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ON PLANE ARC-SMOOTH STRUCTURES
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ABSTRACT. Arc-structures on subspaces of the plane are studied in the pa-
per. It is shown that each plane arc-smooth continuum admits an embedding
in the plane such that its arc-smooth structure can be nicely extended to an
arc-smooth structure on the whole plane. Using this it is proved that each
plane arc-smooth continuum is a retract of the hyperspace of its closed sub-
sets. Among several applications it is pointed out that each planar smooth
dendroid admits a mean.

1. INTRODUCTION

The concept of arc-smooth structures is a very powerful tool in continuum
theory. It has been introduced in [7] and studied in a large paper [8]. The
reader is referred to these papers for a discussion of the relationship of arc-smooth
continua to several other generalizations of smooth dendroids, and for basic and
important results concerning these continua. Relation between the concept and
contractibility was considered in [11] and [14]. Arc-smoothness of hyperspaces
was studied in [9] and [10]. For an extension of the concept see [12] and [13].

Therefore it was very natural to consider arc-smooth spaces as a natural gener-
alization of arc-smooth continua (in particular dendrites and smooth dendroids)
from one side, and of all convex spaces from the other.

In this paper arc-structures on subspaces of the plane are studied. It is shown
that each plane arc-smooth continuum admits an embedding in the plane such
that its arc-smooth structure can be extended to an arc-smooth structure (sat-
isfying some extra conditions) on the whole plane (Theorem 4.1). In the fourth
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chapter we also prove that each arc-smooth structure on the plane leads to a
decomposition of the plane into simple closed curves which is continuous with
respect to homeomorphical convergence (Theorem 4.6).

Next we study the existence of a hyperspace retraction of a space X, i.e., a
retraction defined on the hyperspace of all nonempty compact subsets of X onto
X. The reader is referred to our paper [4] for a discussion concerning results
on hyperspace retractions for continua which have been obtained in recent years.
In the present paper we construct a special hyperspace retraction for the plane
which agrees with a given arc-structure (Theorem 5.3). By this result, together
with Theorem 4.1, a hyperspace retraction for each plane arc-smooth continuum
is obtained (Corollary 5.4). In the case when the initial point of the arc-structure
is accessible we provide a construction of such a retraction with some extra prop-
erties: it is associative and internal (Theorem 5.2). The last chapter contains
applications of the obtained results to plane smooth dendroids. The existence of
some special retractions on the hyperspace of all closed subsets, as well as the
existence of means, for these curves are shown.

In the proofs of the results the concept of an orientation on a plane arc-smooth
structure (third chapter) is exploited.

2. PRELIMINARIES

All considered spaces are assumed to be metric. A continuum means a compact
connected space, and a mapping means a continuous function. If any two points
of a space can be joined by an arc lying in the space, then the space is said to be
arcwise connected. A continuum is said to be hereditarily unicoherent provided
that the intersection of any two of its subcontinua is connected. A dendroid means
an arcwise connected and hereditarily unicoherent continuum. Given a dendroid
X and points x and y of X, we denote by xy the only arc in X with x and y as
its end points.

A dendroid X is said to be smooth at a point v € X provided that for each
sequence of points a,, € X which converges to a point a € X the sequence of arcs
va, C X converges to the arc va. A dendroid X is said to be smooth provided
it is smooth at some point v € X. Then the point v is called an initial point of
X. It is known that every smooth dendroid is uniformly arcwise connected (see
[5, Corollary 16, p. 318]).

A point v of a set X contained in the plane R? is said to be accessible from
the complement of X (or shortly accessible) provided that there exists an arc
pv C {v}U(R?\ X). Note that accessibility of a point of a set is not a topological
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property, but it depends on a particular embedding of this set in the plane. For
a nice example of a plane smooth dendroid X such that the end points are the
only points of X which are accessible from R? \ X see [1].

As a generalization of smooth dendroids a concept of arc-smooth continua has
been introduced in [7] and [8]. We extend this concept to a wider class of spaces,
namely to arcwise connected but not necessarily compact ones. To describe our
ideas precisely we first recall some known notion related to hyperspaces.

Given a metric space X with a metric d, we denote by Z(X) the hyperspace
of all nonempty compact subsets of X equipped with the Hausdorff metric

dist (A, B) = max{sup{d(a, B) : a € A},sup{d(b,A) : b € B}}

(equivalently: with the Vietoris (i.e. exponential) topology; see e.g. [16, §42, II,
Theorem, p. 47]). Further, we denote by C'(X) the hyperspace of all subcontinua
of X, i.e. of all connected members of Z(X), and for each n € N we put F,,(X) =
{A € Z(X): Ahas at most n elements}.

Hence, F;(X) means the hyperspace of singletons. Thus, for each n € N, we
have

Fi(X)C Fo(X)C Z(X) and Fi(X)CC(X)C Z(X).

In the case when the space X is compact, in particular a continuum, the hyper-
space Z(X) coincides with the hyperspace 2% of all nonempty closed subsets of X
(again with the Hausdorff metric), as considered e.g. in Nadler’s book [19, (0.1),
p. 1 and (0.12), p. 10].

Note that Fj(X) is homeomorphic to X. We neglect the homeomorphism
between X and F;(X), and we consider X as a subspace of 2% under its natural
embedding. Similarly, we think about C'(X) as about a subspace of 2%.

Given a mapping f : X — Y between compact spaces X and Y, we consider
mappings (called the induced ones)

2/ 2% 592V and CO(f): C(X) — C(Y)

defined by 2f(A) = f(A) for every A € 2% and C(f)(A) = f(A) for every
A € C(X). The reader is referred to [6] for more information on the induced
mappings for continua.

By an arc-structure on an arbitrary space X we understand a function
a: X x X — C(X) such that for every two distinct points z and y in X the
set a(z,y) is an arc from x to y and that the following metric-like axioms are
satisfied for every points z, y and z in X:

(21) ale,) = {z};
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(22) a(z,y) = oy, z);
(23) a(z,2) C afz,y) Uy, 2),
with equality prevailing whenever y € a(z, 2).

Statement 2.1. To define an arc-structure on a space X it is enough to dis-
tinguish a point v € X and to define a function a on the product {v} x X so
that

(2.4) a(v,v) = {v};
(2.5) if ¢ € a(v,y), then a(v,z) C a(v,y) for all points x and y in X.

PROOF. By (2.5), for all points  and y in X, the continuum a(v,z) U a(v,y) is
a triod, or an arc, or a point. So, it suffices to define a(z,y) to be the unique arc
with end points x and y in the considered continuum «a(v,z) U a(v,y). |

Let a and 8 be arc-structures on spaces X and Y respectively. We say that
(X, @) is contained in (Y, 3), writing (X, «) < (Y, 8), provided that X C Y and
OlI(X x X) =a.

