transitions that are tuned by changing

the compositionx in a random binary alloy A1� xBx where pure A is in the ordered

phase while pure B is in the disordered phase. If individual, rare A-richspatial regions

develop true static order, they can be aligned by an in�nitesimal residual interaction.

This results in the smearing of the global phase transition, in agreement with the

classi�cation put forward in Ref.

As an example, we have studied the quantum phase transition of an itinerant

Ising magnet of the type A1� xBx . At zero temperature, the ordered phase in this
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Figure 4: (Color online) log(M ) vs log(1� x) for a (3 + 1)-dimensional system with
L = 100; Jh = 20; Jl = 8 and several temperatures. All data are averages
over 100 disorder con�gurations. The solid lines are �ts to the power-law
(1.9). The inset shows the exponent as a function of temperature, with the
solid line being a �t to [x0

c(T)]� 3=2.

binary alloy extends over the entire composition rangex < 1, illustrating the notion

of a smeared quantum phase transition. Upon raising the temperature, a sharp phase

transition is restored, but the transition temperatureTc(x) is nonzero for allx < 1

and reaches zero only right atx = 1 (see Fig. 1). Using optimal 
uctuation theory,

we have derived the functional forms of various thermodynamic observables in the

tail of the smeared transition. We have also brie
y discussed smeared classical phase

transitions that can occur in systems with correlated disorder, and we have performed

computer simulations of a toy model that con�rm and illustrate the theory.

Although our results are qualitatively similar to those obtained for smeared

phase transitions occurring at �xed randomness as a function of temperature or an



62

appropriate quantum control parameter, the functional formsof observables are not

identical. The most striking di�erence can be found in the far tail of the transition.

In the case of composition-tuning, the order parameter vanishesas a non-universal

power of the distance from the end of the tail (x = 1), re
ecting the fact that the

minimum rare region size required for local magnetic order is �nite. Incontrast, if the

transition occurs at �xed composition as a function of temperature or some quantum

control parameter, the order parameter vanishes exponentially,[51, 60] because the

minimum size of an ordered rare region diverges in the far tail. These di�erences

illustrate the fact that the behavior of observables at a smeared phase transition is

generallynot universal in the sense of critical phenomena; it depends on details of the

disorder distribution and how the transition is tuned. Only the question of whether

or not a particular phase transition is smeared is universal, i.e., determined only by

symmetries and dimensionalities.

Let us brie
y comment on the relation of our theory to percolation ideas.

The optimal 
uctuation theory of Sec. 2.2 applies for compositionsx larger than the

percolation threshold of the A-atoms. Because the A-clusters are disconnected in

this composition range, percolation of the A atoms does not play a role in forming

the tail of the ordered phase at largex. Instead, distant rare regions are coupled via

the 
uctuations of the paramagnetic bulk phase and, in metallic magnets, via the

RKKY interaction. Percolation does play a role, though, in the crossover between

the inhomogeneous order in the tail of the transition and the bulk order at lower x.

We note in passing that the behavior of a diluted system (where B represents

a vacancy) with nearest-neighborinteractions is not described by our theory. In this

case, the A-clusters are not coupled at all for compositionsx larger than the A per-

colation threshold. Therefore they cannot align, and long-range order is impossible.

As a result, the super-paramagnetic behavior of the locally ordered clusters extends
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all the way down to zero temperature. This was recently discussedin detail on the

example of a diluted dissipative quantum Ising model.[67]

In the present paper, we have assumed that the A and B atoms aredistributed

independently over the lattice sites, i.e., we have assumed that there are no correla-

tions between the atom positions. It is interesting to ask how the results change if

this assumption is not ful�lled, for example because like atoms tend tocluster. As

long as the correlations of the atom positions are short-ranged (corresponding to a �-

nite, microscopic length scale for clustering), our results will not changequalitatively.

All arguments in the optimal 
uctuation theory still hold using a typic al cluster of

like atoms instead of a single atom as the basic unit. However, such clustering will

lead to signi�cant quantitative changes (i.e., changes in the non-universal constants

in our results), as it greatly increases the probability of �nding largelocally ordered

rare regions. We thus expect that clustering of like atoms will enhance the tail and

move the phase boundaryTc(x) towards larger x. A quantitative analysis of this

e�ect requires explicit information about the type of correlations between the atom

positions and is thus relegated to future work.

Let us �nally turn to experiment. Tails of the ordered phase have been ob-

served at many quantum phase transitions. However, it is often not clear whether

these tails are an intrinsic e�ect or due to experimental di�culties such as macro-

scopic concentration gradients or other macroscopic sample inhomogeneities. Recent

highly sensitive magneto-optical experiments on Sr1� x CaxRuO3 have provided strong

evidence for a smeared ferromagnetic quantum phase transition.x The behavior of

the magnetization and critical temperature in the tail of the smeared transition agree

well with the theory developed here. Moreover, the e�ects of clustering discussed

above may explain the wide variation of the critical composition between about 0.5

and 1 reported in earlier studies.[68, 69, 70] We expect that our smeared quantum

xL. Demko et al., unpublished.
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phase transition scenario applies to a broad class of itinerant systems with quenched

disorder.
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ABSTRACT �

We investigate the in
uence of spatial disorder correlations on smeared phase

transitions, taking the magnetic quantum phase transition in an itinerant magnet

as an example. We �nd that even short-range correlations can have a dramatic

e�ect and qualitatively change the behavior of observable quantities compared to

the uncorrelated case. This is in marked contrast to conventionalcritical points,

at which short-range correlated disorder and uncorrelated disorder lead to the same

critical behavior. We develop an optimal 
uctuation theory of the quantum phase

transition in the presence of correlated disorder, and we illustratethe results by

computer simulations. As an experimental application, we discuss the ferromagnetic

quantum phase transition in Sr1� xCaxRuO3.

� Published in Europhysics Letters97, 20007 (2012).
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1. INTRODUCTION

Quenched disorder has various important consequences in condensed matter.

For example, disorder can change the universality class of a criticalpoint [71, 72] or

even change the order of a phase transition [73, 74, 75].

In theoretical studies, the disorder is often assumed to be uncorrelated in

space even though many sample preparation techniques will produce some degree of

correlations between the impurities and defects. As long as the correlations are short-

ranged, i.e., characterized by a �nite correlation length� dis, this assumption is usually

justi�ed if one is interested in the universal properties of critical points. (There are

exceptions for special, �ne-tuned local correlations [76]). The reason why short-

range correlated disorder leads to the same behavior as uncorrelated disorder can

be easily understood within the renormalization group framework. Under repeated

coarse graining, a nonzero disorder correlation length� dis decreases without limit.

The disorder thus becomes e�ectively uncorrelated on the large length scales that

determine the critical behavior.

A formal version of this argument follows from the Harris criterion [20]. It

states that a clean critical point is stable against weakuncorrelated disorder if its

correlation length critical exponent� ful�lls the inequality d� > 2 whered is the space

dimensionality. If the inequality is violated, the disorder is relevant and changes

the critical behavior. According to Weinrib and Halperin [77],spatially correlated

disorder leads to the same inequality as long as its correlations decayfaster than

r � d with distance r . Thus, short-range correlated disorder and uncorrelated disorder

have the same e�ect on the stability of a clean critical point.

In this letter, we demonstrate that spatial disorder correlationsare much more

important at smearedphase transitions, a broad class of classical and quantum phase

transitions characterized by a gradual, spatially inhomogeneous onset of the ordered
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phase [17]. Speci�cally, we show that short-range correlated disorder and uncorre-

lated disorder lead to qualitatively di�erent behaviors. The disordercorrelations do

not only in
uence quantities usually considered non-universal suchas the location of

the phase boundary, they also change the functional dependence of the order param-

eter and other quantities on the tuning parameters of the transition, as indicated in

Fig. 1. We propose that this mechanism may be responsible for the unusually wide

variations reported in the literature on the properties of the ferromagnetic quantum

phase transition (QPT) in Sr1� x CaxRuO3.

In the following, we sketch the derivation of our theory, compute observables,

and illustrate them by simulations. We also discuss the generality of our �ndings,

and we compare them to experiment.

2. SMEARED QUANTUM PHASE TRANSITION

For de�niteness, we consider a magnetic QPT in a metallic system with

Ising order parameter symmetry. In the absence of quenched disorder, the Landau-

Ginzburg-Wilson free energy functional of this transition is given by[14, 15]

S =
Z

dydz  (y)�( y; z) (z) + u
Z

dy  4(y) ; (2.1)

where  is the order parameter �eld, y � (y ; � ) comprisesd-dimensional spatial

position y and imaginary time � , the integration means
R

dy �
R

dy
R1=T

0 d� , and

u is the standard quartic coe�cient. The Fourier transform of the Gaussian vertex

�( y; z) reads

�( q; ! n) = r + � 2
0q2 + 
 0(q) j! n j : (2.2)



68

M
, T

c

x

Figure 1: (Color online) Schematic of the zero-temperature magnetization-
composition curve (M vs x) and the �nite-temperature phase boundary
(Tc vs x) at a smeared quantum phase transition in a random binary alloy
A1� xBx . The cases of uncorrelated, correlated, and anti-correlated disorder
are contrasted.

Here,r is the distance from criticality,y � 0 is a microscopic length, and! n is a Matsub-

ara frequency. The dynamical part of �(q; ! n) is proportional to j! n j. This re
ects the

Landau damping of the order parameter 
uctuations by gapless electronic excitations

in a metallic system. The coe�cient 
 0(q) is q-independent for an antiferromagnetic

transition but proportional to 1=jqj or 1=jqj2 for ballistic and di�usive ferromagnets,

respectively.

We now consider a random binary alloy A1� xBx consisting of two materials

A and B. Pure substance B has a non-magnetic ground-state, implying a positive

distance from quantum criticality, rB > 0. Substance A has a magnetically ordered

ground state with rA < 0. By randomly substituting B atoms for A atoms, one can

drive the system through a QPT from a magnetic to a nonmagnetic ground state.

yStrictly, one needs to distinguish the bare distance from criticality that appears in (2.2) from
the renormalized one that measures the distance from the true critical point. We suppress this
di�erence because it is unimportant for our purposes.
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Due to statistical 
uctuations, the distribution of A and B atoms in t he alloy

will not be spatially uniform. Some regions may contain signi�cantly more A atoms

than the average. If the local A-concentration is su�ciently high, such regions will

be locally in the magnetic phase even if the bulk system is nonmagnetic.Because the

magnetic 
uctuations are overdamped, the quantum dynamics of su�ciently large

such locally magnetic spatial regions completely freezes (for Ising symmetry [36]). At

zero temperature, these rare regions thus develop static magnetic order independently

of each other. This destroys the sharp QPT by smearing [17, 18, 51] and is manifest

in a pronounced tail in the zero-temperature magnetization-composition curve [78].

At any nonzero temperature, the static magnetic order on individual, inde-

pendent rare regions is destroyed because they can 
uctuate viathermal excitations.

Therefore, a �nite interaction between the rare regions of the order of the thermal

energy is necessary to align them. This restores a conventional sharp phase transi-

tion at any nonzero temperature. However, the smeared character of the underlying

QPT leads an unusual concentration dependence of the critical temperatureTc which

displays a tail towards largex [51, 78].

The e�ects of disorder correlations can be easily understood at a qualitative

level. For positive correlations, like atoms tend to cluster. This increases, at �xed

composition, the probability of �nding large A-rich regions comparedto the uncorre-

lated case. The tail of magnetization-composition curve therefore becomes larger (see

Fig. 1). In contrast, like atoms repel each other in the case of negative correlations

(anti-correlations). This decreases the probability of �nding largeA-rich regions and

thus suppresses the tail.
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3. OPTIMAL FLUCTUATION THEORY

To quantify the in
uence of the disorder correlations, we now develop an

optimal 
uctuation theory [51, 78]. We focus on the \tail" of the smeared transition

(large x) where a few rare regions show magnetic order but their interactions are

weak because they are far apart.

We roughly estimate the transition point in the alloy A1� xBx, by setting the

average distance from criticality to zero,rav = (1 � x)rA + xr B = 0: This de�nes the

critical composition in \average-potential" approximation,

x0
c = � rA =(rB � rA ) : (2.3)

For compositionsx > x 0
c, static magnetic order can only develop on rare, atypical

spatial regions with a higher than average A-concentration. Speci�cally, a single A-

rich rare region of linear sizeLRR can show magnetic order, if the local concentration

x loc of B atoms is below some critical valuexc. Because the rare region has a �nite

size, the critical concentration is shifted from the bulk valuex0
c: According to �nite-

size scaling [52, 53]

xc(LRR ) = x0
c � DL � �

RR ; (2.4)

where � is the �nite-size shift exponent andD is a non-universal constant. In a

three-dimensional itinerant magnet,� takes the mean-�eld value of 2 because the

clean transition is above its upper critical dimension. Asxc(LRR ) must be positive,

a rare region must be larger thanLmin = ( D=x0
c)1=� to show magnetic order.

In the tail of the smeared transition, the magnetically ordered rare regions are

far apart and interact only weakly. To �nd the total magnetization M one can thus
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simply sum over all magnetically ordered rare regions. This gives

M �
Z 1

L min

dLRR

Z xc(L RR )

0
dxlocP(N; x loc)m(N; x loc) ; (2.5)

whereP(N; x loc) is the probability for �nding a region of N sites and local composition

x loc (i.e., a region containingNB = Nx loc atoms of type B), and m(N; x loc) is its

magnetization

Let us analyze the spatial distribution of atoms in the sample to determine the

probability P(N; x loc). Speci�cally, let us assume that the random positions of the

A and B atoms are positively correlated such that like atoms form clusters of typical

correlation volume (number of lattice sites)Vdis � 1 + a� d
dis where� dis is the disorder

correlation length anda is a geometric prefactor. The probabilities for �nding A and

B clusters in the sample are 1� x and x, respectively. The numberncl of correlation

clusters contained in a large spatial region ofN sites (N � Vdis) is approximately

ncl � N=Vdis = N=(1 + a� d
dis) : (2.6)

The probability P(N; x loc) for �nding a region of N sites and local composition

x loc is therefore equal to the probabilityPclus(ncl; nB) for �nding nB = xncl clusters

of B atoms among all thencl clusters contained in the region. It can be modeled by

a binomial distribution

Pclus(ncl ; nB) =
�

ncl

nB

�
(1 � x)ncl � nB xnB : (2.7)

We now distinguish two cases, (i) the regime wherex is not much larger thanx0
c, and

(ii) the far tail of transition at x ! 1:
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(i) If x is just slightly larger than x0
c, rare regions are large and the probability

(2.7) can be approximated by a Gaussian

Pclus �
1

p
2�x (1 � x)=ncl

exp
�
� ncl

(x loc � x)2

2x(1 � x)

�
: (2.8)

We estimate the integral (2.5) in saddle point approximation. Neglecting subleading

contributions from m(N; x loc); we �nd that rare regions of sizeL �
RR = D(2� � d)=[d(x�

x0
c)] and compositionxc(LRR ) dominate the integral. The resultingM (x) dependence

reads

M � exp
�
�

C
(1 + a� d

dis)
(x � x0

c)
2� d=�

x(1 � x)

�
; (2.9)

where C = 2( D=d)d=� (2� � d)d=� � 2� 2 is a non-universal constant. In this regime,

varying the disorder correlation length thus modi�es the non-universal prefactor of

the exponential dependence ofM on x.

(ii) An even more striking e�ect occurs in the tail of the transition for x ! 1:

As rare regions cannot be large in this regime, the binomial distribution (2.7) cannot

be approximated by a Gaussian. However, within saddle point approximation, the

integral (2.5) is dominated by rare regions containing only A atoms and having the

minimum size permitting local order. InsertingLRR = Lmin = ( D=x0
c)

1=� and x loc = 0

into (2.5), we �nd that the composition dependence of the magnetization is given by

the power law,

M � (1 � x)� (x ! 1) ; (2.10)

with � = aLd
min =(1 + a� d

dis). In this regime, the disorder correlations thus modify the

seeming critical exponent of the order parameter. The exponentvalue is given by the

minimum number of correlation clusters necessary to form a magnetically ordered

rare region. The results for uncorrelated disorder [78] are recovered by substituting

� dis = 0 into (2.9) and (2.10).
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So far we have assumed that a typical disorder correlation clusterof A atoms

is smaller than the minimum rare region size required for magnetic order. For larger

disorder correlation length� dis � Lmin ; a single correlation cluster is already large

enough to order magnetically. As a result, (almost) all A atoms contribute to the total

magnetization. Correspondingly, the composition dependence of the order parameter

is given by

M � (1 � x) : (2.11)

To combine the power laws (2.10) and (2.11) for di�erent ranges of� dis, we construct

the heuristic formula

� = ( aLd
min + a� d

dis)=(1 + a� d
dis) (2.12)

which can be used to �t experimental data or simulation results.

Other observables such as the �nite-temperature phase boundary can be found

in similar fashion. As discussed above, atT 6= 0, individual rare regions do not de-

velop a static magnetization. Instead, global magnetic order arises via a conventional

(sharp) phase transition at some transition temperatureTc which can be estimated

from the condition that the interaction energy between the rare regions is of the order

of the thermal energy. To determine the interaction energy, we note that in a metallic

magnet, the rare-regions are coupled by an RKKY interaction whichfalls o� as r � d

with distance r . As the typical distance between neighboring rare regions behaves as

r � M � 1=d [51], the composition dependence of the critical temperature is analogous

to that of the magnetization. In particular,

Tc(x) � (1 � x)� (2.13)

in the tail of the smeared transition,x ! 1.
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4. SIMULATIONS

We now verify and illustrate the theoretical predictions by performing com-

puter simulations of a toy model [51, 60]. Its Hamiltonian is motivatedby the so-

called quantum-to-classical mapping [12] which relates a quantum phase transitions

in d space dimensions to a classical transition ind + 1 dimensions. The extra space

dimension corresponds to imaginary time in the quantum problem. Consequently,

we consider a (3+1)-dimensional classical Ising model on a hypercubic lattice with

three space dimensions and a single imaginary time-like dimension. The interaction

in the time-like direction is long-ranged as thej! n j frequency dependence in (2.2)

corresponds to a 1=� 2 in imaginary time. In the toy model, we replace this inter-

action by an in�nite-range interaction in time direction, both on the same site and

between spatial neighbors.z This correctly reproduces the smeared character of the

phase transition due to static magnetic order on the rare regions.The Hamiltonian

of the toy model takes the form

H = �
1

L �

X

hy ;zi ;�;� 0

J0Sy ;� Sz;� 0 �
1

L �

X

y ;�;� 0

Jy Sy ;� Sy ;� 0 ; (2.14)

where y and z are space coordinates,� is the time-like coordinate, andSy ;� = � 1.

L � is the system size in time andhy; zi denotes pairs of nearest neighbors in space.

Jy is a binary random variable whose value,Jh or Jl , is determined by the type of

atom on lattice site y . The values at di�erent sites y and z are not independent,

they are correlated according to some correlation functionC(y � z). The average

concentrations ofJh-sites andJl -sites are 1� x and x, respectively.

Treating the time-like dimension within mean-�eld theory, which is exact be-

cause of the in�nite range of the interactions, a set of coupled nonlinear equations

zEven though the bare action (2.1, 2.2) does not have an interactionbetween spatial neighbors
at di�erent imaginary times � , such a coupling will be generated in perturbation theory (or under
RG) from the short-range spatial interaction and the long-rangeinteraction in time.
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emerge for the local magnetizationsmy = (1 =L� )
P

� Sy ;� ,

my = tanh
1

Tcl
(Jy my +

P
zJ0mz + h) : (2.15)

Here, the z-sum is over the nearest neighbors of sitey , and h is a tiny symmetry-

breaking magnetic �eld. According to the quantum-to-classical mapping, the classical

temperatureTcl is not related to the physical temperature of the underlying quantum

system (which is encoded inL � ) but rather some quantum control parameter that

tunes the distance from the quantum phase transition.

The local mean-�eld equations (2.15) can be solved e�ciently in a self-consistency

cycle. In the two clean limits with either Jy = Jh or Jy = Jl for all y , the phase

transition occurs at Th = Jh + 6J0 and Tl = Jl + 6J0, respectively. We choose a

classical temperature betweenTh and Tl and control the transition by changing the

compositionx.

To generate the correlated binary random variables representingthe site occu-

pations, a version of the Fourier-�ltering method [79] is implemented. This method

starts from uncorrelated Gaussian random numbersuy and turns them into correlated

Gaussian random numbersvy characterized by some correlation functionC(r ). This

is achieved by transforming the Fourier components ~uq of the uncorrelated random

numbers according to

~vq =
� ~C(q)

� 1
2 ~uq ; (2.16)

where ~C(q) is the Fourier transform ofC(r ). The vy then undergo binary projection to

determine the occupation of sitey ; the site is occupied by atom A ifvy is greater than

a composition-dependent threshold and by atom B ifvy is less than the threshold.

In the majority of our calculations, we focus on attractive short-range disorder

correlations of the formC(r ) = exp ( � r 2=2� 2
dis). Figure 2 shows examples of the
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Figure 2: (Color online) Examples of the atom distribution in a plane of 2562 sites
for several values of the disorder correlation length� dis = 0; 1:0; 2:0 from
left to right ( x = 0:5).

resulting atom distributions for several values of the disorder correlation length � dis.

The formation of clusters of like atoms is clearly visible.

We now discuss the results of the mean-�eld equations (2.15). Figure 3

presents the total magnetizationM as function of compositionx for several val-

ues of � dis with all other parameters held constant. At a given compositionx, the

magnetizationM increases signi�cantly even for small� dis of the order of the lattice

constant. Moreover, the seeming transition point (at whichM appears to reach 0)

rapidly moves towards larger compositions, almost reachingx = 1 for a correlation

length � dis = 2. Inset (a) of Fig. 3 shows a plot of logM versus log(1� x) con�rming

the power-law behavior (2.10) in the tail of the transition. The dependence on� dis of

the exponents� extracted from these power laws is analyzed in inset (b) of Fig. 3.

It can be �tted well with the heuristic formula (2.12).

In addition to the attractive (positive) correlations, we now brie
y consider the

case of anti-correlations (like atoms repel each other). We modelthe anti-correlations

by a correlation function having valuesC(0) = 1, C(r ) = � c for nearest neigh-

bors, andC(r ) = 0 otherwise. The positive constantc controls the strength of the
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Figure 3: (Color online) MagnetizationM vs. compositionx for several values of the
disorder correlation length� dis using one disorder realization of 2563 sites,
Jh = 20, Jl = 8, J0 = 1, Tcl = 24:25, and h = 10� 10. Also shown is one
curve for the case of anti-correlations (1283 sites), for details see text. Inset
(a): log-log plot of M vs. (1 � x) con�rming the power-law behavior in
the tail of the smeared transition. The tail exponent� shown in inset (b)
agrees very well with (2.12) as shown by the solid �t line.

anti-correlations. A characteristic magnetization-composition curve for such anti-

correlated disorder (with c = 1=6) is included in Fig. 3. The data show that the

magnetization is reduced compared to the uncorrelated case, andthe tail becomes

less pronounced. Analogous simulations using di�erent values ofc show that this

e�ect increases with increasing strength of the anti-correlations, as indicated in Fig.

1.

5. CONCLUSIONS

In summary, we have studied the e�ects of spatially correlated disorder on

smeared phase transitions. We have found that even short-range disorder correlations
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(extending over just a few lattice constants) lead to qualitative modi�cations of the

behavior at smeared transitions compared to the uncorrelated case, including changes

in the exponents that characterize the order parameter and thecritical temperature.

In other words, systems with uncorrelated disorder and with short-range correlated

disorder behave di�erently

This is in marked contrast to critical points, at which uncorrelated disorder

and short-range correlated disorder lead to the same critical behavior. (Long-range

correlations do change the critical behavior [77, 80].) What causes this di�erence

between critical points and smeared transitions? The reason is that critical behavior

emerges in the limit of in�nitely large length scales while smeared transitions are

governed by a �nite length scale, viz., the minimum size of ordered rare regions.

This renders the renormalization group arguments underlying the generalized Harris

criterion [20, 77] inapplicable.

The majority of our calculations are for the case of like atoms attracting each

other. For these positive correlations, large locally ordered rare regions can form

more easily than in the uncorrelated case. Thus, the tail of the smeared transition is

enhanced; and the phase boundary as well as the magnetization curve move toward

larger x as indicated in Fig. 1. We have also brie
y considered the case of like

atoms repulsing each other. These anti-correlations suppress the formation of large

locally ordered rare regions compared to the uncorrelated case. As a result, the phase

boundary and the magnetization curve will move toward smallerx. In addition

to short-range correlations, we have also studied long-range power-law correlations

which are interesting because they lead to a broad spectrum of cluster sizes. Detailed

results will be published elsewhere [81].

Turning to experiment, our results imply that smeared phase transitions are

very sensitive to slight short-range correlations in the spatial positions of impurities

or defects. In particular, an analysis of the data in terms of critical exponents will
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give values that depend on these correlations. We believe that a possible realization of

the e�ects discussed in this paper can be found in Sr1� xCaxRuO3. This well-studied

material undergoes a ferromagnetic QPT as a function of Ca concentration. Because

Sr1� xCaxRuO3 is a metallic system with Ising spin symmetry, the transition is ex-

pected to be smeared [51]. Interestingly, the reported experimental phase diagrams

(see Fig. 4) and magnetization curves show unusually large variations. Not only does

the apparent critical composition change betweenx � 0:5 and 1; the functional form

of the magnetization curves also varies. Although part of these discrepancies may

be due to the di�erence between �lm and bulk samples [82], large variations within

each sample type remain. We propose that disorder correlations, i.e., clustering or

anti-clustering of like atoms may be responsible for at least part of these variations.
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Figure 4: (Color online) Experimental temperature-composition phase diagrams of
Sr1� xCaxRuO3. Data from Hosaka et al. [83], Schneider et al. [84],
Wissinger et al. [82], and Khalifah et al. [85] are for thin �lms while those
of Kiyama et al. [70], and Cao et al. [68] are for bulk samples. Published
magnetization curves show similar variations.
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Finally, we emphasize that even though we have considered the QPT initin-

erant magnets as an example, our theory is very general and should be applicable

to all phase transitions smeared by disorder including QPTs [59, 86,87], classical

transitions in layered systems [35, 60] and non-equilibrium transitions [88]

We thank I. Kezsmarki for helpful discussions. This work has beensupported

in part by the NSF under grant No. DMR- 0906566.
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ABSTRACT �

The subtle interplay of randomness and quantum 
uctuations at lowtem-

peratures gives rise to a plethora of unconventional phenomena insystems rang-

ing from quantum magnets and correlated electron materials to ultracold atomic

gases. Particularly strong disorder e�ects have been predicted to occur at zero-

temperature quantum phase transitions. Here, we demonstratethat the composition-

driven ferromagnetic-to-paramagnetic quantum phase transition in Sr1� xCaxRuO3 is

completely destroyed by the disorder introduced via the di�erent ionic radii of the

randomly distributed Sr and Ca ions. Using a magneto-optical technique, we map

the magnetic phase diagram in the composition-temperature space. We �nd that

the ferromagnetic phase is signi�cantly extended by the disorder and develops a pro-

nounced tail over a broad range of the compositionx. These �ndings are explained

by a microscopic model of smeared quantum phase transitions in itinerant magnets.

Moreover, our theoretical study implies that correlated disorderis even more powerful

in promoting ferromagnetism than random disorder.

� Published in Physical Review Letters108, 185701 (2012).
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Classical or thermal phase transitions generally remain sharp in thepresence

of disorder, though their critical behavior might be a�ected by therandomness. On

the other hand, zero-temperature quantum phase transitions [12, 16, 89] { which

are induced by a control parameter such as the pressure, chemical composition or

magnetic �eld { are more susceptible to the disorder. Nevertheless, most disordered

quantum phase transitions have been found sharp as the correlation length charac-

terizing the spatial 
uctuation of the neighboring phases divergesat the transition

point.

In recent years, it has become clear that the large spatial regionsfree of ran-

domness, which are rare in a strongly disordered material and hereafter referred to

as rare regions, can essentially change the physics of phase transitions [17]. Closeto

a magnetic transition, such rare regions can be locally in the magnetically ordered

phase { with slow 
uctuations leading to the famous Gri�ths singularit ies [30] { even

if the bulk system is still nonmagnetic. These rare regions are extremely in
uential

close to quantum phase transitions. and expected to dominate thethermodynamics.

They give rise to the the so-called quantum Gri�ths phases [17, 18, 30] as recently

observed in magnetic semiconductors [43], heavy-fermion systems[47], and transition

metal alloys [48].

When the rare regions are embedded in a dissipative environment thedisor-

der e�ects are further enhanced. For example, in metallic magnets, the magnetiza-

tion 
uctuations are coupled to electronic excitations having arbitrarily low energies.