Let an arc-structure a on a space X be given. For each homeomorphism
h: X — h(X) we define an arc-structure ay, : h(X) x h(X) — C(h(X)) deter-
mined by the equality

(2.6) C(h)oa=apo(hxh),
i.e., such that the following diagram commutes:

XxX —%5 oX)

hxhi lC(h)

hMX) x h(X) —— C(h(X))
ap

The pair (X, a) is said to be arc-smooth at a point v € X provided that the
induced function «a, : X — C(X) defined by a,(z) = a(v, z) is continuous. Then
the point v is called an dnitial point of (X, ). The pair (X, «) is said to be
arc-smooth provided that there exists a point in X at which (X, ) is arc-smooth.
An arbitrary space X is said to be arc-smooth at a point v € X provided that
there exists an arc-structure o on X for which (X, «) is arc-smooth at v. The
space X is said to be arc-smooth if it is arc-smooth at some point. Note that an
arc-smooth space is arcwise connected. We will use the symbol (X, a, v) to denote
an arc-smooth space X with an arc-structure a : X x X — C(X) for which v is
the initial point.
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Given an arc-smooth space (X, «,v), we define now some auxiliary functions
and relations on X which will be useful in proofs of the next results.

Denote by w: Z(X) — [0, 00) any Whitney map, i.e., a mapping such that (see
e.g. Nadler’s book [19, p. 24 ff])

w({z}) =0 foreachpoint z€ X, andif AC B, then w(A)<w(B).
Define a mapping A : X — [0,00) by
(2.7) AMz) = w(a(v,z)) for each point z € X

and note that continuity of A follows from that of w and arc-smoothness of X.
Therefore, for each point € X the partial mapping A|a(v, z) is a homeomor-
phism of a(v, z) onto [0, A(z)]. For each number ¢ € [0, A(z)] we put

(2.8) H(x,t) = (Ala(v, )7 (1),

i.e., we define H(x,t) as the only point of the arc (v, x) such that \(H (z,t)) = .
The following observation is a consequence of the above definition of an arc-
smooth space.

Observation 2.2. If a sequence of points {a,} in an arc-smooth space (X, a,v)
converges to a limit point a # v, then there is a sequence of homeomorphisms h,, :
[0,1] — a(v,a,) which converges (uniformly) to a homeomorphism h : [0,1] —
a(v, a).

PROOF. Really, it is enough to put, for n € N and ¢ € [0, 1]:
hn(t) = H(an,t- Nay)) and h(t) = H(a,t- Aa)).

O

We define the concept of an end point of a space X equipped with an arc-
structure « : X x X — C(X) as follows (compare [8, Section I-9, p. 555]). A
point e € X is called an end point of X (writing e € E(X)) provided that if
e € a(zr,y), then e =z or e = y.

Recall (see [8, Lemma I-9-A, p. 555]) the following property of arc-smooth
continua.

Proposition 2.3. Let an arc-smooth continuum (X, «,v) be given. For each
point x € X the arc a(v,x) is contained in an arc a(v,e) for some e € E(X).
Thus E(X) # 0.
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Remark 2.1. The concept of smoothness of dendroids has been generalized to
smoothness of arbitrary continua by T. Macékowiak in [17]. However, it should be
underlined that even in the case when a continuum X is smooth (in the sense of
Mackowiak), is arcwise connected and admits an arc-structure o : X x X — C(X),
it need not be arc-smooth at no one of its points. A suitable example (namely a
simple closed curve) is discussed in [8, 1.3, Example, p. 550]. Thus the class of
arc-smooth continua does not coincide with the class of smooth ones in the sense
of [17].

A mapping f : X — Y from a space X onto a space Y is called monotone
provided that it has connected point-inverses. If Y C X, then Y is a retract of X
means that there exists a mapping r : X — Y (called a retraction) such that the
restriction r|Y" is the identity on Y. Since, for a given space X the hyperspace
F1(X) is homeomorphic to X, we shall consider a retraction r : Z(X) — X
rather than a retraction r : Z(X) — F;(X) (and similarly for C'(X)), although
the former notation is perhaps less formal.

We use the symbols Li, Ls and Lim to denote the lower limit, the upper
limit and the limit of a sequence of subsets of a metric space, according to the
notation given in Kuratowski’s monograph [15, §29, pp. 335-340]. Further, we
write f = lim f,, to denote that a sequence of mappings f, converges uniformly
to the limit mapping f.

3. ORIENTATION ON PLANE ARC-SMOOTH STRUCTURES

The present chapter plays an auxiliary role. It contains a sequence of results
concerning orientation of a triple of points in a subspace of the plane equipped
with an arc-structure, leading to Proposition 3.5 on preserving the orientation
under limit operation. The theorem will be used in the next chapters to prove
Theorem 4.1 on an extension of an arc-smooth structure from a subcontinuum
of the plane to the whole plane, as well as to construct some special hyperspace
retractions for arc-smooth subspaces of the plane (Theorem 5.2).

We denote by d the usual metric in the Euclidean plane R?, and by p the
supremum metric between mappings from a continuum C into R?, i.e., for fi, fo :
C — R? we write

p(f1; f2) = sup{d(f1(), fa(2)) : = € C}.

Let so = (0,0), s; = (1,0), s2 = (0,1), s3 = (—1,0) be points in the plane R?
equipped with a rectangular Cartesian coordinate system, and let

T = 5051 U Sgs2 U s083
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be the standard simple triod. For any homeomorphism h : T — T’ C R? we say
that h is positive (negative) provided that going from h(s1) to h(sz) in T” the arc
h(so)h(s3) lies left (right) of the arc h(s1)h(ss).

For a space X with an arc-structure o : X x X — C(X) and a point v € X we
denote by G(X,v) the set of all mappings g : T'— X such that g(sg) = v, and for
i € {1,2,3} the partial mappings g|sgs; are either constant or homeomorphisms,
with g(sos;) = a(g(s0), g(s:))-

Now we are going to define a concept of the orientation of a triple of points in
a plane set X with an arc-structure a.. To this aim we need a lemma.

Lemma 3.1. Let a subspace X of the plane R? with an arc-structure o : X x X —
C(X) be given, and let a, b, ¢, v be points of X. Then for any mapping g € G(X,v)
with

(31) g(sl) = a, 9(52) = ba 9(83) =c

there are a sequence of triods T,, C R? and of homeomorphisms h, : T — T}, such
that

(3.2) g =limh,,.

ProoOF. We will sketch the construction of T,,’s and of h,,’s as follows. If g(s1) = v
(i.e., if g|sps1 is a constant mapping), then we define h,(s1) as an arbitrary point
in R? near v, and h,|sps1 as a homeomorphism onto some small arc with end
points v and h,(s1). If g|sgs; is not constant, then we put h,|sos1 = g|sosi-

If g(s2) = v, then as previously we define h,|sps2 as a homeomorphism onto
a small arc near the point v satisfying h,(sgs1) N hp(sos2) = {v}. If g|sess is a
homeomorphism, then we take h,|sgs2 as a homeomorphism onto an arc hy,(sos2)
such that h,(s0s1) Nhn(ses2) = {v} and h,|sgss is close to g|sgs2. We repeat the
construction for the arc sgss, i.e., we define a homeomorphism h,,|sgs3 such that
hn|soss is close to g|spss and hy(sgs3) N (hn(s051) U hn(sos2)) = {v}. This ends
the proof. O

Now we are ready to define the orientation of a triple of points in a subspace
of the plane with an arc-structure. For a given subspace X of the plane with an
arc-structure o : X x X — C(X) and a point v in X we say that a triple (a, b, c)
of points of X is oriented nonnegatively (nonpositively) in (X, ) with respect to
v provided that there are a mapping g € G(X,v) with (3.1) and a sequence of
positive (negative) homeomorphisms h,, : T — T,, C R? such that (3.2) holds; we
say that the triple (a, b, ¢) is oriented positively (negatively) in (X, o) with respect
to v provided that it is oriented nonnegatively (nonpositively) with respect to v.
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Remark 3.1. It can be seen from Lemma 3.1 that for every plane arc-smooth
space (X, a,v) and for every triple (a,b,c) of points of X the triple is oriented
nonnegatively or nonpositively in (X, «) with respect to the point v.