This leads to an over-damped 
uctuation dynamics. Su�ciently strong damping

completely freezes the dynamics of the locally ordered rare regions[36], allowing

them to develop a static magnetic order. It has been predicted [51]that this mecha-

nism destroys the sharp magnetic quantum phase transition in a disordered metal by

rounding and a spatially inhomogeneous ferromagnetic phase appears over a broad

range of the control parameter.
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The family of perovskite-type ARuO3 ruthanates (with A an alkaline earth

ion) o�ers an ideal setting to test these predictions. SrRuO3 is a ferromagnetic metal

with a Curie temperature ofTC = 165 K. On the other hand, no long-range magnetic

order develops in CaRuO3 and recent studies indicate paramagnetic behavior or the

presence of short-range antiferromagnetic correlations in the ground state [90]. It is

demonstrated that tiny Co doping can drive the system to a low-temperature spin-

glass state [91], however, the ground state of CaRuO3 is still under debate. Earlier

studies of the transport, thermal and magnetic properties of Sr1� xCaxRuO3 solid

solutions revealed that the compositionx is an e�cient control parameter and the

substitution of the Sr ions by the smaller Ca ions gradually suppresses the ferromag-

netic character and with it the Curie temperature [68, 69, 70, 92]. However, estimates

of the critical Ca concentration at whichTC vanishes show large variations depending

on the way of the assignment, experimental methodology and sample synthesis (e.g.

bulk crystals versus thin �lms with strain due to lattice mismatch with the substrate).

In addition, the random distribution of Sr and Ca ions introduces strong disorder in

the exchange interactions controlling the magnetic state.

To investigate the magnetic properties of Sr1� xCaxRuO3 with high accuracy,

we have grown a composition-spread epitaxial �lm of size 10 mm� 4 mm and thickness

200 nm (� 500 unit cells) on a SrTiO3 (001) substrate [93, 94] which sets the easy

magnetization direction normal to the �lm plane [95]. The Ca concentration changes

linearly from x=0.13 to 0.53 along the long side of the sample, as shown inFig. 1a.

The large atomically-
at area observed in the atomic force microscope image (Fig. 1a)

demonstrates the high quality of this �lm.

The composition and temperature dependence of the magnetic properties of

the Sr1� xCaxRuO3 �lm were probed by a home-built magneto-optical Kerr micro-

scope equipped with a He-
ow optical cryostat. Its magneto-optical Kerr rotation for

visible light is dominated by the charge transfer excitations betweenthe O 2p and
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Figure 1: (Color online) Morphology and magnetic characterization of the
composition-spread Sr1� xCaxRuO3 epitaxial �lm. (a) Photographic im-
age of the 10� 4 mm2 �lm with the local concentration, x, indicated along
the composition-spread direction. The large terraces of mono-atomic lay-
ers in the atomic force microscope image demonstrates the high quality of
the �lm. (b) The contour plot of the remanent magnetization (M ) over
the composition-temperature phase diagram. The dotted mesh is the mea-
sured data set used for the interpolation of the surface. The ferromagnetic-
paramagnetic phase boundary,TC (x), derived from the susceptibility and
magnetization data (see text for details) is also indicated by the black and
grey symbols, respectively.(c) Schematic of the magnetism in the tail of
the smeared transition. The spins on Sr-rich rare regions (bright islands)
form locally ordered "superspins". Their dynamics freezes due to the cou-
pling to electronic excitations which also tends to align them giving rise to
an inhomogeneous long-range ferromagnetic order.

Ru 4d t2g states [83]. The large magnitude of the magneto-optical Kerr e�ect, being

the consequence of strong spin-orbit coupling in ruthenates [96], was found to be

proportional to the magnetization measured by a SQUID magnetometer on uniform

thin �lms. We have performed all these experiments using a red laserdiode. The

resulting precisions of the magnetization (M ) and susceptibility (� ) measurements

were 6� 10� 3 � B per Ru atom and 8� 10� 3 � B T � 1 per Ru atom, respectively. Since

the composition gradient of the sample is about 0:04 mm� 1, the spatial resolution,
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� . 20� m, of our microscope corresponds to a resolution of�x � 0:001 in the com-

position, allowing us to achieve an exceptionally �ne mapping of the magnetization

versus the control parameter of the quantum phase transition.See Supplemental

Material at [97] for more details on the sample preparation, characterization, and on

the experimental methodology.

An overview of the results is given in Fig. 1b which shows a color contour

map of the remanent magnetizationM as a function of the temperatureT and the

composition x. It was obtained by interpolating a large collection ofM (x) and

M (T) curves measured at constant temperatures and concentrations, respectively.

The data clearly show that the area of the ferromagnetic phase and the magnitude

of the low-temperature magnetization are gradually suppressed with increasing x.

Figure 2 displays the temperature dependence of the magnetization and susceptibil-

ity for selected compositions. With increasingx, the upturn region in the magne-

tization curves signi�cantly broadens and the width of the ac susceptibility peaks

increases. This already hints at an unconventional smearing of theparamagnetic-to-

ferromagnetic phase transition at higher values of the compositionx. The critical

temperature,TC (x) in Fig. 1b, separating the ferromagnetic and paramagnetic states

in the composition-temperature phase diagram was identi�ed with the peak posi-

tions in the susceptibility and in the �rst derivative of magnetization using both the

temperature and the concentration sweeps.

The TC (x) line in Fig. 1b does not show a singular drop at any concentra-

tion, instead it grows a tail extending beyondx = 0:52 where the zero-temperature

magnetization is about three orders of magnitude smaller than the saturation value

for SrRuO3. Similar behavior is also observed in the low-temperature magnetization

M as a function of the composition,x, as shown in Fig. 3a. (We found that all

M (x) curves measured below T=6 K collapse onto each other without anydetectable
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Figure 2: (Color online) Temperature dependence of(a) the remanent magnetization
M and (b) ac susceptibility � for selected compositions,x. The main panel
of (b) focuses on the regionx & 0:4, and the inset displays representative
susceptibility curves over the full range ofx. Both the magnetization and
susceptibility curves show the continuous suppression of the ferromagnetic
phase with increasingx and the broadening of the transition.

temperature variation.) M (x) has an in
ection point at x � 0:44 followed by a pro-

nounced tail region in which the magnetization decays slowly towardslarger x. The

existence of an ordered ferromagnetic moment is further con�rmed by the hysteresis

in the M (B) loops even atx = 0:52 (see the inset of Fig. 3a). Thus, the evolution of

both the magnetization and the critical temperature withx provide strong evidence

for the ferromagnetic-to-paramagnetic quantum phase transition being smeared.

How can the unconventional smearing of the quantum phase transition and

the associated tail in the magnetization be understood quantitatively? As the mag-

netization 
uctuations in a metallic ferromagnet are over-damped,su�ciently large

Sr-rich rare regions can develop true magnetic order (see Fig. 1c)even if the bulk sys-

tem is paramagnetic [36, 51]. Macroscopic ferromagnetism arises because these rare

regions are weakly coupled by an e�ective long-range interaction [42, 98]. To model

this situation, we observe that the probability for �nding NSr strontium and NCa

calcium atoms in a region ofN = NSr + NCa unit cells (at average compositionx) is

given by the binomial distribution P(NSr; NCa) =
� N

NSr

�
(1 � x)NSr xNCa . Such a region
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Figure 3: (Color online) The smearing of the quantum phase transition in
Sr1� xCaxRuO3. (a) The composition dependence of the remanent mag-
netization M at selected temperatures. The inset shows that the hysteresis
in the �eld loops at T=4.2 K gradually vanishes towards largerx but still
present even atx � 0:52. (b) Semilogarithmic plots of the magnetization
and the transition temperatureTC as functions of the control parameter in
the tail region. The symbols represent the experimental data whilesolid
lines correspond to the theory which predictsxc = 0:38 as the location of
the quantum phase transition in the (hypothetical) clean system.

orders magnetically if the local calcium concentrationx loc = NCa=N is below some

threshold xc. Actually, taking �nite-size e�ects into account [78], the condition reads

x loc < x c � A=L2
RR whereLRR is the size of the rare region, and A is a non-universal

constant. To estimate the total magnetization in the tail of the transition (x > x c),

one can simply integrate the binomial distribution over all rare regions ful�lling this

condition. This yields [78], up to power-law prefactors,

M / exp
�
� C

(x � xc)2� d=2

x(1 � x)

�
(3.1)

where C is a non-universal constant. This equation clearly illustrates the notion of

\smeared" quantum phase transition: the order parameter vanishes only atx = 1 and

develops a long, exponential tail upon approaching this point. Asxc represents the

composition where the hypothetical homogeneous (clean) systemhaving the average
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ion size would undergo the quantum phase transition, the extensionof the ferromag-

netic phase beyondxc is an e�ect of the disorder. Starting from atomic-scale disorder

our theory is applicable as long as a large number of clusters are probed within the

experimental resolution, so that the measured quantities represent an average over

the random cluster distribution. The smooth dependence of the magnetization on x

together with the small spot size of the beam (< 300� m2) veri�es that this is indeed

the case. Based on the given spot size the upper bound for the typical cluster size is

estimated to be 1-2� m2 (see Supplemental Material).

As a direct test of our theory we �t the lowest-temperatureM (x) data with

Eq. (3.1). We take the spatial dimensionalityd = 3 due to the large thickness of the

sample far beyond the spin correlation length in the system. As can be discerned in

Fig. 3b, the magnetization data in the tail (x & 0:44) follow the theoretical curve

over about 1.5 orders of magnitude down to the resolution limit of theinstrument.

For the critical composition of the hypothetical clean system, we obtain xc = 0:38,

though the quality of the �t is not very sensitive to its precise value because the

drop in M occurs over a rather narrowx interval. The composition dependence of

the critical temperature TC can be estimated along the same lines by comparing the

typical interaction energies between the rare regions with the temperature and the

same functional dependence onx was found [78]. The experimental data in the tail

region follow this prediction with the samexc = 0:38 value, as can be seen from the

corresponding �t in Fig. 3b.

To summarize, we have studied the paramagnetic-to-ferromagnetic quantum

phase transition of Sr1� xCaxRuO3 by means of a composition-spread epitaxial �lm.

We found that the disorder signi�cantly extends the ferromagnetic phase. Moreover,

the phase transition in this itinerant system does not exhibit any of the singulari-

ties associated with a quantum critical point. Instead, both the magnetization and

critical temperature display pronounced tails towards the paramagnetic phase. The
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functional forms of these tails agree well with the predictions of our theoretical model.

Our calculations also show that disorder, if correlated over a few unit cells, is even

more powerful in promoting an inhomogeneous ferromagnetic phase. We thus con-

clude that our results provide, to the best of our knowledge, the �rst quantitative

con�rmation of a smeared quantum phase transition in a disorderedmetal. We ex-

pect that this scenario applies to a broad class of itinerant systemswith quenched

disorder.

We thank A. Halbritter and G. Mih�aly for fruitful discussions. This w ork was

supported by KAKENHI, MEXT of Japan, by the Japan Society for the Promotion

of Science (JSPS) through its \Funding Program for World-LeadingInnovative R&D

on Science and Technology (FIRST Program)", by Hungarian Research Funds OTKA

PD75615, CNK80991, K73361, Bolyai program, T�AMOP-4.2.1/B-09/1/KMR-2010-

0002, as well as by the NSF under grant No. DMR-0906566.
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ABSTRACT �

We present a theory of the quantum Gri�ths phases associated with the ferro-

magnetic quantum phase transition in disordered metals. For Ising spin symmetry, we

study the dynamics of a single rare region within the variational instanton approach.

For Heisenberg symmetry, the dynamics of the rare region is studied using a renor-

malization group approach. In both cases, the rare region dynamics is even slower

than in the usual quantum Gri�ths case because the order parameter conservation

of an itinerant ferromagnet hampers the relaxation of large magnetic clusters. The

resulting quantum Gri�ths singularities in ferromagnetic metals are stronger than

power laws. For example, the low-energy density of states� (� ) takes the asymptotic

form exp[�f ~� log(� 0=�)g3=5]=� with ~� being non-universal. We contrast these results

with the antiferromagnetic case in which the systems show power-law quantum Grif-

�ths singularities in the vicinity of the quantum critical point. We also compare our

result with existing experimental data of ferromagnetic alloy Ni1� xVx .

� Published in Physical Review B 85, 174202 (2012), selected as an Editor's Suggestion.
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1. INTRODUCTION

The low-temperature behavior of quantum many-particle systemscan be sen-

sitive to impurities, defects, or other kinds of quenched disorder.This e�ect is es-

pecially important near quantum phase transitions, where 
uctuations in time and

space become connected. The interplay between static disorder 
uctuations and large-

scale quantum 
uctuations leads to much more dramatic e�ects at quantum phase

transitions than at classical phase transitions, including quantum Gri�ths singulari-

ties, [30, 99, 100] in�nite-randomness critical points featuring exponential rather than

power-law scaling, [22, 101] and the smearing of the transition.[51]

The Gri�ths e�ects at a magnetic phase transition in a disordered system are

caused by large spatial regions (rare regions) that are devoid of impurities and can

show local magnetic order even if the bulk system is globally in the paramagnetic

phase. The order parameter 
uctuations induced by rare regionsbelong to a class

of excitations known asinstantons. Their dynamics is very slow because 
ipping the

rare region requires a coherent change of the order parameter over a large volume.

Gri�ths showed [30] that this leads to a singular free energy, not just at the transition

point but in a whole parameter region, which is now known as the Gri�ths phase. In

classical systems, the contribution of the rare regions to thermodynamic observables

is very weak. However, due to the perfect disorder correlations in(imaginary) time,

Gri�ths e�ects at quantum phase transitions are enhanced and lead to power-law

singularities in thermodynamic quantities (for reviews see, e.g., Refs. [17, 18]).

The systems in which quantum Gri�ths behavior was originally demonstrated

[22, 99, 100, 101] all have undamped dynamics (a dynamical exponent z = 1 in the

clean system). However, many systems of experimental importance involve supercon-

ducting [102] or magnetic [13, 103, 104, 105] degrees of freedom coupled to conduction

electrons. This leads to overdamped dynamics characterized by a clean dynamical
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exponentz > 1. Studying the e�ects of the rare regions in this case is, therefore, an

important issue. It has been shown that metallic Ising antiferromagnets can show

quantum Gri�ths behavior at higher energies, where the damping is less important.