Lemma 3.2. Let a subspace X of the plane R? with an arc-structure o : X x X —
C(X) be given, and let a, z, b, v be points of X such that

a € X\ (a(v,z)Ua(v,b)),
be X\ (a(v,z) Ua(v,a)),
z € X\ (a(v,a)Ua(v,b)).
Assume that, going from a to b, the arc to the point x in (X, ) lies right (left)

of the arc a(a,b). Then the triple (a,x,b) is oriented positively (negatively) with
respect to v.

PROOF. Assume that, going from a to b, the arc to the point x in (X, «) lies right
the arc a(a,b) (if it lies left, the argument is the same). Let S* = {(x,y) € R? :
2? +y? = 1} stand for the unit circle. Let A, B and C be successive subarcs in
St (i.e., their order coincides with the positive orientation of S!), whose union is
S1. Take an arc J in R? such that

J N (a(v,a)Ua(v,z) Ualv,b))) = {a, b}

and that the point x lies in the bounded component of R? \ (J U a(b,a)). Let
hy : S* — J U a(b,a) be a homeomorphism that preserves orientation. Define a
mapping hy : ST — JU a(b,v) Ua(v,a) C R?\ {z} so that the partial mappings

holA:A— J, ha|B:B— ab,v), h|C:C— a(v,a)
are homeomorphisms. Then hy is homotopic to b in R?\{z}. Consider a mapping
g:T — a(v,a) Ua(v,z) Ua(v,b) that belongs to G(X,v) with
g(s1) =a, g(s2) =z, g(s3) =0

Let ¢’ be an embedding of the standard simple triod 7" into R? that is close to g.
Define an embedding h3 : S' — R?\ {z} in such a way that the partial mappings

h3|B: B — ¢'(s3s0) and h3|C: C — g¢'(sos1)

are homeomorphisms, while h3|A is a slight modification of hs|A such that hs(A)
meets h3(B U C) only at the images of end points of A, i.e., at points ¢’(s1) and
¢'(s3). Then hs can be chosen as close to hy as we wish; in particular we may
assume that h3 is homotopic to hy in R? \ {x}. Therefore we infer that hy is
homotopic to hs in R? \ {z}, so the point z lies in the bounded component of
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R?\ h3(S1), and thus, going from ¢’(s1) to ¢'(s3) in ¢'(T), the arc a(g'(s0), g'(s2))
lies right of the arc a(g’(s1),¢'(s3)). This means that ¢’ is positive. By the
definition of the orientation of triples of points in (X, «) with respect to v the
proof is complete. O

As an immediate consequence of Lemma 3.2 we have the following observation.

Observation 3.3. Let a triple (a,z,b) of points in a subspace X of the plane
with an arc-structure o on X be given, and let a point ¢ € X be defined by

(3.3) ala,b) Na(z,c) = {c}.

If the triple (a, x,b) is oriented nonnegatively (nonpositively) in (X, o) with respect
to a point v € X, then for every point y € a(z,c) the triple (a,y,b) is also oriented
nonnegatively (nonpositively) in (X, ) with respect to v.

Using Observation 2.2 we get the next lemma. Details of its proof are left to
the reader.

Lemma 3.4. Let an arc-smooth space (X, a,v) with X C R? be given. For every
three convergent sequences of points a,, by, ¢, of X with
(3.4) lima, =a, limb, =0, lime, =c,

there exist a sequence of mappings gn, € G(X,v) such that for every n € N we
have

(35) gn(Sl) = Qn, gn(32) = bn7 g7b(53) = Cn,
and a mapping g € G(X,v) satisfying (3.1) and
(3.6) g = lim g,,.

The following proposition is a basic result of this chapter. We shall use it in
the next one.

Proposition 3.5. Let an arc-smooth space (X,a,v) with X C R? be given.
Then the set of all triples (a,b,c) € X3 oriented nonnegatively (nonpositively) in
(X, o, v) with respect to v is closed in X3.

PROOF. For both versions the proof is the same. Take a sequence of nonnegatively
oriented triples (a,,by,c,) € X3 which is convergent to a triple (a,b,c). Then
(3.4) is satisfied. Thus by Lemma 3.4 there are a sequence of mappings g, €
G(X,v) and a mapping g € G(X,v) which satisfy (3.5), (3.1) and (3.6). Since
each triple (ay, by, ¢,,) is oriented nonnegatively in (X, «) with respect to v, then
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by the definition each mapping g, can be approximated by a sequence of positive
homeomorphisms {h,, ,, : m € N}. Thus (3.6) implies that g is approximated
by some sequence {hy nn) : 7 € N} of positive homeomorphisms, and thus the
triple (a, b, ¢) is oriented nonnegatively in (X, ) with respect to v. The proof is
complete. O

4. EXTENSION OF ARC-STRUCTURES IN THE PLANE

Let
St ={(z,y) e R? : 2% + 4> =1}

stand for the unit circle in the plane R2. We will use the following concepts. Let
a,b e S with a # b. Put

P(a,b) = {z € S* : the triple (a, 2, b) is oriented counter clockwise}.

We say that a sequence {z,} of points of S! is oriented counter clockwise (clock-
wise) provided that for any triple of indices n1,ns,ng € N with n; < ny < ng the
triple (2n,, Zny, 2ns) is oriented counter clockwise (clockwise, respectively). Note
that

(4.1) each sequence {z,} of points of S* contains a subsequence which is oriented
counter clockwise, clockwise, or is constant;

(4.2) each sequence {z,} of points of S! which is oriented counter clockwise or
clockwise is convergent.

Theorem 4.1. Let an arc-smooth continuum (X, a,v) in the plane R? be given.
Then there are an arc-structure 3 : R? x R? — C(R?) and a homeomorphism
h:X — h(X) CR? such that

(43) (h(X)a Oéh) < (RZ, ﬂ);
and
(4.4) (R?, 3, h(v)) is arc-smooth.

Moreover, the arc-structure (8 satisfies the following implication for every two
points x,y € R? :

(45) if xeR*\B(h(v),y) and yeR*\B(h(v),z),
then B(h(v),z) N B(A(v),y) C h(X).
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ProOF. We will show the theorem under an additional assumption that no arc in
X with an end point v is a neighborhood of v. The general case will be a simple
consequence of this particular situation.

By Proposition 2.3 the set E(X) of end points of X is nonempty. So, choose
an end point ey of X. For any two end points ej,es € F(X) we write e; < e
provided that the triple (eq, e1, e2) is oriented nonnegatively and eg # e3. Thus <
is a linear order on E(X) with eg being the smallest element. As a consequence
of Proposition 3.5 we conclude that

(4.6) the relation < is closed in E(X) x E(X).
Define functions

L:E(X)—C(X) and R:E(X)—C(X)
putting

L(e) = U{a(ue’) :¢/ e} and R(e) = U{a(v,e’) re=e},

and note that each member of the unions is an arc containing the point v, so
L(e) and R(e) are connected. We will show that they are closed. An argument
presented below for L(e) can also be applied for R(e) as well. So, take a convergent
sequence of points z,, € L(e) and put = limx,,. Thus z,, € a(v,e,) with e, <e.
It follows that the triple (eq, €, €) is oriented nonnegatively with respect to v, and
eo # e. Choose an arbitrary convergent subsequence {e,, } of the sequence {e,}
and denote a = lime,,, . Applying Proposition 3.5 we infer that the triple (eq, a, €)
is oriented nonnegatively with respect to v. By Proposition 2.3 there is a point
e* € E(X) such that a € a(v,e*) and that the triple (eg,e*,e) is also oriented
nonnegatively with respect to v, whence we infer that e* < e. By arc-smoothness
of X we have z € a(v,a) C a(v,e*), so x € L(e). The argument for closedness of
L(e) is complete.

Continuity of each of the functions L and R at each point e € E(X) \ {ep} is
a consequence of arc-smoothness of X. Note that L(eg) = R(eg) = veg. We fix a
Whitney map w : 2¥ — [0, 1], and define two mappings

91,92+ B(X) — st
putting, for each e € E(X),
g1(e) = exp(mi(w(L(e)) — w(L(eo))))
and

g2(€) = exp(—mi(w(R(e)) — w(R(eo))))-
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Thus g1(ep) = g2(eg) = 1. For each z € C let Arg z stand for the argument of z
in the interval [0, 27). Note that

(4.7) e1 Rex <= Arggi(e1) < Arggi(ea) < Argga(er) < Argga(ea),
and
(4.8) both g; and g2 are one-to-one.

Now we are going to construct a one-to-one mapping g : E(X) — S?! satisfying
the following conditions
(4.9) e1 R ex < Argg(er) < Argg(es),
(4.10) if either of the two sequences {g1(e,)} and {ga(en)} is convergent, then the
sequence {g(e,)} is convergent, too.

To this aim we will define a monotone mapping m; : S' — S'. Up to home-
omorphisms on S! it is enough to decide, for any two points z,y € S', whether
or not my(z) = my(y). Let U be a component of the set S\ clg;(E(X)). Thus
U is an open arc; denote its end points by a and b. Let {e2} and {e’} be two
sequences of end points of X such that

a=1limg(e?) and b=Ilimg(e).

If lim go(e®) = lim go(e?), then we shrink clU to a point, i.e., my(z) = my(y) for
any x,y € clU. In this manner we have defined a monotone mapping m; : S* —
S1. Observe that if both end points @ and b of U are in g; (E(X)), then (since go
is one-to-one), clU is not shrunk to a point, and thus m|g1 (F(X)) is one-to-one.
Observe further that

(4.11) for each sequence of end points {e,} C E(X) and for each end point e €
E(X),if limgi(e,) = g1(e) or limgs(e,) = ga(e), then Lsve, C ve.
The composition g = mj o g; : E(X) — S! is the needed mapping. Recall
that two surjective mappings f; : X7 — Y7 and f5 : Xo — Y5 between topological
spaces are said to be topologically equivalent provided that there are homeomor-
phisms hx : X1 — Xs and hy : Y7 — Y5 such that foohx = hy o f;. Observe that
the mapping g is topologically equivalent to a mapping g’ = mgogs : E(X) — S,
where my : S — S! is defined in a similar manner as m; was, interchanging
indices 1 and 2.
It follows from (4.8) by the definition of g that g is also one-to-one. As another
consequence of the definition of g we see that
(4.12) if a sequence of end points {e, } C E(X) is monotone with respect to < and
the sequence {g(e,)} C S! is convergent to g(e) for some e € E(X), then
either lim g (e,) = g1(e) or lim ga(ey,) = g2(e).
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We will show several facts about the mapping g.

FacT 1. For each sequence of end points {e,,} C F(X) and for each end point
e € E(X), if limg(e,) = g(e), then Lsa(v,e,) C a(v,e).

To show Fact 1 suppose on the contrary that the conclusion does not hold.
Then there is a subsequence {e] } of the sequence {e,} such that {e/,} converges
to some point © € X (and then Lima(v,e]) = «a(v,z) by arc-smoothness of
X) with « ¢ a(v,e) (and, consequently, e ¢ «(v,x)), and the sequence {el,} is
monotone with respect to <. Since limg(el,) = g(e), by (4.12) we have either
lim g1 (e},) = g1(e) or lim gs(e!,) = ga(e). Hence Lsa(v,e),) C a(v,e) by (4.11), a
contradiction.

FacT 2. For each sequence of end points {e,} C E(X), for each z € X and
z € Stif x = lime, and z = limg(e,), then

(4.13) z e cl{g(e) :e € E(X) and z € a(v,e)}.

Indeed, if z = v, then the conclusion (4.13) is obvious, so we can assume that
T # .

First consider the case when the sequence {e,} is increasing and bounded
with respect to the relation <. Then the sequence {R(e,)} is decreasing, and
x € N{R(en) : n € N} = Lim R(e,,). Further, for each e € E(X) such that
x € a(v,e) we have R(e) C ({R(en) : n € N}, whence it follows that

cl( U{R re€ E(X) and z€a(v,e)}) C ﬂ{R(en) :n € N}
We will prove the equality
(4.14) cl ( U{R ce€ E(X)and z € a(v,e)}) m{R (en) :m € N}.
To this aim suppose there is a point
y €[ {R(en) :n e NP\l (( {R(e) : e € E(X) and z € a(v,e)}).

Then the triple (eg,y,x) is oriented positively, so there is an end point e,, (for
some ng € N) such that the triple (eg,y, en,) is oriented positively, too, and thus
y & R(en,), contrary to the assumption. Hence (4.14) is proved.

Since each of the two families of continua

{R(e) :e€ E(X)and z € a(v,e)} and {R(e,):n €N}
is monotone, we infer from (4.14) that
if 2 =limga(e,), then 2" €cl{ga(e):e€ E(X)andz € a(v,e)},

and therefore (4.13), in the considered case, is a consequence of the definition of
g.
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If the sequence {e,} is decreasing (thus bounded by ey) with respect to the
relation =, then, substituting g; for go and L for R, the argument remains the
same. If {e,} is increasing and unbounded, then a(v,eg) = Lim R(e,), whence
limgo(en) = go(eg) = 1, and thus z = 1 is an element of the right member of
(4.13).

Finally, if {e, } is any sequence of end points of X, then it contains an increasing
or a decreasing subsequence, and the conclusion (4.13) of Fact 2 is a consequence
of the conclusion for one of the already considered cases. So, the proof of Fact 2
is complete.

For each point p € X \ {v} we assign a subset

E(X,p)={e€ E(X):p€ av,e)}

and a minimal connected subset A(p) of S! containing g(E(X,p)) such that if
neither a(v,z) is contained in a(v,y) nor a(v,y) is contained in a(v,z), then
A(z) N A(y) = O for all points z,y € X \ {v}. Namely, if F(X,p) consists
of exactly one end point e of X, we define A(p) = {g(p)}. Otherwise for an
arbitrary p € X \ {v} we define ¢ € A(p) provided that there are two end points
e1,ea € E(X) and an arc A C S* containing ¢ with end points g(e;) and g(ez)
such that AN g(E(X)) C g(E(X,p)).

Fact 3. For every two points « and y of X \ {v} such that = ¢ a(v,y) and
y ¢ a(v,z) we have cl A(z) Ncl A(y) = 0.