[66] In contrast, the quantum Gri�ths singularities in Heisenberg antiferromagnets

are caused by the dissipation and occur at lower energies. [31]

In recent years, indications of quantum Gri�ths phases have beenobserved in

experiments on a number of metallic systems such as magnetic semiconductors,[43,

44, 45] Kondo lattice ferromagnets, [46, 47] and transition metalferromagnets.[48, 49]

All these experimental observations of quantum Gri�ths phases are in ferromagnets

rather than in antiferromagnets. However, in contrast to antiferromagnets, a complete

theory of quantum Gri�ths phases in ferromagnetic metals does not yet exist.

In this paper, we therefore develop the theory of quantum Gri�ths e�ects in

ferromagnetic metals with both Ising and Heisenberg symmetries. We show that the

quantum Gri�ths singularities do not take power-law form, in contrast to those

in antiferromagnets.[17, 18] The rare-region density of states behaves as� (� ) �

exp[�f ~� log(� 0=�)g3=5]=� in the low-energy limit, where ~� plays a role analogous

to the non-universal Gri�ths exponent. This means that the Gri�t hs singular-

ity is stronger than a pure power law. This kind of density of states leads to

non-power-law dependencies on the temperatureT of various observables, includ-

ing the speci�c heat, C � exp[�f ~� log(T0=T)g3=5], and the magnetic susceptibility,

� � exp[�f ~� log(T0=T)g3=5]=T. The zero-temperature magnetization-�eld curve be-

haves asM � exp[�f ~� log(H0=H)g3=5].

The paper is organized as follows. In Sec. 2, we introduce the model:Landau-

Ginzburg-Wilson order parameter �eld theories for ferromagneticIsing and Heisen-

berg metals. In Sec. 3, we study the dynamics of a single rare region. For the Ising

case, we use a variational instanton calculation, and for Heisenberg symmetry, we

use a renormalization group theory of the quantum nonlinear sigma model with a
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damping term. In Sec. 4, we average over all rare regions and calculate observables

in the ferromagnetic quantum Gri�ths phase. In Sec. 5, we compare our predictions

with existing experimental data. Finally, we conclude in Sec. 6 by discussing the dif-

ference between ferromagnetic and antiferromagnetic quantumGri�ths singularities

as well as some open questions.

2. THE MODEL

Rare region e�ects in disordered metallic systems are realized both inIsing

magnets [66] and in Heisenberg magnets. [31] In the following, we consider both cases.

Our starting point is a quantum Landau-Ginzburg-Wilson action of the itinerant

ferromagnet [14, 15]; y

S = Sstat + Sdiss + Sdyn ; (4.1)

where the static part has the form

Sstat = E0

Z �

0
d�

Z
d3r

h
t� 2(r ; � ) + [ r � (r ; � )]2 +

1
2

� 4(r ; � )
i

: (4.2)

Here, E0 is a characteristic energy (assumed to be of the order of the bandwidth in

a transition metal compound or the order of the Kondo-temperature in an f -electron

system). We measure lengths in units of the microscopic length scale� 0. t > 0 is the

bare distance of the bulk system from criticality. � (r ; � ) is the dimensionless order

parameter �eld. It is a scalar for the Ising model, while it has three components

(� 1; � 2; � 3) for a Heisenberg magnet.

yWe set Planck's constant and Boltzmann constant to unity (~ = kB = 1) in what follows.
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We consider disorder coupled to the square of the order parameter. The

corresponding action has the form

Sdiss = E0

Z �

0
d�

Z
d3r V (r )� 2(r ; � ) ; (4.3)

whereV(r ) is the disorder potential.

The dynamical part of Eq. (4.1) isSdyn = S(1)
dyn + S(2)

dyn , where

S(1)
dyn = E0� 2

m

Z �

0
d�

Z
d3r [@� � (r ; � )]2 ; (4.4)

corresponds to the undamped dynamics of the system with the clean dynamical ex-

ponent z = 1, while

S(2)
dyn =


T
E0

X

! n

j! n j
Z

d3q
j ~� (q; ! n)j2

jqja
; (4.5)

describes overdamped dynamics with conserved order parameter(clean dynamical

exponentz = 2 + a), which stems from the coupling to the conduction electrons. In

Eq. (4.4), � m is a microscopic time, and in Eq. (4.5),
 parametrizes the strength

of the dissipation. ~� (q; ! n) is the Fourier transform of the order parameter� (r ; � )

in momentum and Matsubara frequency. The value ofa depends on the character

of the electron motion in the system and equals 1 or 2 for ballistic and di�usive

ferromagnets, respectively.

3. DYNAMICS OF A SINGLE RARE REGION

In this section, we study the dynamics of a single droplet formed on arare

region of linear sizeL. This means, we consider a single spherical defect of radiusL
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at the origin with potential V (r ) = � V for r < L , and V(r ) = 0 otherwise. We are

interested in the caseV > 0, i.e., in defects that favor the ordered phase.

The e�ective dimensionality of the model de�ned by Eq. (4.1) isde� = 3 + z:

Thus, the clean model (4.1) is above its upper critical dimension (dc = 4), implying

that mean-�eld theory is valid. The mean-�eld equation for a static order parameter

con�guration � 0(r ) is [36]

r 2� 0(r ) + [ t + V(r )]� 0(r ) + � 3
0(r ) = 0 ; (4.6)

with solution

� 0(r ) =

8
><

>:

� 0 for r < L

� 0L
r e� rt 1=2

for r > L:
(4.7)

This implies that the order parameter is approximately constant in the regionr < L

and decays outside of it.

To study the dynamics of the droplet, we start from the variational instanton

approach.[37] In the simplest case, the droplet maintains its shape while collapsing

and reforming. In order to estimate the action associated with thisprocess, we make

the ansatz

� (r; � ) = � 0
0(r )� (� ) : (4.8)

Here,� 0
0(r ) must be chosen such that

R
d3r � (r; � ) is time independent because of order

parameter conservation in an itinerant ferromagnet. This can be done by introducing

� 0
0(r ) = � 0(r )(1 � Ar ) such that the q = 0 Fourier component is canceled.A is a

constant to be determined. In the limit of a large rare region,Lt >> 1; we �nd

� 0
0(r ) = � 0(r )

�
1 �

4
3

r
L

�
: (4.9)
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In the following subsections, using ansatz Eq. (4.8), we separatelydiscuss the dy-

namics of the droplet in itinerant Ising and Heisenberg ferromagnets.

3.1. Itinerant Ising Model. We now calculate the tunneling rate between

the \up" and \down" states of a single rare region in an itinerant Ising ferromagnet

by carrying out variational instanton calculations.[37, 106] To estimate the instanton

action, we use the ansatz Eq. (4.8) (which provides a variational upper bound for the

instanton action) with � (� ) = � 1 for � ! �1 . Inserting this ansatz into the action

Eq. (4.1) and integrating over the spatial variables yields, up to constant prefactors,

Sstat � L3
Z

d� [� 2� 2(� ) + � 4(� )] ; (4.10)

and

S(1)
dyn � L3

Z
d� [@� � (� )]2 : (4.11)

The part of the action corresponding to the overdamped dynamicsbecomes

S(2)
dyn =

�
4

Z
d�d� 0d�

d�
d�
d� 0

log
(� � � 0)2 + � 2

m

� 2
m

; (4.12)

where the dimensionless dissipation strength� � 
L 3+ a. In order to estimate the

action Eqs. (4.10) to (4.12), we make the variational ansatz

d�
d�

=
2� (� 2

0 � 4� 2)
� 0

: (4.13)

Summing all contributions, we obtain the instanton action

S � L3=�0 + L3� 0 + 
L 3+ a log(� 0=�m ) : (4.14)
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Minimizing this action over the instanton duration gives� 0 � L � a=
 . Corre-

spondingly, the action isS � 
L 3+ a. Then, the bare tunneling rate or tunnel splitting

behaves as

� � exp(� S) � exp(� const: � 
L 3+ a) : (4.15)

Thus, the bare tunneling rate decays exponentially withL3+ a in the itinerant Ising

ferromagnet unlike the tunneling rate in the itinerant Ising antiferromagnet,[36, 37]

which decays exponentially withL3. The extra factor La can be understood as

follows. To invert the magnetization of a rare region of linear sizeL, magnetization

must be transported over a distance of the order ofL, because the order parameter

conservation prevents local spin 
ips. The rare region dynamics thus involves modes

with wave vectors of the order ofq � 1=L. Since the part of the action corresponding

to the overdamped dynamics Eq. (4.5) is inversely proportional to momentum qa, we

obtain an extra factor La in the action Eq. (4.12).

Within renormalization group methods,[61] the instanton-instantoninterac-

tion renormalizes the zero-temperature tunneling rate to

� ren � � 1=(1� � ) : (4.16)

This implies that at zero temperature, the smaller rare regions with� < 1 continue

to tunnel with a strongly reduced rate, while the larger rare regions (� > 1) stop to

tunnel and behave classically, leading to super-paramagnetic behavior.

3.2. Itinerant Heisenberg Model. A particularly interesting case are itin-

erant Heisenberg ferromagnets because quantum Gri�ths phases have been observed

experimentally in these systems.[47, 48, 49] We now study the dynamics of a single

rare region in an itinerant Heisenberg ferromagnet. We make the ansatz

� (r; � ) = � 0
0(r )n(� ) ; (4.17)
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Here, n(� ) is a three-component unit vector. After substituting Eq. (4.17)into the

action Eq. (4.1) and integrating over the spatial variables, we obtain

S � g� 2
m

Z
d� [@� n(� )]2 +

�
4

Z
d�d� 0 n(� ) � n(� 0)

(� � � 0)2 + � 2
m

; (4.18)

where the dimensionless coupling constantg � L3 and � � 
L 3+ a as before. Because

there is no barrier in a system with continuous order parameter symmetry, the static

part of the action is constant. Therefore, we cannot solve the problem within the

variational instanton approach. Instead, rotational 
uctuations must be taken into

account.

We calculate the characteristic relaxation time of the rare region bya renor-

malization group analysis of the action Eq. (4.18). As shown in Sec. 7,for weak

damping � � g, there are two di�erent regimes, where the behaviors of the re-

laxation times are di�erent. Particularly, for energies! larger than some crossover

energy ! c � �=g , undamped dynamics is dominant, and the relaxation time of the

rare region has the form

� �
g � L3 ; (4.19)

which leads to a power-law dependence of the rare-region characteristic energy onL,

� � L � 3 : (4.20)

For energies! � ! c, overdamped dynamics dominates the system properties,

and the relaxation time of the rare region behaves as

� �

 � exp[const: � 
L 3+ a] : (4.21)
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This results in a characteristic energy of

� � exp[� const: � 
L 3+ a] : (4.22)

Thus, the behavior of the characteristic energy in the itinerant Heisenberg magnet is

the analogous to that of the tunneling rate in the Ising model discussed above.

We can now roughly estimate the sizeL c of the rare region corresponding to

the crossover of the two regimes. By comparing Eqs. (4.19) and (4.21), we �nd for

small � :

L c � [log(const:=
 )=
 ]1=(3+ a) : (4.23)

For small rare regions,L < L c , the undamped dynamics dominates systems prop-

erties and the characteristic energy is given by Eq. (4.20), while forL > L c, the

damping term is dominant and the characteristic energy is determined by Eq. (4.22).

For large damping� � g, the overdamped dynamics dominates the system

properties for all energies! . Correspondingly, the characteristic energy is given by

Eq. (4.22).

4. OBSERVABLES

In the last section, we have seen that metallic Ising ferromagnets display mod-

i�ed Gri�ths behavior at higher energies [Eq. (4.15)], while at asymptomatically low

energies, the rare regions freeze and lead to a smeared phase transition [Eq. (4.16)].

For Heisenberg ferromagnets, we have found conventional behavior at higher energies

[Eq. (4.20)], and modi�ed Gri�ths behavior at low energies [Eq. (4.22)].Correspond-

ingly, we expect modi�ed Gri�ths singularities in thermodynamic quantities at low

energies for itinerant Heisenberg ferromagnets, while for metallic Ising ferromagnets

they should occur at higher energies.
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In this section, we use the single-rare-region results of Sec. 3 to study the

thermodynamics in these ferromagnetic quantum Gri�ths phases. To do so, we

need to estimate the rare-region density of states. By basic combinatorics (see, e.g.,

Refs. [17, 18]), the probability for �nding an impurity-free rare region of volumeL3

is P � exp(� bL3) with b being a constant that depends on the disorder strength.

Combining this and Eq. (4.22) gives the density of states (of the Heisenberg system)

in the low-energy regime as

� (� ) �
1
�

exp[�f ~� log(� 0=�)g3=(a+3) ] : (4.24)

Here, � 0 is a microscopic energy scale, and the non-universal exponent~� � b(a+3) =3=


plays a role similar to the usual quantum Gri�ths exponent. The samedensity of

states follows from Eq. (4.15) for the higher-energy regime of theIsing model. Thus,

in ferromagnetic metals, the rare-region density of states does not take power-law

form, in contrast to the one in antiferromagnets.

We can now �nd observables using the rare-region density of states Eq. (4.24).

The number n of free rare regions at temperatureT behaves as

n(T) �
Z

d�� (� )e� �=T =(1 + e� �=T )

� exp[�f ~� log(T0=T)g3=(a+3) ] ; (4.25)

whereT0 is a microscopic temperature scale.

The uniform static susceptibility can be estimated by summing Curie suscep-

tibilities for all free rare regions, yielding

� (T) = n(T)=T�
1
T

exp[�f ~� log(T0=T)g3=(a+3) ] : (4.26)
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The dependence of the moment� of the rare region on its energy leads to a subleading

correction only.

The contribution of the rare regions to the speci�c heatC can be obtained

from

� E �
Z

d�� (� )� e� �=T =(1 + e� �=T )

� T exp[�f ~� log(T0=T)g3=(a+3) ] ; (4.27)

which gives � C � exp[�f ~� log(T0=T)g3=(a+3) ]. Knowing the speci�c heat, we can

�nd the rare region contribution to the entropy as � S � exp[�f ~� log(T0=T)g3=(a+3) ].