Indeed, suppose on the contrary that there is p € cl A(z) Ncl A(y).

Case 1. p € g(E(X)). Then there are sequences {e,} C E(X,z) and {e},} C
E(X,y) such that

lim g(e,) = limg(e,) =p =g(e) for some e€ E(X).

Thus Ls a(v, e,,) C a(v,e) and Lsa(v, e},) C a(v, e) by Fact 1. Since = € a(v, e,,)
and y € a(v,el), we have a(v,z) C a(v,e) and a(v,y) C a(v,e), hence either
a(v,z) C av,y) or a(v,y) C a(v,z), contrary to the assumption on z and y.

Case 2. p ¢ g(E(X)). Then there are two sequences {eL} and {e2}, both
monotone with respect to <, such that

p=limg(el) =limg(e?), e, € E(X,z) and €2 € E(X,y).

By symmetry we may assume that {el} is increasing and {el} is decreasing.
Since the sequence {g;(el)} is oriented counter clockwise, it is convergent, and
similarly {g1(e2)} is convergent. Then y ¢ Ls L(el) and y € LiL(e2), so a; =

limgi(el) # limgi(e?) = by. Similarly, * ¢ Ls R(e2) and = € LiR(el), so
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az = lim go(el) # lim ga(€2) = by. According to the construction of g, since
P(al,bl) Ogl(E(X)) = (Z) = P(a27b2) ﬂgg(E(X)),

we have

lim g(e,,) = limm (g1 (ey,)) = ma(lim g1 (ey,)) = mi(a1)

#mi(by) = my(limgi (e;)) = limmy(gi(e})) = limg(e}),
a contradiction. So, Fact 3 is established.

FAcT 4. For each sequence of end points {e, } C E(X) if the sequence {g(e,)
is convergent in S, then there exists a point z € X such that Lsa(v,e,) =
a(v, ).

Because if not, then there are points 27 and x5 in X\{v} such that z; ¢ a(v, x2)
and x5 ¢ a(v, 1), and there are two subsequences {el} and {e2} of the sequence
{en} withlime)l = z1 and lime? = 5. Let z = limg(e,,) = lim g(e),) = lim g(e2).
Applying Fact 3 we see that

cE(X,z1)Nc E(X,z3) CclA(z) Nl A(zs) = 0,

and, applying Fact 2, we get z € cl E(X,x1) and z € ¢l E(X, 23), a contradiction.
Thus Fact 4 has been demonstrated.

The next fact is an immediate consequence of the previous one.

Fact 5. For each sequence of end points {e,} C E(X) if each of the two se-
quences {g(e,)} and {A(e,)} is convergent, then the sequence {e, } is convergent,
too.

Recall that the mapping A : X — [0,00) is defined by (2.7), and put, in the
complex plane C,

F={tA(e)-gle) eC:te0,1] and e € E(X)}.
We define a mapping f : F — X by
f(tA(e)-g(e)) =« if and only if = € a(v,e) and A(z) = tA(e).

Moreover, we can extend f to a function f : cl F — X satisfying the equality
f (limp,) = lim f (pn) for each sequence of points p, of F. We will show that
f is well defined and continuous. Indeed, for each convergent sequence p, =
tnA(en)g(en) € F with t, € [0,1] and e, € E(X) such that limg(e,) = z and
limt,A(en) = Ao € R we define f(limp,) as a point ¢ in the arc Ls (v, e,,) (see
Fact 4) with A(¢) = Ao, so ¢ is uniquely determined, and f is continuous.

Now we extend the upper semicontinuous decomposition {f~'(z) : z € X} of
cl F' to an upper semicontinuous decomposition D of the complex plane C whose
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elements are either singletons or arcs contained in the circles {z € C : |z| =
const }, so the quotient space C/D is homeomorphic to the plane R? (by the
theorem of R. L. Moore, see e.g. [16, §61, IV, Theorem 8, p. 533]). Indeed, we
identify all maximal arcs A with end points a; and as in the circles {z € C :
|z| = const } such that f(ta;) = f(tas) = f(ta) for each t € [0,1] and a € A with
ta € cl F. In other words, we define a relation ~ on C putting

z1 ™~ z9 <= there is a nonnegative real number )\g, two points ai,as € cl F,
and an arc A contained in the circle {z € C : |z| = Ao} such that:

1° a1 and ay are end points of A;

2° 21,29 € A,

3° f(tay) = f(taz) = f(ta) for each t € [0,1] and each point a € A such that

ta €clF.

The reader can verify in a straightforward way that ~ is a closed equivalence
relation, which implies that equivalence classes of ~ are closed and that the
induced decomposition of C is upper semicontinuous. Moreover, for every two
points z; and z9 of C with z; ~ 2o, if A, a1 and as are as in the definition of
the relation ~, then we see that for every uq,us € A we also have uy ~ uy. This
implies monotoneity of the decomposition.

Since no arc with an end point v is a neighborhood of v, condition 3° implies
that the equivalence classes of ~ are not whole circles, so they are arcs or sin-
gletons. Denote by D the decomposition of the plane C into equivalence classes
of ~. By the Moore theorem (see e.g. [16, §61, IV, Theorem 8, p. 533]) the
decomposition space is homeomorphic to the plane R%. Let m : C — R? be the
quotient mapping. Since

{fY@):ze X} ={n"Ya)NcdF:zecR?},
the image m(cl F') is homeomorphic to X. Denote by h : X — 7(clF) C R? the
homeomorphism, and note that h(v) = 7(0). Consider the natural arc-structure
~ on the complex plane C putting
¥(0,2) ={zt:t €[0,1]} foreach zeC

and extending it according to Statement 2.1. Then (C,~,0) is arc-smooth. Now
we are going to define the needed arc-structure 3 on R? that satisfies (4.3), (4.4)
and (4.5). Namely put

B(m(0),7(2)) = m(~(0, 2)),
and extend (3 in accordance with Statement 2.1. Condition (4.3) is satisfied by
the construction, (R?, 3, h(v)) is arc-smooth by Theorem I-7-A of [8, p. 553], so
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(4.4) holds true, and (4.5) follows from the fact the sets 7—1(x) for z € R?\ h(X)
are singletons.

Finally we discuss the case when v is an end point of an arc «(v, a) which is a
neighborhood of v in X. Then we take an arc ve C R? such that ve N X = {v}
and we consider an arc-structure (X', ') putting X’ = X U wve, with v as the
initial point of (X’,a’) and such that o/|X x X = a. Then we apply the whole
construction of the previous case with (X', /) in place of (X, a). One can verify
that the homeomorphism h and the arc-structure g3 satisfy the conclusion of the
theorem. The proof is complete. O

In Theorem 4.1 we have constructed, for a given plane arc-smooth continuum
X, such an embedding h : X — h(X) C R? that the arc-structure on h(X) can be
extended to an arc-structure on R2. It seems to be interesting to know whether
such an extension could be obtained for an arbitrary embedding of X in the plane.
Precisely, we have the following question.

Question 4.1. Let an arc-smooth continuum (X, a, v) in the plane R? be given.
Does there exist an arc-structure 3 : R? x R? — C(R?) such that (X, a) < (R2, 3)
and (R?,8,v) is arc-smooth?

The next question is closely related to the previous one. The authors expect
both of them to be answered in the affirmative.

Question 4.2. Let h: (X71,a1,v1) — (X2, @2,v2) be a homeomorphism between
plane arc-smooth continua (X7, aq,v1) and (Xs, ae,v9). Is it true that if h pre-
serves the orientation of triples of end points, then h can be extended to an
orientation preserving homeomorphism of the plane?

Note that the converse implication to that of Question 4.2 is obvious.
Let w: Z(R?) — [0,00) be a Whitney map satisfying the condition

(4.15)  for each sequence {A,} C Z(R?) if limdiam A,, = oo,

then limw(A,) = cc.

The reader can observe that the Whitney map constructed from the FEuclidean
metric on R? according to [19, (0.50.1), p. 25], is such.

Now let an arc-structure o : R? x R? — C(R?) be given in the plane R? such
that (R?, o, v) is arc-smooth. For a Whitney mapping w satisfying (4.15) define
a mapping A : R? — [0,00) by (2.7). We shall prove several properties of the
mapping A. They will be used in the proof of the next theorem.
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Statement 4.2. For each t > 0 the set \™1(t) C R? is a simple closed curve.

PROOF. Since (R? a,v) is arc-smooth, we infer from continuity of A and from
condition (4.15) that for each ¢t > 0 the set A7!(¢) is closed and bounded, so
compact. It separates the plane into two components: one, A\~1([0,t)), which
is bounded, and the other, A=1((¢,00)), unbounded. This implies that A~1(¢) is
an irreducible separator of the plane (see [16, §46, VII, Theorem 4, p. 155]), so
it is connected, [16, §62, V, Theorem 7, p. 559]. Thus A~!(¢) is a continuum.
Further, each point x € A~1() is accessible from both these components. To see
this it suffices to take any point y € R? with A(y) >t and x € a(v,y). Applying
Schénflies” theorem [16, §61, 1T, Theorem 12, p. 518] we conclude that A~1(¢) is
a simple closed curve. O

Statement 4.3. For every a,b € [0,00) with a < b there is a monotone surjective
mapping

fla,b) : X7H(b) — A7 (a)

such that for each y € A=1(b) we have f(a,b)(y) € a(v,y). Moreover, for every
a,b,c € 10,00) with a < b < ¢ the equality

f(avb) Of(bvc) = f(a7c)
holds.

PROOF. For each y € A71(b), define f(a,b)(y) as the unique point x of the arc
a(v,y) such that A(z) = a. Thus f(a,b) is a continuous surjection. We will
prove that it is monotone. To this aim fix a point # € A71(a) and let y1,y» €
(f(a,b))~Y(z). There exists exactly one arc B C A~%(b) with end points y1,y2
such that the union U = «a(z,y1) Ua(x, y2) separates the disk A™([a, b]) between
v and any point of B\ {y1,y2}. Then for each point y € B the arc a(z,y)
intersects U and thus z € «(v,y), i.e., we have f(a,b)(y) = z. Consequently,
B C (f(a,b))" (), so (f(a,b)) " (z) is connected, whence f(a,b) is monotone.
The rest of the conclusion follows from the definition of f(a,b) by arc-smoothness
of (R?, a,v). O

Corollary 4.4. For each point x € R?\ {v} and for each real number t > \(x)
the set

A={yecR*: A\y)=t and z€av,y)}

is either an arc or a singleton.
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PROOF. Taking a = A(z) and b = ¢ = t in Statement 4.3 we see that A =
(f(X\(z),t))"1(x). Thus A is a subcontinuum of the simple closed curve A=1(\(x)).
Since the singleton {z} is a proper subset of the range A~ (A(x)), hence its inverse
image A is a proper subset of the domain A~!(¢). Thus the conclusion follows. [J

The following statement concerning monotone mappings between simple closed
curves is known (see e.g. [2, p. 478)]).

Statement 4.5. Let a surjective mapping f : P — @ between simple closed
curves P and @ be given. Then f is monotone if and only if for each € > 0 there
exists a homeomorphism h : P — @ such that p(f,h) < & (consequently, the set
of homeomorphisms is dense in the space of monotone mappings between P and
Q with the supremum metric p ).

Let X be a metric space equipped with a metric d. A decomposition of X
is defined to be a family D of mutually disjoint nonempty closed subsets of X
whose union is X. Given a point z € X, we denote by D(z) the element of
D to which z belongs. A decomposition D of X is said to be continuous with
respect to homeomorphical convergence provided that for each sequence {z,} of
points of X converging to a point x there is a sequence of homeomorphisms
hy : D(zy,) — D(z) such that

lim(sup{d(p, hn(p)) : p € D(z,)}) = 0.

Theorem 4.6. Let an arc-structure a : R? x R? — C(R?) be given in the plane
R? such that (R?, o, v) is arc-smooth, and let a mapping X : R? — [0, 00) be defined
by (2.7), where the Whitney map w : Z(R?) — [0,00) satisfies condition (4.15).
Then the family D = {\71(t) : t > 0} is a decomposition of R?\ {v} into simple
closed curves which is continuous with respect to homeomorphical convergence.

PrROOF. Indeed, elements of the decomposition are simple closed curves by State-
ment 4.2. Further, one can see that for each sequence {\~1(t,)} of elements of D
the condition

lim(inf{d(z,y) : 2 € A™*(t) and ye€ X '(t,)}) =0
holds if and only if lim¢,, = ¢ (where d stands for the Euclidean metric on R?).
For each sequence of positive numbers {¢,} we define a sequence of mappings
{gn} putting

[t it <ty
In Fltn,t), if t, <t
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Let dom g,, mean the domain of the mapping g,, i.e., either A\=1(¢,,) if t < t,,, or
A7L(t), if t,, < t. Then

lim(sup{d(z, gn(x)) : € domg,}) = 0.

So, by Statement 4.5, for each g, there is a homeomorphism between the simple
closed curves A=1(¢) and A\~1(¢,) which is sufficiently close to g,, and thus the
conclusion follows. O

5. HYPERSPACE RETRACTIONS

Let o be an arc-structure on a space X. We say that a set A C X is convex
provided that for every two points p and ¢ of A we have a(p,q) C A. Let a point
v € X be distinguished. A set A C X is called star-conver with respect to v
provided that v € A and A is convex. If a point v € X is fixed, in particular if
(X, a,v) is an arc-smooth space, then star-conver means star-convex with respect
to v. For a subset A C X the convex hull about A (the star-convex hull about A)
is defined as the intersection of all convex (star-convex) sets containing A.

Given a space X with an arc-structure a: X x X — C(X) and a point v € X,
we say that a retraction r : Z(X) — X is internal (star-internal) provided that
for each set A € Z(X) its image r(A) is an element of the convex hull (star-convex
hull) about A.

The following proposition is straightforward.

Proposition 5.1. If (X, «a) < (Y, ) and a retraction r : Z(Y) — Y is internal,
then the restriction r|Z(X) : Z(X) — X is an internal retraction. Moreover,
if r is star-internal and the distinguished point v € Y is an element of X, then
r|Z(X) is a star-internal retraction.

Let a continuum X be given. A retraction r : 2% — X is said to be associative
provided that

(5.1) r(AUB) =r(r(A)UB) for every A,B ¢ 2.

Theorem 5.2. For each arc-smooth space (X, a,v) with X C R? such that the
initial point v is accessible from the complement R? \ X there is an associative
and internal retraction v : Z(X) — X.