To determine the zero-temperature magnetization in a small ordering �eld H ,

we note that rare regions with� < H are (almost) fully polarized while the rare

regions with � > H have very small magnetization. Thus,

m �
Z H

0
d�� (� ) � exp[�f ~� log(H0=H)g3=(a+3) ] ; (4.28)

whereH0 is a microscopic �eld (again, the moment of the rare region leads to a sub-

leading correction). The zero-temperature dynamical susceptibility can be obtained

by summing the susceptibilities of the individual rare regions using thedensity of

states Eq. (4.24),

� (! ) =
Z �

0
d�� (� )� rr (! ; � ) ; (4.29)

where the dynamical susceptibility of a single rare region in Heisenberg metals at

zero temperature is given by [107]

� rr (! + i0; � ) =
� 2

� � i
!
; (4.30)
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where� is the moment of the rare region. Substituting Eq. (4.30) into Eq. (4.29) we

�nd

� (! + i0)�
(1+ i
 sgn(! ))

j! j
exp[�f ~� logj! 0=! jg3=(a+3) ] ; (4.31)

where ! 0 is a microscopic frequency. This result can be used to estimate the rare

region contribution to the NMR spin relaxation time T1. Inserting Eq. (4.31) into

Moriya's formula [108] for the relaxation rate yields

1=T1 �
T
! 2

exp[�f ~� logj! 0=! jg3=(a+3) ] : (4.32)

5. EXPERIMENT

Recently, indications of a quantum Gri�ths phase have been observed in the

transition metal ferromagnet Ni1� xVx . [48, 49] The behavior of the thermodynamics

has been described well in terms of the power-low quantum Gri�ths singularities

predicted for an itinerant antiferromagnet (and the transverse-�eld Ising model).

Here, we compare our new theory of ferromagnetic quantum Gri�ths phases with

the experimental data given in Refs. [48, 49]. The residual resistivity of Ni1� xVx

close to the quantum phase transition is rather high.z Thus, we choosea = 2

for a di�usive ferromagnet. Figure 1 shows the behavior of the susceptibility as a

function of temperature. The curves corresponding to the concentrations x = 13:0%

and x = 15:0% (which are far away from the critical concentrationxc � 11:5%) are

described better by power laws rather than our modi�ed quantum Gri�ths behavior

Eq. (4.26), at least aboveT � 10K (the low-temperature upturn is likely due to

freezing of the rare regions). For concentrationsx = 12:07% andx = 12:25%, our

theory �ts better than power-law Gri�ths singularities and extend s the �t range from

zA. Schroeder, private communications
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30{300K down to 5{300K. The curves corresponding to the concentrations x = 11:4%

and x = 11:6% can be �tted by Gri�ths power-laws only in the temperature range

30 to 300 K, our new functional form Eq. (4.26) does not improve the �t of these

curves.

We also compared the prediction Eq. (4.28) for a modi�ed magnetization-�eld

curve with the data given in Refs. [48, 49]. We found that the �ts topower-laws and

to the modi�ed quantum Gri�ths behavior Eq. (4.28) cannot be distin guished.

Let us also point out that the susceptibility data in the temperaturerange

below 20K can be �tted reasonable well by Eq. (4.26); see details in Fig. 1. Further

experiments may be necessary to decide whether our theory applies in this region.

Overall, our theory does not signi�cantly improve the description ofthe data

of Refs. [48, 49] over the temperature range where Gri�ths behavior is observed.

A possible reason is that the relevant rare regions are too small. At concentrations

x = 13:0% and x = 15:0%, they have moments of about� � 5� B and � � 1� B ,

respectively. Correspondingly, the e�ect of the order parameter transport cannot

play any role, whereas our functional forms arise for large rare regions where the

order parameter transport limits the relaxation of the rare region. A possible reason

why the curves corresponding to the concentrationsx = 11:4% andx = 11:6% can

not be described by our theory atT < 30K might be that the curves are actually

slightly on the ordered side of the quantum phase transition.

6. CONCLUSIONS

In summary, we studied the dynamics of rare regions in disordered metals

close to the ferromagnetic quantum phase transition, consideringthe cases of both

Ising and Heisenberg spin symmetries. The overall phenomenology issimilar to the

well-studied antiferromagnetic quantum Gri�ths behavior. [31, 37,51, 66] Namely,
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Figure 1: (Color online). Temperature dependence of the susceptibility of Ni 1� xVx

for di�erent Vanadium concentrations. Solid and dotted lines represent �ts
to Eq. (4.26) in the di�erent temperature ranges 5 to 300 K and 1 to20
K, respectively (data from Ref. [48]).

for Ising symmetry at low temperatures, the overdamping causessu�ciently large

rare regions to stop tunneling. Instead, they behave classically, leading to super-

paramagnetic behavior and a smeared quantum phase transition. In contrast, at

higher temperatures but below a microscopic cuto� scale, the damping is unimpor-

tant and quantum Gri�ths singularities can be observed. In contrast to the Ising

case, the itinerant Heisenberg ferromagnet displays quantum Gri�ths singularities

when damping is su�ciently strong, i.e., at low temperatures. Above acrossover

temperature, conventional behavior is expected.

Although the phenomenologies of the ferro- and antiferromganetic cases are

similar, the functional forms of the quantum Gri�ths singularities are di�erent. In

ferromagnetic quantum Gri�ths phases, the tunneling rate (or characteristic energy)

of a rare region decays as exp[� const: � 
L a+3 ] with its linear size L, where a is
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equal to 1 or 2 for ballistic and di�usive ferromagnets, respectively. This leads to the

modi�ed nonpower-law quantum Gri�ths singularities in thermodynamic quantities,

discussed in Sec. 5, in contrast to the power-law quantum Gri�ths singularities

in itinerant antiferromagnets. The reason is the following. Becauseof the order

parameter conservation in the itinerant quantum ferromagnet, the damping e�ects

are further enhanced as the dimensionless dissipation strength� for a rare region of

linear sizeL is proportional to La+3 rather than L3.

In strongly disordered system, where our theory is most likely to apply, the

motion of the electron is di�usive. Correspondingly, we expecta = 2. In hypothetical

systems with rare regions, but ballistic dynamics of the electrons,a would take the

value 1.

In our explicit calculations, we have used Hertz's form [14] of the order-

parameter �eld theory of the itinerant ferromagnetic quantum phase transition. How-

ever, mode-coupling e�ects in the Fermi liquid lead to an e�ective long-range spatial

interaction between the order parameter 
uctuations. [98, 109,110] In the order-

parameter �eld theory, this leads to a nonanalytic momentum dependence of the

static action Eq. (4.2). The e�ects of this long-range interaction on the existence

and energetics of a locally ordered rare region were studied in detailin Ref. [106].

This work showed that the long-range interactions only produce subleading correc-

tions to the droplet-free energy. Therefore, including these long-range interactions in

the action Eq. (4.1) will not change the results of the present paper.

Let us now turn to the limitations of our theory. In our calculations, we

assumed that the droplet maintains its shape while collapsing and reforming. Cor-

respondingly, our calculation provides a variational upper bound for the instanton

action. There could be faster relaxation processes; however, it ishard to image the

droplet dynamics to avoid the restriction coming from the order parameter conser-

vation. We treated the individual, locally ordered rare regions as independent. But,
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in a real metallic magnet, they are weakly coupled by a Ruderman-Kittel-Kasuya-

Yosida (RKKY), interaction which is not included in the Landau-Ginzburg-Wilson

action Eq. (4.1). At the lowest temperatures, this RKKY interactions between the

rare regions induces a cluster glass phase. [65] Finally, our theory does not take the

feedback of the order parameter 
uctuations on the fermions into account. It has

been found that for some quantum phase transitions, the Landau-Ginzburg-Wilson

theory breaks down su�ciently close to the transition point due to this feedback.

[42, 111] For strongly disordered systems, this question has not been addressed yet,

it remains a task for the future.

Turning to experiment, our theory does not signi�cantly improve the descrip-

tion of the data of Ni1� xVx . [48, 49] We believe that the main reason is that our

theory is valid for asymptomatically large rare regions where the order parameter

transport plays an important role, whereas the experimental accessible rare regions

in Ni1� xVx are not large enough for the order parameter conservation to dominate

their dynamics. We expect our theory can be applied in systems where one can

observe Gri�ths singularities at lower temperatures leading to larger rare regions.

7. APPENDIX: RENORMALIZATION GROUP THEORY

In this section, we show the derivation of Eqs. (4.19) and (4.21) by renormal-

ization group (RG) analysis. At low temperatures, the action Eq. (4.18) is formally

equivalent to a quantum non-linear sigma model [112] in imaginary time� . We can set

n(� ) = ( � (� ); � (� )), where � (� ) = ( � 1(� ); � 2(� )) represents transverse 
uctuations.

After expanding in � and keeping terms up toO(g� 2), O(� � 2), we �nd [112]
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S =
Z

d!
2�

�
g! 2 +

�
4

j! j
�

j~� (! )j2

+
Z

d! 1d! 2d! 3

(2� )3

� �
8

j! 1j � g! 1! 3

�
~� � (! 1)~� � (! 2)~� � 0(! 3)~� � 0(� ! 1 � ! 2 � ! 3) :

(4.33)

We now consider the case of the small damping� � g. Two di�erent energy

regimes can be distinguished: (i)! larger than some crossover energy! c � �=g ,

implying that the undamped dynamics dominates the systems properties, and (ii)

! � ! c, when the damping term is dominant.

(i) Because the contribution of the undamped dynamics is dominant inthis

regime, we neglect the damping term and renormalizeg. To construct a perturbative

renormalizaition group, consider a frequency region [� � ; �] (� is a high energy cut

o�), and divide the modes into slow and fast ones, ~� (! ) = ~� < (! ) + ~� > (! ). The

modes ~� < (! ) involve frequency� � =b < ! < � =b, and are kept. We integrate out the

short-wavelength 
uctuations � > (! ) (with frequencies in the region� � < ! < � � =b

and � =b < ! < �) in perturbation theory using the propagator h~� >
� (! )~� >

� 0(! 0)i =

�� �� 0� (! + ! 0)=(g! 2).

After applying standard techniques, we �nd that this coarse graining changes

the coupling constant g to gco = g + I g(b), where I g(b) = (2 � �) � 1(b � 1). After

rescaling� 0 = �=b and renormalizing� 0(� 0) = � < (� )=�g, we obtain the renormalized

coupling constant in the form

g0 = b� 1� 2
ggco : (4.34)
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To �nd the rescaling factor � g, we averagen over the short wavelength modes� > and

obtain

hni > = h(� <
1 + � >

1 ; :::;
p

1 � (� < + � > )2)i >

=(1 � h (� > )2i > =2 + O(g� 2))( � <
1 ; :::;

p
1 � (� < )2) : (4.35)

Thus, we identify

� g = 1 � h (� > )2i > =2 + O(g� 2) = 1 �
I g(b)

g
+ O(g� 2) : (4.36)

Correspondingly, the renormalized coupling constant given in Eq. (4.34) becomes

g0 = b� 1(g � I g(b)) : (4.37)

Setting b = 1 + �l , and integrating Eq. (4.37) gives the recursion relationg(l) =

g(0)e� l . To �nd the relaxation time, we run the RG to g(l) = 1 and use� � � el . This

gives

� �
g � L3 : (4.38)

(ii) In the same way, for low energies! � ! c, we neglect the term correspond-

ing to the undamped dynamics and renormalize the� coe�cient. We �nd that � is

not modi�ed by the perturbation, i.e., � co = � , and the �eld rescaling factor � � is

given by

� � = 1 �
I � (b)

�
+ O(� � 2) ; (4.39)
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whereI � (b) = 2 � � 1 log(b). Then, we �nd the recursion relation � (l) = � (0) � 4� � 1l .

This leads to the relaxation time

� �

 � exp[const: � 
L 3+ a] : (4.40)
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V. NUMERICAL METHOD FOR DISORDERED QUANTUM PHASE
TRANSITIONS IN THE LARGE � N LIMIT

David Nozadze and Thomas Vojta
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ABSTRACT �

We develop an e�cient numerical method to study the quantum critical be-

havior of disordered systems withO(N ) order-parameter symmetry in the large� N

limit. It is based on the iterative solution of the large� N saddle-point equations com-

bined with a fast algorithm for inverting the arising large sparse random matrices. As

an example, we consider the superconductor-metal quantum phase transition in dis-

ordered nanowires. We study the behavior of various observablesnear the quantum

phase transition. Our results agree with recent renormalization group predictions,

i.e., the transition is governed by an in�nite-randomness critical point, accompanied

by quantum Gri�ths singularities. Our method is highly e�cient becaus e the nu-

merical e�ort for each iteration scales linearly with the system size.This allows us

to study larger systems, with up to 1024 sites, than previous methods. We also dis-

cuss generalizations to higher dimensions and other systems including the itinerant

antiferomagnetic transitions in disordered metals.

� Submitted to Computer Physics Communications (2013).
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1. INTRODUCTION

Randomness can have much more dramatic e�ects at quantum phase transi-

tions than at classical phase transitions because quenched disorder is perfectly corre-

lated in the imaginary time direction which needs to be included at quantum phase

transitions. Imaginary time acts as an additional coordinate with in�nite extension

at absolute zero temperature. Therefore, the impurities and defects are e�ectively

very large which leads to strong-disorder phenomena including power-law quantum

Gri�ths singularities [30, 99, 100], in�nite-randomness critical points characterized

by exponential scaling [22, 101], and smeared phase transitions [51].For example,

the zero-temperature quantum phase transition in the random transverse-�eld Ising

model is governed by an in�nite-randomness critical point [22] featuring slow acti-

vated (exponential) rather than power-law dynamical scaling. It is accompanied by

quantum Gri�ths singularities. This means, observables are expected to be singular

not just at criticality but in a whole parameter region near the critical point which

is called the quantum Gri�ths phase.

Quantum Gri�ths singularities are caused by rare spatial con�gurations of

the disorder. Due to statistical 
uctuations, one can always �nd spatial regions (rare

regions) which are impurity free. The probabilityP(VRR ) to �nd such a rare region is

exponentially small in its volumeVRR , P(VRR ) � exp(� bVRR ) with bbeing a constant

that depends on the disorder strength. Close to a magnetic phasetransition, the rare

region can be locally in the magnetic phase while the bulk system is still non-magnetic.

When the characteristic energy� of such a rare region decays exponentially with its

volume, � � exp(� cVRR ) (as in the case of the transverse-�eld Ising model), the re-

sulting rare-region density of states has power-law form,� (� ) � � � � 1, where � = b=c

is the non-universal Gri�ths exponent. � takes the value zero at the quantum critical

point and increases throughout the quantum Gri�ths phase. The singular density of
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states of the rare regions leads to quantum Gri�ths singularities ofseveral thermody-

namic observables including order-parameter susceptibility,� � T � � 1, speci�c heat,

C � T � ; entropy, S � T � ; and zero-temperature magnetization-�eld curvem � h�

(for reviews see, e.g., Refs. [17, 18]).