PROOF. We present an idea of the proof first.
For a given compact set A € Z(X) if v € A we put r(A) = v. Otherwise we
define the needed retraction as follows.
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We take the smallest number 7(A) such that A=1(7(A)) intersects A; next we
project the set A (along the arc-structure «) onto the set ro(A) C A7(7(A)).
Thanks to the existence of the arc pv out of X (except v) the set ro(A) can
be linearly ordered using the orientation of triples of the form (p,z,y), where
x,y € ro(A). Then the value r(A) is the minimum of ro(A) in the order.

Details run as follows. We need two auxiliary mappings

7:Z(X)—[0,00) and ro:Z(X)— Z(X)

defined below. Recall that for a Whitney mapping w : Z(X) — [0,00) we have
defined the mapping \ : R? — [0, 00) by (2.7). Now put

(5.2) 7(A) = min{\(z) : z € A},
and
(5.3) ro(4) = {H(z,7(A4)) : z € A},

where the homotopy H is defined in (
and ro are continuous, and that ro(A
about A and A\~!(7(A)).
Since the initial point v is accessible from R? \ X, there is an arc pv C (R? \
X)U{v}. Put X’ = X Upv. Let (X', a’,v) be the natural extension of (X, a,v).
Define an order <* on the set A~!(7(A)) by

2.8). Note that the just defined functions 7
) equals the intersection of the convex hull

x <*y <= the triple (p,z,y) is oriented nonnegatively in X',

and note that this order is linear on A~!(7(A)) because the arc pv lies outside of
X (except v). Now define r(A) as the minimum of 7¢(A4) in the order <*. Since
the projection along the arc-structure o between the sets A=%(¢1) and A~1(t,) for
t1,t2 € [0, 00) preserves the order <*, the retraction r is continuous by Proposition
3.5. It is associative and internal by its construction. O

The authors do not know if accessibility of v is necessary in Theorem 5.2 for
the existence of a retraction r in matter which is associative or internal. So we
have a question.

Question 5.1. Is it true that for every arc-smooth space (X, o, v) with X C R?
there exists an associative or internal retraction r : Z(X) — X?

If condition (5.1) is not required, then a retraction in matter does exist, as
it is shown in the theorem below, but the retraction presented in the proof is
neither associative nor internal. Only a weaker property of being star-internal is
achieved.
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Theorem 5.3. For each arc-smooth structure (R?, o, v) on the plane R? there is
a star-internal retraction r : Z(R?) — R2.

PROOF. Again we start with a sketch of the proof. Its beginning is exactly the
same as in the proof of Theorem 5.2. If v is not in A, then r¢(A) lies in the circle
S = A71(7(A)). The value of the retraction r depends on the “angle” §(A) at
which the set 79(A) is seen from the point v. For large ones we keep r(A4) = v.
For the “angles” less than 7 there exists exactly one minimal arc in S containing
ro(A). Let r1(A) be the left end point a(A) of this arc in the counter clockwise
orientation of S. The value r(A) is then defined as the point of a(v,a(A)) that
divides a(v,a(A)) proportionally to the “angle” 6(A). The precise definitions of
this “angle” and uniqueness of the considered arc are the keys of the proof.

Now we present details of the argument. As in the beginning of the proof of
Theorem 5.2 we define two auxiliary mappings

7:Z(R?*) — [0,00) and rg: Z(R?) — Z(R?)

by (5.2) and (5.3), where, as previously, the homotopy H is defined by (2.8).
Note that the functions 7 and 7y are continuous, and that ro(A) is equal to the
intersection of the convex hull about A and A~!(7(A)). We assume that the
Whitney map w : Z(R?) — [0,00) in the definition (2.7) of \ satisfies condition
(4.15), so the set S = A71(7(A)) is a simple closed curve (or the singleton {v})
according to Statement 4.2.

If ro(A) is a singleton, we define r(A) as the only point of 79(A) (in particular,
it is the case if v € A). If ro(A) is nondegenerate, to define the needed retraction
we introduce the concept of the “angle” §(A) first. For any two distinct points
a,b €S we put

P(a,b) = {z € S : the triple (a,z,b) is oriented counter clockwise},
and P(a,a) = S. Define
7(S) = min{w(P(a,b)) : a,b € S and w(P(a,b)) = w(P(b,a))},
and note that 7(S) > 0. Next put
0(A) = min{w(P(a,bd)) : a,b € S and ro(A) C P(a,b)}/n(S).

CramM. If 9(A) < 1, then there is exactly one pair a(A),b(A) € S realizing the
minimum in the definition of §(A), i.e., such that

(5-4) ro(A) C P(a(A),b(A))
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and
(5.5) 0(A) = w(P(a(A),b(A)))/m(S5).

Proof of the claim. Suppose on the contrary that there are two distinct arcs
P(a1,b1) and P(ag,bs) in S satisfying (5.4) and (5.5). By (5.4) we infer that
a1,b1 € ro(A), whence aj,by € P(ag,bs) by (5.4). Because P(ay,b1) is not a
subset of P(ag,bs) (they have the same value of the Whitney map w) it follows
that

P(al,bl) Up(ag,bg) =5

Denote by aj the point of S which is “antipodal” to a; i.e., the point of S\ {a1}
satisfying w(P(a1,a})) = w(P(aj,a1)). If af € P(ai,b1), then 0(A) - n(S) =
w(P(a1,b1)) > w(P(ay,a})) > w(5), a contradiction. If af € P(az,bs), then
0(A) - m(S) = w(P(ag,b2)) > w(P(aj,a1)) > 7(S), a contradiction again. This
finishes the proof of the claim.

Observe that, thanks to continuity of the decomposition D = {A\71(¢) : t > 0}
with respect to homeomorphical convergence (see Theorem 4.6), the points a(A)
and b(A) depend continuously on A. Obviously a(A) € ro(A).

If 9(A) > 1, then we put r(A) = v. Otherwise let a(A) and b(A) be points of
S satisfying conditions (5.4) and (5.5) of the claim. We define r(A) as a point of
the arc a(v,a(A)) by

r(A) = H(a(A4),7(4) - (1 - 6(A))).

It can be seen by the construction that r is a star-internal retraction. To show
its continuity one should verify continuity of all auxiliary functions. The details
are left to the reader. The proof is finished. O

As a consequence of Theorems 4.1 and 5.3 and Proposition 5.1 we get the
following corollary.

Corollary 5.4. For each arc-smooth continuum (X, «,v) in the plane there is a
star-internal retraction r : 2% — X. Moreover, there are an embedding h : X —
h(X) C R2, an arc-structure 3 on the plane R?, and a star-internal retraction
71 Z(R?) — R? such that (see (2.6))

an = BIh(X) x h(X)
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and the diagram

X T X

| [

Z(RQ) —~> RQ

T

commautes, 1.e.,

hor=7o2"
6. APPLICATIONS TO PLANE SMOOTH DENDROIDS

Recall the following result that is closely related to our applications (see [8,
Theorem II-4-B, p. 559]).

Theorem 6.1. A one-dimensional continuum is arc-smooth if and only if it is a
smooth dendroid.

If S is an arbitrary set in a continuum X, we denote by I(S) a continuum in X
containing S such that no its proper subcontinuum contains S, i.e., I(.S) means
a continuum in X which is irreducible about the set S C X. It is known (see
[3, Theorem T1, p. 187]) that in hereditarily unicoherent continua X the contin-
uum I(S) is unique (equal to the intersection of all subcontinua containing S);
moreover, the above uniqueness characterizes hereditarily unicoherent continua,
see [18, Theorem 1.1, p. 179]. Let a continuum X be hereditarily unicoherent. A
retraction 7 : 2¥ — X is said to be internal (compare [4, (3.8), p. 11]) provided
that

(6.1) r(A) € I(A) for each A€ 2%,

It can be observed that if a continuum X is hereditarily unicoherent, then a
retraction 7 : 2% — X is internal (in the sense defined here at the beginning of
Chapter 5) if and only if condition (6.1) is satisfied, i.e., that the two definitions
coincide.

Given a topological Hausdorff space X, a mean p on X is defined as a mapping
w: X x X — X such that for all z,y € X we have

(6.2) u(z,z) = a;
(6.3) w(z,y) = ply, ).
A mean p: X x X — X on a space X is said to be associative provided that

(6.4) wlz, w(y, 2)) = plu(z,y),z) forall =z,y,z€ X;
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if X is a dendroid, then a mean p : X x X — X is said to be internal provided
that

(6.5) plz,y) € xy forall z,y € X.

The reader is referred to Chapter 5 of [4, p. 18] for more information on means de-
fined on continua. In particular, the following result is known (see [4, Proposition
5.11, p. 19]).

Proposition 6.2. Let a continuum X be given. If there exists a retraction
r: 2X — X, then there exists a mean p : X x X — X. Furthermore, if the
retraction v is associative (internal), then the mean p is associative (internal,
respectively).

An example is known (see [4, Example 5.52, p. 25]) of a smooth dendroid
X that admits no mean, and consequently, by Proposition 6.2, that admits no
retraction from 2% onto X. This dendroid has been constructed in the 3-space,
and it is nonplanable (it cannot be embedded in the plane). It follows from our
Corollary 5.4 that such a phenomenon is not possible on the plane. Namely,
Theorem 5.2 and Corollary 5.4 imply the following two results.

Theorem 6.3. If a smooth dendroid X can be embedded in the plane R? so that
an initial point of X is accessible from R?\ X, then there exists an associative and
internal retraction r : 2% — X which can be extended to a star-internal retraction

from Z(R?) onto R2.

Theorem 6.4. For every plane smooth dendroid X there exists a star-internal

retraction r : 2% — X which can be extended to a star-internal retraction from

Z(R?) onto R2.
As a particular case of Question 5.1 we have the following one.

Question 6.1. Is it true that every plane smooth dendroid X admits an asso-
ciative or internal retraction 7 : 2% — X?

Proposition 6.2 together with Theorems 6.3 and 6.4 imply the following corol-
laries.

Theorem 6.5. If a smooth dendroid X can be embedded in the plane R? so that
an initial point of X is accessible from R?\ X, then it admits an associative and
internal mean.

Theorem 6.6. Fvery plane smooth dendroid admits a mean.
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Remark 6.2. The above mentioned example of a (nonplanable) smooth dendroid
admitting no mean shows that planability of the considered smooth dendroid is
an indispensable assumption in Theorems 6.5 and 6.6 (as well as in Theorems 6.3
and 6.4).

REFERENCES

(1] D. P. Bellamy, An interesting plane dendroid, Fund. Math. 110 (1980), 191-208.
[2] M. Brown, Some applications of an approzimation theorem for inverse limits, Proc. Amer.
Math. Soc. 11 (1960), 478-483.
[3] J. J. Charatonik, Two invariants under continuity and the incomparability of fans, Fund.
Math. 53 (1964), 187-204.
[4] J. J. Charatonik, W. J. Charatonik, K. Omiljanowski and J. R. Prajs, Hyperspace retrac-
tions for curves, Dissertationes Math. (Rozprawy Mat.) 370 (1997), 1-34.
(5] J. J. Charatonik and C. Eberhart, On smooth dendroids, Fund. Math. 67 (1970), 297-322.
[6] W. J. Charatonik, Arc approzimation property and confluence of induced mappings, Rocky
Mountain J. Math. 28 (1998) 107-154.
[7] J. B. Fugate, G. R. Gordh, Jr. and L. Lum, On arc-smooth continua, Topology Proc. 2
(1977), 645-656.
[8] J. B. Fugate, G. R. Gordh, Jr. and L. Lum, Arc-smooth continua, Trans. Amer. Math. Soc.
265 (1981), 545-561.
[9] J. T. Goodykoontz, Jr., Hyperspaces of arc-smooth continua, Houston J. Math. 7 (1981),
33-41.
[10] J. T. Goodykoontz, Jr., Arc-smoothness in hyperspaces, Topology Appl. 15 (1985), 131—
150.
[11] A. Illanes, Arc-smoothness and contractibility in Whitney levels, Proc. Amer. Math. Soc.
110 (1990), 1069-1074.
[12] A. Koyama, Weakly arc-smooth continua I, Glasnik Mat. Ser. IIT 22 (42) (1987), 171-185.
[13] A. Koyama, Weakly arc-smooth continua II, Glasnik Mat. Ser. III 24 (44) (1989), 133-138.
[14] A. Koyama, Contractibility of continua admitting arc-structures, Topology Proc. 14 (1989),
249-263.
[15] K. Kuratowski, Topology, vol. 1, Academic Press and PWN, New York, London and
Warszawa, 1966.
[16] K. Kuratowski, Topology, vol. 2, Academic Press and PWN, New York, London and
Warszawa, 1968.
[17] T. Mackowiak, On smooth continua, Fund. Math. 85 (1974), 79-95.
[18] H. C. Miller, On unicoherent continua, Trans. Amer. Math. Soc. 69 (1950), 179-194.
[19] S. B. Nadler, Jr., Hyperspaces of sets, M. Dekker, New York and Basel, 1978.



ON PLANE ARC-SMOOTH STRUCTURES 499

Received October 12, 1995
Revised version received April 28, 1998

(J. J. Charatonik, W. J. Charatonik and K. Omiljanowski) MATHEMATICAL INSTITUTE, UNI-
VERSITY OF WROCLAW PL. GRUNWALDZKI 2/4, 50-384 WROCLAW, POLAND

Current address, J. J. Charatonik: Instituto de Matematicas, UNAM, Circuito Exterior,
Ciudad Universitaria, 04510 México, D. F., México

Current address, W. J. Charatonik: Departamento de Matematicas, Facultad de Ciencias,
UNAM, Circuito Exterior, Ciudad Universitaria, 04510 México, D. F., México

(J. R. Prajs) INSTITUTE OF MATHEMATICS, UNIVERSITY OF OPOLE, UL. OLESKA 48, 45-951
OPOLE, POLAND

Current address, J. R. Prajs: Department of Mathematics, Texas Tech University, Lubbock,
TX 79409-1042, USA

E-mail address, J. J. Charatonik: jjc@hera.math.uni.wroc.pl
and jjcO@gauss.matem.unam.mx

E-mail address, W. J. Charatonik: wjcharat@hera.math.uni.wroc.pl
and wjcharat@lya.fciencias.unam.mx

E-mail address, K. Omiljanowski: komil@hera.math.uni.wroc.pl

E-mail address, J. R. Prajs: jrprajs@math.uni.opole.pl
and prajsmath.ttu.edu