Many interesting models in statistical mechanics and �eld theory contain some

integer-valued parameterN and can be solved in the large� N limit. Therefore, the

large� N method is a very useful tool to study classical and quantum phasetransi-

tions. An early example is the Berlin-Kac spherical model [113] whichis equivalent

to a classicalO(N ) order parameter �eld theory in the large� N limit [114]. Anal-

ogously, the quantum spherical model [115, 116, 117] has been used to investigate

quantum critical behavior. In both cases,N is the number of order parameter com-

ponents. Another potential application of the large� N method areSU(N ) Kondo

models [118] with spin-degeneracyN . In all of these cases, the partition function

can be evaluated in saddle point approximation in the limitN � 1, leading to

self-consistent equations. In clean systems, these equations can often be solved ana-

lytically. However, in the presence of disorder, one obtains a large number of coupled

self-consistent equations which can be solved only numerically.

In this paper, we develop a new e�cient numerical method to study critical

behavior of disordered system withO(N ) order-parameter symmetry in the large� N

limit. We apply this method to the superconductor-metal quantum phase transi-

tion in disordered nanowires. Using a strong-disorder renormalization group, it has

recently been predicted that this transition is in the same universality class as the

random transverse-�eld Ising model. We con�rm these predictionsnumerically. We

also �nd the behaviors of observables as a function of temperature and an external

�eld. They follow the expected quantum Gri�ths power laws. We consider up to

3000 disorder realizations for system sizesL = 256 and 1024. The paper is organized

as follows: In Sec. 2 we introduce the model: a continuum Landau-Ginzburg-Wilson
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order-parameter �eld theory in the presence of dissipation; and we generalize the the-

ory to quenched disordered systems. Then, we discuss the predicted critical behavior

of this model and derive the large� N formulation. In Sec. 3, we review an existing

numerical approach to this model. In Sec. 4, we present our numerical method to

study the quantum critical behavior. We discuss the results in Sec.5, and we compare

them to the behavior predicted by the strong-disorder renormalization group. Sec. 6

is devoted to the computational performance of our method. Finally, we conclude in

Sec. 7 by discussing and comparing our numerical method to the existing one. We

also discuss generalizations to higher dimensions and other models.

2. THE MODEL

We start from the quantum Landau-Ginzburg-Wilson free-energyfunctional

for an N � component vector order parameter' in one space dimension. For a clean

system with overdamped order parameter dynamics the Landau-Ginzburg-Wilson

action reads,y

S =
1
2

Z
dx

Z 1=T

0
d�

h
�' 2(x; � ) + J [@x ' (x; � )]2 +

u
2N

' 4(x; � )
i

+

T
2

X

! n

j! n j
Z

dxj ~' (x; ! n )j2 � h
Z

dx
Z 1=T

0
d� ' (x; � ) ; (5.1)

where� is the bare distance from criticality. 
 and J are the strength of dissipation

and interaction, respectively. u is the standard quartic coe�cient. h is a uniform

external �eld conjugate to the order parameter. ~' (x; ! n ) is the Fourier transform

of the order parameter� (x; � ) with respect to imaginary time, and! n = 2�nT is a

Matsubara frequency. The above action withN = 2 order parameter components

yWe set Planck's constant and Boltzmann constant to unity (~ = kB = 1) in what follows.
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(equivalent to one complex order parameter) has been used to describe [119] the

superconductor-metal transition in nanowires [120]. This transition is driven by pair-

braking interactions, possibly due to random magnetic moments trapped on the wire

surface [120], which also introduce quenched disorder in the nanowire. The action

(5.1) can be generalized tod = 3 space dimensions andN = 3 order parameter

components, in this case, it describes itinerant antiferromagneticquantum phase

transitions [14, 15].

In the presence of quenched disorder, the functional form of Eq. (5.1) does

not change qualitatively. However, the coupling constants becomerandom functions

of position x. The full e�ect of disorder can be realized by settingu = 
 = 1 while

considering the couplings� and J to be randomly distributed in space [121]. The

quantum phase transition in zero external �eld can be tuned by changing the mean

of the � i distribution, � .

Recently, the model (5.1) has been investigated by means of a strong-disorder

renormalization group method [107, 122]. This theory predicts that the model falls

in the same universality class as the one-dimensional random transverse-�eld Ising

model which was studied extensively by Fisher [22]. Thus, the phase transition is

characterized by an in�nite-randomness critical point at which thedynamical scaling

is exponential instead of power-law. O� criticality, the behaviors ofobservables are

characterized by strong quantum Gri�ths singularities.

Let us focus on the Gri�ths phase on the disordered side of the transition,

where the distance from criticality � = �� � �� c > 0. The strong-disorder renormal-

ization group predicts the disorder averaged equal-time correlation function C(x) to

behave as [22]

C(x) �
exp[� (x=� ) � (27� 2=4)1=3(x=� )1=3]

(x=� )5=6
(5.2)
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for large distancesx. Here, � is the correlation length which diverges as� � j � j � �

with � = 2 as the critical point is approached. The disorder averaged order parameter

as a function of the external �eldh in the Gri�ths phase has the singular form [22]

' (h) � h� : (5.3)

Here,� is the non-universal Gri�ths exponent which vanishes at criticality as � � � � 

with critical exponent  = 1=2. Right at criticality, the theory predicts logarithmic

behavior rather than a power law [22],

' (h) � [log(h0=h)]� � 1= : (5.4)

Here, the exponent� = (1 +
p

5)=2 equals to the golden mean, andh0 is some

microscopic energy scale.

The average order parameter susceptibility as a function of temperature T in

the disordered Gri�ths phase is expected to have the form [22]

� (T) � T � � 1 (5.5)

with the same� � exponent as in Eq. (5.3).

Our goal is to test the strong-disorder renormalization group predictions by

means of a numerical method. As a �rst step, we discretize the continuum model

(5.1) in space and Fourier-transform from imaginary time� to Matsubara frequency

! n . The discretized Landau-Ginzburg-Wilson action has the form
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S =
T
2

LX

i =1

X

! n

h
� i j ~' i (! n)j2 + Ji j ~' i (! n ) � ~' i +1 (! n )j2 +

1
2N

j ~' i (! n)j4
i

+
LX

i =1

hT
2

X

! n

j! n jj ~' i (! n)j2 � h ~' i (0)
i

; (5.6)

where L is the system size. The nearest-neighbor interactionsJi > 0 and the mass

terms � i (bare local distances from criticality) are random quantities. The critical

behavior of the model (5.6) can be studied in the limit of a large numberof order

parameter componentsN . In this limit, the above action can be reduced to a Gaus-

sian form. This can be done in several ways, for example by decomposing the square

of each component of the order parameterj ~' (k)
i (! n )j2 into its averageh' 2i and 
uc-

tuation � j ~' (k)
i (! n )j2: j ~' (k)

i (! n)j2 = h' 2i + � j ~' (k)
i (! n)j2. Substituting this into the

quartic term of the action (5.6) and using the central limit theorem,the quartic term

can be replaced byh' 2ij ~' i (! n )j2. This leads to the Gaussian action

S =
T
2

LX

i;j =1

X

! n

~' �
j (! n)(M ij + j! n j� i;j ) ~' j (! n ) + h

LX

i =1

~' i (0) : (5.7)

The coupling matrix is given by

M ij = � Ji � i;j +1 � Jj � i;j � 1 + ( r i + 2Ji )� i;j : (5.8)

The renormalized local distancer i from criticality at site i must be determined self-

consistently from

r i = � i + h' 2i ; (5.9)
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whereh' 2i is given by

h' 2i = T
X

! n

[M + j! n j1 ]� 1
ii + h2

LX

j;k =1

M � 1
ij M � 1

ik : (5.10)

Here, 1 is the identity matrix. In the presence of disorder, the self-consistent equa-

tions (5.9) at di�erent sites are not identical. We thus arrive at a large number

of coupled non-linear self-consistent equations. Therefore, numerical techniques are

required to solve them.

3. EXISTING NUMERICAL APPROACH

In this section, we review the numerical method proposed by Del Maestro

et al. [123] to study the model (5.7) at zero temperature and in the absence of

an external �eld (h = 0). The matrix M is spectral decomposed in terms of its

orthogonal eigenvectorsVij and eigenvalues� i as

LX

j =1

M ij Vjk = Vik � k : (5.11)

Using this decomposition, the inverse matrix in Eq. (5.10) can be written as

[M + j! n j1 ]� 1
ij =

LX

k=1

Vik Vkj

� k + j! n j
: (5.12)

At zero temperature the sum over Matsubara frequencies in Eq. (5.10) turns

into an integral which can be performed analytically. This leads to theself-consistent

equations (forh = 0),

1
�

LX

j =1

(Vij )2 log
�

1 +
� !

� j

�
+ � i � r i = 0 : (5.13)
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Here, for convergence of the frequency integral, an ultra violet cuto� � ! is intro-

duced. Numerical solutions to Eq. (5.13) were obtained by an iteration process using

a modi�ed Powell's hybrid method. The method works well for large distances from

criticality and small system sizes, but it becomes computationally prohibitive near

criticality where the correlation length � becomes of order of the system size. This

problem can be partially overcome by implementing a clever iterative solve-join-patch

procedure. However, the system sizeL is still limited because large matrices need to

be fully diagonalized which requiresO(L3) operations per iteration. Therefore, for

large L the method gets very slow.

As the result, the largest sizes studied in Ref. [123] wereL = 128. The authors

analyzed equal time correlations, energy gap statistics and dynamical susceptibilities

and found them in agreement with the strong-disorder renormalization group predic-

tions [107, 122]. The method was also used in Ref. [124] to study the conductivity.

4. METHOD

We now present a novel numerical method to study the model (5.7)at non-zero

temperatures. Its numerical e�ort scales linearly with system sizeL (per iteration)

compared with theL3 scaling of the numerical method outlined in Sec. 3. The basic

idea of our method is that, forh = 0, we only need the diagonal elements of the

inverse matrix M � 1 to iterate the self-consistent Eq. (5.9). The numerical e�ort for

�nding the diagonal elements of the inverse of a sparse matrix is much smaller than

that of a full diagonalization. Combining Eqs. (5.9) and (5.10), the system of self-

consistent equations at non-zero temperaturesT, and in the presence of an external

�eld h, reads
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r i = 2T
mX

n=1

[M + 2�nT 1 ]� 1
ii + T M � 1

ii + h2
LX

j;k =1

M � 1
ij M � 1

ik + � i : (5.14)

Here, m = � ! (2�T )� 1 with an ultra-violet cuto� frequency � ! . To solve these

equations (5.14) iteratively, we �nd the inverses of the tridiagonalz matrices [M ij +

2�nT 1 ] and M ij using the fast method proposed in Ref. [125]. This algorithm is

summarized in Sec. 8. In zero external �eld, we only need the diagonal elements

of [M ij + 2�nT 1 ]� 1 and the number of operations per iteration scales linearly with

system sizeL, while it scales quadratically in the presence of a �eld because forh 6= 0,

full inversion of the matrix is required.

Once the full set ofr i has been obtained, we can compute observables from

the quadratic action (5.7). Let us �rst consider observables in theabsence of an

external �eld. The equal-time correlation function C(x) = h' x(� )' 1(� )i averaged

over disorder realizations can be obtained from Eq. (5.7),

C(x) =
T

L � x

L � xX

i =1

 
mX

n=1

2[M + 2�nT 1 ]� 1
i;i + x + M � 1

i;i + x

!

; (5.15)

where the overbar indicates the average over disorder con�gurations. Similarly, in the

zero external �eld, we can calculate the order parameter susceptibility as a function

of temperature. The disorder-averaged order parameter susceptibility � (T) can be

expressed as

� (T) =
T
L

LX

i =1

LX

k=1

M � 1
ik : (5.16)

zWe use open boundary conditions.
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In the presence of an external �eld, we need to includeh in the solution of

Eq. (5.14). We can then compute the order-parametervs: �eld curve. The disorder-

averaged order parameter reads

' (h) =
h
L

LX

i =1

LX

k=1

M � 1
ik : (5.17)

We note that the number of operations to calculate observables for one disorder

con�guration scales quadratically with the system sizeL. However, this needs to be

done only once, outside the loop that iterates the self-consistentequations. At low

temperatures, according to Eq. (5.14), we need to invert a huge number of matrices

[M ij + 2�nT 1 ] per iteration (one for each Matsubara frequency). Naively, onemight

therefore expect the numerical e�ort to scale linearly in 1=T. However, these matrices

are not very di�erent. We can therefore accelerate the method by combining them

appropriately. This is explained in Sec. 9.

5. RESULTS

In this section, we report results of our numerical calculations of the model

(5.7). We consider the interactionsJi to be uniformly distributed on (0; 1) with mean

J = 0:5 and the bare local distances from criticality� i to be Gaussian distributed

with mean � and variance 0.25.

An advantage of our method is that it gives direct access to the temperature

dependencies of observables. For example, we calculate the zero-�eld order parameter

susceptibility as a function of temperature for various values of the control parameter

�� according to Eq. (5.16). At low temperatures, the Gri�ths power law (5.5) describes

the data very well (see Figure 1). The non-universal Gri�ths exponent � can be

determined from �ts in the temperature rangeT = 10� 3 � 1:5 � 10� 2. Figure 2(a)

shows how� varies as the distance from criticality� = �� � �� c changes. The power law
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Figure 1: (Color online) Order-parameter susceptibility� versus temperatureT for
various distances from criticality �� in the Gri�ths phase. All data are
averaged over 3000 disorder con�gurations with system sizeL = 256. The
solid lines represent �ts to the Gri�ths power law (5.5), � (T) � T � � 1, over
the temperature rangeT = 10� 3 � 1:5 � 10� 2.

� � � � describes the data well with the critical point �� c = � 0:85(3), and exponents

� = 2:0(2) and  = 0:51(2). Here, the number in brackets indicates the uncertainty

in the last digit. These results are consistent with the predictions ofRefs. [107, 122].

We also compute the order parameter as a function of an external�eld at

T = 10� 3 for various �� (Figure 3). The o�-critical data ( � > 0) are described by the

Gri�ths power law (5.3) with an exponent � . At the critical point, the ' (h) curve

follows the logarithmic dependence (5.4) with exponents = 0:51(2) and� = 1:61(2).

The value for exponent� is in agreement with the predicted one [107, 122]. The

values of the Gri�ths exponent � match those extracted from susceptibility data (see

Figure 2 (a)). The deviation near the critical point may be due to thefact that the

correlation length becomes comparable to the system size and correspondingly causes

�nite-size e�ects in the data.
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Figure 2: (Color online) a) The Gri�ths exponent � versus distance from criticality
� . The solid line is a �t to the power law � � �  � . b) The correlation
length � obtained by analyzing correlation function data versus distance�
from criticality. The solid line is a �t to a power law, resulting in a critical
point of �� c = � 0:85(3) and the correlation length exponent� = 2:0(2).

In addition, in the absence of an external �eldh, for system sizeL = 1024; we

compute the disorder-averaged correlation functions (5.15) at temperatureT = 10� 3

for various values of �� (see Figure 4). The values of correlation length� can be

extracted by �tting the data to Eq. (5.2). We �nd good agreement of the data with

Eq. (5.2) for distances betweenx = 5 and some cuto� at which the curves start to

deviate from the zero-temperature behaviors due to temperature e�ects and where

curves start to become noisy because correlations become dominated by very rare

large clusters.

Figure 2(b) shows how the correlation length� changes with distance from

criticality � . The data can be �tted to the power law� � j � j � � , as expected [22]. By

�tting, we extract the critical point � � c = � 0:85(3) and exponent� = 2:0(2). The
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Figure 3: (Color online) Order parameter� versus external �eldh for various �� . The
data are averaged over 3000 disorder con�gurations of system size L = 256.
In the �eld range h = 10� 4 to 2 � 10� 3, the dotted and solid lines represent
�ts to Eq. (5.4) and the Gri�ths power law (5.3), respectively.

values of exponent� and critical point �� c are in agreement with those obtained from

� (T) and ' (h).

6. COMPUTATIONAL PERFORMANCE

In this section, we discuss the execution time of our method for solving the self-

consistent Eqs. (5.14) iteratively (i.e., the time needed to get a full set of renormalized

distances from criticality r i ). In our method, the time per iteration scales linearly

with the system sizeL in the absence of an external �eld because the operation

count is dominated by the matrix inversion. Thus, the disorder-averaged execution

time �t � nit L for a single disorder con�guration, wherenit is the number of iterations

needed for convergence of the self-consistent Eqs. (5.14). Thenumber of iterationsnit

depends on the disorder con�guration, it is larger for a disorder realization which has

locally ordered rare regions with smaller� . In the conventional paramagnetic phase,
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Figure 4: (Color online) The equal-time correlation functions for several values of �� .
All data are averaged over 3000 samples of sizeL = 1024 at T = 10� 3. The
solid lines are �ts to Eq. (5.2). Inset: Deviations of correlation function
at �xed value of �� = � 0:7 due to temperature e�ects and statistical error
of an average over disorder con�gurations. The data represented by circles
and stars are averaged over the same 1000 disorder con�gurations at T =
0:0025 andT = 10� 3, respectively. The curves represented by triangles are
averaged over di�erent set of 1000 disorder con�gurations atT = 10� 3.

i :e:, for larger values of �� away from criticality, locally ordered rare regions are almost

absent, therefore the number of iterationsnit is a constant. Thus, in the conventional

paramagnetic phase, the execution time is expected to scale linearlywith the system

size, �t � L . Figure 5 shows that it indeed scales linearly with the system size for

�� = 1. In contrast, in the quantum Gri�ths phase, where locally ordered rare regions

are present,nit is expected to be large and to become larger close to criticality. If we

compare two di�erent system sizes in the quantum Gri�ths phase, the larger system

is expected to have locally ordered rare region with higher probability. Thus, in the

quantum Gri�ths phase the number of iterations nit is expected to be a function

of system sizeL, which we model asnit � L y with some non-negative exponenty.

Therefore, in the quantum Gri�ths phase the execution time does not scale linearly
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Figure 5: (Color online) At the temperatureT = 10� 3 and in the zero �eld h = 0,
execution time for a single disorder con�guration�t versus system sizeL for
�� = � 0:6 and �� = 1. All data are averaged over 1000 disorder realizations.
The solid lines represent �ts to the power-law. (times measured on an Intel
Core i5 CPU)

with the system size but it behaves as�t � L y+1 . Figure 5 shows that for �� = � 0:6 in

the quantum Gri�hts phase, the disorder averaged execution time�t does not scales

linearly with L but behaves as power law�t � L y+1 with y = 0:6.

Because our method performs the Matsubara sums numerically, the e�ort

increases with decreasing temperatureT. As shown in Sec. 9, this increase is only

logarithmic in 1=T if we approximately combine higher Matsubara frequencies.

7. CONCLUSIONS

In summary, we have developed an e�cient numerical method for studying

quantum phase transitions in disordered systems withO(N ) order parameter symme-

try in the large� N limit. Our algorithm solves iteratively the large� N self-consistent

equations for the renormalized distances from criticality using the fast method of
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Ref. [125] for the necessary matrix inversions. We have applied ourmethod to the

superconductor-metal quantum phase transition in nanowires and studied the criti-

cal behavior of various observables near the transition. Our results are in agreement

with strong-disorder renormalization predictions [107, 122] that the quantum phase

transition is governed by in�nite-randomness critical point accompanied by quantum

Gri�ths singularities.

Let us compare the performance of our method with that of the method pro-

posed in Ref. [123] and outlined in Sec. 3. The main di�erence is how thesums over

the Matsubara frequencies in the self-consistent equations (5.9)are handled. The

method of Ref. [123] works atT = 0 where the Matsubara sum becomes an integral.

This integral is performed analytically which saves computation time.However, the

price is a complete diagonalization of the coupling matrixM which is very costly

(O(L3) operations per iteration). Moreover, observables atT 6= 0 are not directly

accessible.

In contrast, our method performs the Matsubara sum numericallywhich allows

us to use the fast matrix inversion of Ref. [125] (which needs justO(L) operations per

iteration) instead of a full diagonalization. Furthermore, we can calculate observables

at T 6= 0. However, our e�ort increases with decreasingT. Thus, the two methods

are in some sense complimentary. The method of Ref. [123] is favourable for small

systems when trueT = 0 results are desired. Our method works better for larger

systems at moderately low temperatures.

We also emphasize that all our results have been obtained by converging the

self-consistent equations (5.9) by means of a simple mixing scheme. Even better

performance could be obtained by combining our matrix inversion scheme with the

solve-join-patch algorithm [123] for convergence acceleration.

Our method can be generalized to higher-dimensional problems. Theself-

consistent equations can be solved in the same way, using a fast method for inverting



128

the arising sparse matrices. For two dimensional systems, one could use the methods

given in Refs. [126, 127] for which the cost of inversion isO(N 3=2), where N is a

total number of sites. We therefore expect the cost of our method to scale asN y+3 =2

or N 3=2 in the quantum Gri�ths and quantum paramagnetic phases, respectively.

For three dimensional systems, sparse matrices can be inverted inO(N 2) operations

[127], correspondingly the cost of our method is expected to behave asN y+2 (N is

number of sites) in the quantum Gri�ths phase. In the quantum paramagnetic phase

it should scale asN 2.

A possible application of our method in three dimensions is the disordered

itinerant antiferromagnetic quantum phase transitions [107, 122].The clean tran-

sition is described by a Landau-Ginzburg-Wilson theory which is generalization of

the action (5.1) to d = 3 space dimensions andN = 3 order parameter components

[14, 15]. Introducing disorder leads to random mass terms as in the case of the

superconductor-metal quantum phase transition in nanowires.

8. APPENDIX: INVERSION OF TRIDIAGONAL MATRIX

In this section we sketch the fast method for the inversion of a tridiagonal

matrix outlined in Ref. [125]. The cost of �nding the diagonal elementsof the inverse

matrix is O(L) operations while inverting the full matrix costsO(L2) operations. The

basic idea is that the inverse matrix of the tridiagonal matrixM ij can be represented

by two sets of vectorsvj and uj : M � 1
ij = ui vj . Let diagonal and o�diagonal elements

of matrix M ij be M ii = ai and M i;i +1 = M i;i +1 = � bi , respectively. By combining a

UL decomposition of the linear system forv and a UL decomposition ofM ij , one can

determine the set of vectors

v1 =
1
d1

; vi =
b2 � � � bi

d1 � � � di � 1di
; i = 2; � � � ; n ; (5.18)
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where

dn = an ; di = ai �
b2

i +1

di +1
; i = n � 1; � � � ; 1 : (5.19)

The set of vectorsuj can be found by combining a LU decomposition of the

linear system foru and a LU decomposition ofM ij , yielding

un =
1

� nvn
; un� i =

bn� i +1 � � � bn

� n� i � � � � nvn
; i = 1; � � � ; n � 1; (5.20)

where

� 1 = a1 ; � i = ai �
b2

i

� i � 1
; i = 2; � � � ; n : (5.21)

Finding both sets of vectors needsO(L) operations, consequently the number

of operations to extract the diagonal elementsM � 1
ii = ui vi of inverse matrix scales

linearly with L while the cost of �nding the full inverse matrix M � 1
ij = ui vj is O(L2).

9. APPENDIX: ACCELERATION OF METHOD

In this section we propose an approach to accelerate the summation over the

Matsubara frequencies in our method. The idea is based on the factthat the critical

behaviors are dominated by low-frequencies, correspondingly onlymatrices associated

with low Matsubara frequencies! n have dominant contributions in Eq. (5.14). At

higher ! n , consecutive matrices change very little. Therefore, instead of �nding diago-

nal elements of [M ij +2�T n 1 ]� 1 for each Matsubara frequencies! n , we invert matrices

corresponding ton = 1; :::; 100 and correspondingly calculating the sum of �rst 100

terms in Eq. (5.14) exactly. Then, we approximate sum of the remaining terms cor-

responding ton > 100 (higher Matsubara frequencies) in the following way: we �nd
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diagonal elements of [M ij +2�T n 1 ]� 1 corresponding to the midpoints of subintervales

obtained by dividing interval n = 10 l+1 + 1; :::; 10l+2 (l = 1; :::; log10(m=100)) into 90

subintervales of width 10l . Then, we approximate appropriate sum in Eq. (5.14) by

summing over terms calculated at midpoints multiplied by 10l . In this case, numeri-

cal e�ort scales logarithmically as log10(1=T) compared with 1=T scaling in the case

of exact summation. To check the magnitude of errors arising due to this approxima-

tion, we have compared observables calculated exactly and using acceleration method

for the system with sizeL = 256 and control parameter �� c = � 0:6 at the temperature

T = 10� 3. We have found that arising errors are less than 0:1%.
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ABSTRACT �

We study the electrical resistivity in the quantum Gri�ths phase associated

with the antiferromagnetic quantum phase transition in a metal. Theresistivity is

calculated by means of the semi-classical Boltzmann equation. We show that the

scattering of electrons by locally ordered rare regions leads to a singular temperature

dependence. The rare-region contribution to the resistivity varies asT � with tem-

perature T; where� is the usual Gri�ths exponent which takes the value zero at the

critical point and increases with distance from criticality. We �nd similar singular

contributions to other transport properties such as thermal resistivity, thermopower

and the Peltier coe�cient. We also compare our results with existing experimental

data and suggest new experiments.

� Published in Europhysics Letters95, 57010 (2011).
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1. INTRODUCTION

Quantum phase transitions [12] occur at zero temperature when an external

parameter such as magnetic �eld, pressure or chemical composition is varied. They

are driven by quantum rather than thermal 
uctuations. At continuous quantum

phase transitions, i.e., quantum critical points, the quantum 
uctuations driving the

transition diverge and become scale invariant in space and time. These 
uctuations

dominate the material's properties in the vicinity of the quantum critical point at

low but non-zero temperatures. In metallic systems, they can cause strong deviations

from the conventional Fermi-Liquid behavior of normal metals [13].

Impurities, defects or other kinds of quenched disorder can signi�cantly modify

the low temperature behavior of quantum many-particle systems.The interplay

between dynamic quantum 
uctuations and static disorder 
uctuations leads to much

more dramatic e�ects at quantum phase transitions than at classical thermal phase

transitions, including quantum Gri�ths singularities [30, 99, 100], in�n ite randomness

critical points featuring exponential instead of power-law scaling [22, 101] and the

smearing of the phase transition [51]. These unconventional phenomena are caused

by large spatial regions (rare regions) that are devoid of impuritiesand can show

local order even if the bulk system is in the disordered phase. The 
uctuations of

these rare regions are very slow because they require changing the order parameter in

a large volume. Gri�ths showed that this leads to a singular free energy in a whole

parameter region which is now known as the Gri�ths phase. The probability P(Ld)

for �nding an impurity-free rare region with linear sizeL in a disordered system is

exponentially small in its volumeLd, P(Ld) � exp(� cLd) with c being a constant

that depends on the disorder strength. In systems in which the characteristic energy

� of such a rare region decays exponentially with its volume,� � exp(� bLd); the

resulting density of states is of power-law type,� (� ) / � � � 1; where � = c=bis the
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non-universal Gri�ths exponent. It varies systematically within th e Gri�ths phase

and vanishes at the critical point. The power-law density of states� (� ) leads to

non-universal power-law quantum Gri�ths singularities of severalthermodynamical

observables including the speci�c heat,C � T � ; and the magnetic susceptibility,

� � T � � 1: The zero-temperature magnetization-�eld curve behaves asM � H � (for

reviews, see Refs. [17, 18]).

Quantum Gri�ths phases have been predicted to occur not only in localized

magnets but also in metallic systems [31, 66, 122], but clear-cut experimental veri�ca-

tions have been absent for a long time. Only recently, quantum Gri�ths phases have

been observed in experiment in a number of systems such as magnetic semiconductors

[43, 44, 45], Kondo lattice ferromagnets [46, 47] and transition metal ferromagnets

[48]. The lack of experimental evidence for quantum Gri�ths phasesin metals may

be (at least partially) due to the theories being incomplete: while the thermodynam-

ics in quantum Gri�ths phases is comparatively well understood, very little is known

about the experimentally important and easily accessible transportproperties.

In this Letter we therefore study the electrical resistivity in the quantum Grif-

�ths phase of an antiferromagnetic metal by means of the semi-classical Boltzmann

equation approach. In the same manner, we also investigate othertransport proper-

ties such as the thermal resistivity, the thermopower and the Peltier coe�cient. We

�nd that the scattering of the electrons by spin-
uctuations in the rare regions leads

to singular temperature dependencies not just at the quantum critical point but in

the entire antiferromagnetic quantum Gri�ths phase. The rare region contribution

to the resistivity varies as � � / T � with temperature T, the contribution to thermal

resistivity behaves as �W / T � � 1, and the thermopower and the Peltier coe�cient

behave as �S / T � +1 and �� / T � +2 ; respectively.
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2. MODEL AND METHOD OF SOLUTION

Let us now sketch the derivation of these results. The transportproperties

of the itinerant antiferromagnetic systems we are interested in can be described by

a two-band model consisting ofs and d electrons [128, 129]. The Hamiltonian has

the form H = Hs + Hd + Hs� d; where Hs and Hd are the Hamiltonians ofs and d

electrons, respectively.Hs� d corresponds to the exchange interaction betweens and

d electrons. Only thes electrons contribute to the transport properties. They are

scattered by the spin-
uctuations of thed electrons which are assumed to be in the

antiferromagnetic quantum Gri�ths phase. The contribution to th e resistivity from

the scattering by the spin-
uctuations stems from thes� d exchange interaction term

of the Hamiltonian

Hs� d = g
Z

dr s(r ) � S(r ) ; (6.1)

whereg is the coupling betweens and d electrons. s and S are the spin densities of

the s and d electrons, respectively.

Close to an antiferromagnetic transition in three-dimensional space, transport

properties can be treated within a semi-classical approach using the Boltzmann equa-

tion because quasiparticles are still (marginally) well de�ned. For simplicity, we also

assume that the spin-
uctuations are in equilibrium, i.e., we neglect drag e�ects. This

approximation is valid if the system can lose momentum e�ciently by Umklapp or

impurity scattering as is the case in a dirty antiferromagnetic system. The linearized

Boltzmann equation in the presence of an electric �eldE and a temperature gradient

r T; but zero magnetic �eld can be written as [58]

� vk
@f0k
@T

r T � vk
@f0k
@"k

E =
�

@fk
@t

�

scatt

; (6.2)
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where f 0
k is the equilibrium Fermi-Dirac distribution function. The �rst and second

terms correspond to the rate changes of the electron distribution function f k due to

the di�usion and electric �eld E, respectively. The last one is the collision term. Let

the stationary solution of the Boltzmann equation bef k = f 0
k � � k (@f0k =@"k ); where

� k is a measure of the deviation of the electron distribution from equilibrium. Then

the linearized scattering term due to the spin-
uctuations has theform [129, 130]

�
@fk
@t

�

scatt

=
2g2

T

X

k 0

f 0
k 0(1 � f 0

k )n(" k � " k 0)Im� (k � k0; "k � " k 0)(� k � � k 0)

=
1
T

X

k 0

Pk 0(" k � " k 0)(� k � � k 0) ; (6.3)

where n(" k � " k 0) is the Bose-Einstein distribution function and� is the total dy-

namical susceptibility of the spin-
uctuations of thed electrons.

3. ELECTRICAL RESISTIVITY

In order to calculate the electrical resistivity we consider Ziman's variational

principle [58]. The resistivity � is given as the minimum of a functional of �k [58] y

� [� k ] = min

"
1

2T

R R
(� k � � k 0)2� k 0

k dkdk0

�R
vk � k

@f 0
k

@"k
dk

� 2

#

; (6.4)

where

� k 0

k =
Z 1

0
d! Pk 0(! )� (" k 0 � " k + ! ) : (6.5)

yWe set Plank's constant, electron's charge and Boltzmann constant ~ = e = kB = 1 in what
follows.
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Quantum Gri�ths e�ects in disordered metallic systems are realized both in

Heisenberg magnets [31, 43] and in Ising magnets. In the latter case, they occur in a

transient temperature range where the damping is unimportant [66]. In the following,

we consider both cases.

As we are interested in the rare-region contribution to the resistivity in the

Gri�ths phase, we need to �nd the rare region dynamical susceptibility which is

simply the sum over the susceptibilities of the individual rare regions.The imaginary

part of the dynamical susceptibility of a single cluster (rare region)of characteristic

energy� in the quantum Gri�ths phase of a disordered itinerant quantum Heisenberg

antiferromagnet is given by

Im� cl(q; ! ; � ) =
� 2
!

� 2(T) + 
 2! 2
F2

� (q) ; (6.6)

where � is the moment of the cluster and
 is the damping coe�cient which results

from the coupling of the spin-
uctuations and the electrons.� (T) plays the role of the

local distance from criticality. For high temperatures
T � �; � (T) � T and for low

temperatures
T � �; � (T) � �: F � (q) is the form factor of the cluster which encodes

the spatial magnetization pro�le. For random quantum Ising modelsthe imaginary

part of the dynamical magnetic susceptibility of a single cluster (rare region) is given

by

Im� cl(q; ! ; � ) = �
� 2

4
tanh

� �
2T

�
[� (� � ! ) � � (� + ! )]F 2

� (q) : (6.7)

To get the total rare-region susceptibility, we integrate over all rare regions

using the density of states� (� );

Im� (q; ! ) =
Z �

0
d�� (� )Im � cl(q; ! ; � ) ; (6.8)
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where � is an energy cut-o�. The precise functional form ofF� (q) is not known, since

every cluster has a di�erent shape and size. However, we can �nd itapproximately

by analyzing the Fourier transform of a typical local magnetizationpro�le of the rare

region. Consider a rare region of linear sizeL (located at the origin). Following Millis

et al. [36], the order parameter is approximately constant forr < L; while for large

r > L; it decays ase� r=� =r; where� is the bulk correlation length. Taking the Fourier

transform we �nd that F� (q) depends on" via the combination jQ � qj3 log(� � 1) only,

whereQ is the ordering wave vector. Correspondingly, from Eq. (6.8), we �nd that

the rare region contribution to the zero-temperature susceptibility in the quantum

Gri�ths phase can be expressed as

Im� (q; ! ) / j ! j � � 1sgn(! ) X[( q � Q)3 log(! � 1)] ; (6.9)

whereX is a scaling function. The precise form of the logarithmic correction isdi�-

cult to �nd and beyond the scope of this paper. For random quantum Ising models,

the susceptibility has the same structure as Eq. (6.9) [66]. It is clearthat the scaling

function X will give only logarithmic corrections to the temperature dependence of

the resistivity � in our further calculations.

To minimize the resistivity functional (6.4), we need to make an ansatz for

the distribution � : Close to an antiferromagnetic quantum phase transition, the mag-

netic scattering is highly anisotropic because� (q; ! ) peaks around the ordering wave

vector Q: However, since we are interested in a strongly disordered system,the low-

temperature resistivity will be dominated by the elastic impurity scattering which is

isotropic and redistributes the electrons over the Fermi surface. Correspondingly, we

can use the standard ansatz

� k / n � k : (6.10)
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wheren is a unit vector parallel to the electric �led. Note that any constantprefactor

in � k is unimportant because it drops out in the resistivity functional (6.4) and in

the corresponding thermal resistivity functional (6.13). Then, after applying standard

techniques [58] the magnetic part of the resistivity given in Eq. (6.4)becomes

� � / T
Z

d3q
(n � q)2

q

Z 1

0
d!

@n(! )
@T

Im� (q; ! ) : (6.11)

Inserting the susceptibility (6.9) yields the rare-region contribution to the

resistivity in the antiferromagnetic quantum Gri�ths phase as

� � / T � : (6.12)

Thus, the temperature-dependence of the resistivity follows a non-universal power-

law governed by the Gri�ths exponent � .

4. OTHER TRANSPORT PROPERTIES

In the same way, we study other transport properties such as the thermal

resistivity, the thermopower, and the Peltier coe�cient. The variational principle for

the thermal resistivity has the form [58]

W[� k ] = min

" R R
(� k � � k 0)2� k 0

k dkdk0

�R
vk (" k � � )� k

@f 0
k

@"k
dk

� 2

#

; (6.13)

where � is the chemical potential of the s-electrons. As long as impurity scattering

dominates, we can use the standard ansatz for the variational function,

� k / (" k � � )n � k : (6.14)
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Then, following the calculation for the thermal resistivity outlined in Ref. [58] we

obtain

� W /
1

T2

Z
d3q

Z
d!

@n(! )
@T

Im� (q; ! )

�
�
! 2

�
1
q

�
q

6kF
2

�
+

� 2q
3kF

2 T2

�
: (6.15)

where kF is Fermi momentum of thes-electronsz. Inserting the susceptibility (6.9)

into (6.15), the temperature dependence of the thermal resistivity due to the spin-


uctuations in the Gri�ths phase from the above equation is given by

� W / T � � 1 : (6.16)

The existence of an electric �eldE in a metal subject to a thermal gradientr T

is called Seebeck e�ect and is characterized by the thermopowerS which is de�ned

via E = S r T. To calculate the thermopower, we analyze the Boltzmann equation

(6.2) in the presence of bothE and r T using the trial function

� k / � 1n � k + � 2(" k � � )n � k : (6.17)

where � 1 and � 2 are variational parameters. Elastic impurity scattering leads to the

usual linear temperature dependenceSimp / T while the contribution due to the

magnetic scattering by the rare regions in the Gri�ths phase reads

� S / T � +1 : (6.18)

Another transport coe�cient called the Peltier coe�cient � charac terizes the


ow of a thermal current in a metal in the absence of a thermal gradient. It is related

zHere, we have averaged over all directions of the vectorn; this is su�cient to get the temperature
dependence.
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to the thermopower by � = S T: Correspondingly, the rare-region contribution to

the Peltier coe�cient has the form

�� / T � +2 : (6.19)

5. DISCUSSION AND CONCLUSIONS

In summary, we have investigated the transport properties in thequantum

Gri�ths phase close to an antiferromagnetic quantum phase transition in a metallic

system (see Fig. (1)). The rare-region contributions to electrical resistivity, thermal

resistivity, thermopower, and the Peltier coe�cient are characterized by non-universal

power-laws inT which are controlled by the Gri�ths exponent �:

Our results have been obtained using the semi-classical Boltzmann equation

approach. This approach is valid in Gri�ths phase in which the system consists of

a few locally ordered rare regions in a non-magnetic bulk where the quasiparticles

are well-de�ned. Su�ciently close to the actual quantum critical point (which is of

in�nite-randomness type) the quasiparticle description may breakdown, invalidating

our results. A detailed analysis of this question hinges on the fate ofthe fermionic

degrees of freedom at the in�nite-randomness quantum critical point. This di�cult

problem remains a task for the future.

We have used the standard isotropic ansatz (6.10, 6.14) for the deviation of

the electron distribution from equilibrium. This is justi�ed as long as the rare-region

part � � (T) of the resistivity is small compared to the impurity part � 0: When � �

becomes larger, the anisotropy of the scattering needs to be taken into account. This

can be done by adapting the methods of Rosch [131] to the situation at hand.

We emphasize that our results have been derived for antiferromagnetic quan-

tum Gri�ths phases and may not be valid for ferromagnetic systems. The problem is

that a complete theory of the ferromagnetic quantum Gri�ths phase in a metal does
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Figure 1: (Color online) Schematic temperature-control parameter phase diagram of
an itinerant antiferromagnet close to the quantum critical point. Our re-
sults apply in the Gri�ths phase at low temperatures.

not exist. In particular, the dynamical susceptibility still is not known. Correspond-

ingly, the transport properties in ferromagnetic quantum Gri�ths phases remain an

open problem.

Non-universal power-laws in a variety of observables including transport prop-

erties can also arise from a di�erent physical mechanism far away from the magnetic

quantum phase transition. In Kondo-disordered systems, the existence of a wide dis-

tribution of local single-ion Kondo temperatures is assumed, this leads to the power-

law singularities [132, 133]. This model was used to explain experimental results in

some heavy fermion compounds such as UCu4Pd and UCu3:5Pd1:5 [134, 135].

Let us now turn to experiment. Unfortunately and somewhat ironically, all

clear-cut experimental observations of quantum Gri�ths phasesare in itinerant fer-

romagnets rather than in antiferromagnets. However, quantumGri�ths e�ects have

been discussed in the context of the antiferromagnetic quantum phase transition in
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heavy fermion systems [136, 137]. One of the most striking predictions following

from our theory is that the exponent characterizing the electrical resistivity should

be less than one su�ciently close to the quantum phase transition. There are several

antiferromagnetic systems such as CeCo1:2Cu0:8Ge2 and Ce(Ru0:6Rh0:4)2Si2 [136, 137]

that show unusual power-law behaviour of the electrical resistivity with an exponent

less than unity. The �rst system's resistivity increases with decreasing temperature.

This is incompatible with our prediction and described by the Kondo model. The

resistivity of the second compound decreases with decreasing temperature in agree-

ment with our prediction. However, it is not clear whether this behaviour is indeed

caused by the quantum Gri�ths phase. To establish this, one shouldmeasure var-

ious thermodynamics quantities as well as the transport properties and relate their

low-temperature behavior.
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SECTION

2. CONCLUSIONS

In this thesis, reprints of six papers have been presented that studied various

aspects of quenched disorder e�ects on phase transitions. In papers I, II, and III,

we investigated smeared phase transitions in binary alloys A1� xBx , in which the

transition is tuned by changing the compositionx. We considered both spatially

correlated and uncorrelated disorder. This theory was put to a test in experiments

on the Sr1� x CaxRuO3 compound in paper III.

Paper IV studied quantum Gri�ths singularities associated with the ferro-

magnetic quantum phase transition in a disordered metal for Ising and Heisenberg

order parameter symmetries. The resulting quantum Gri�ths singularities are even

stronger than usual quantum Gri�ths singularities.

Paper V was devoted to an e�cient numerical method to study the quantum

critical behavior of disordered systems withO(N ) order-parameter symmetry in the

large-N limit. The method is based on the iterative solution of the large� N saddle-

point equations combined with a fast algorithm for inverting the arising large sparse

random matrices.

In paper VI, we studied transport properties in the quantum Gri�t hs phase

associated with the antiferromagnetic quantum phase transition ina metal by means

of the semi-classical Boltzmann transport theory.

In summary, we explained how quenched disorder can a�ect a variety of phase

transitions and modify the behavior of observable quantities close to the transition
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point. We thus took a step towards a better understanding of theinterplay between

randomness and phase transitions. However, many interesting open questions remain.

The complete theories of smeared phase transitions and quantum Gri�ths phases are

not obtained yet. It would be interesting, for example, to study e�ects of spatial long-

range correlations of the disorder on smeared phase transitions.Moreover, theories

of quantum Gri�ths phases in metals neglect weak localization e�ects. Because the

system is strongly disordered in the quantum Gri�ths phase, it wouldbe interesting

to study weak localization e�ects and other quantum e�ects on observable quantities

in quantum Gri�ths phases.
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