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KELLEY REMAINDERS OF [0,∞)

ROBBIE A. BEANE AND W LODZIMIERZ J. CHARATONIK

Abstract. We investigate Kelley continua that arise as the
remainder of Kelley compactifications of [0,∞). We call such
continua Kelley remainders. The main results of the paper are
that all arc-like Kelley continua and all Kelley arc continua are
Kelley remainders. We also show that being such a remainder
is preserved under confluent mappings.

1. Introduction and Preliminaries

A continuum X is said to be a Kelley continuum (or alter-
nately, to have the property of Kelley), provided that for each point
p ∈ X, for each subcontinuum K of X containing p, and for each
sequence {pn}∞n=1 converging to p, there is a sequence of subcon-
tinua {Kn}∞n=1 converging to K such that pn ∈ Kn for each n (see
[3, p. 167]).

Kelley continua were introduced by J. L. Kelley as Property
3.2 in [6] to investigate contractibility of hyperspaces. Robert W.
Wardle in [11] investigated basic properties of Kelley continua and
showed, among other things, that homogeneous continua are Kel-
ley, that Kelley continua are preserved under confluent mappings,
and that hereditarily indecomposable continua are Kelley. Since
then, Kelley continua have become interesting in their own right
and have provided a useful tool in topological characterizations of
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certain continua. In [1], Gerardo Acosta and Alejandro Illanes in-
vestigated hereditarily Kelley continua, i.e. continua in which each
subcontinuum is Kelley.

A Kelley compactification of [0,∞) is a compactification of [0,∞)
which is also a Kelley continuum. In this paper, we investigate
continua that arise as remainders of Kelley compactifications of
[0,∞). We will call such continua Kelley remainders. Acosta and
Illanes showed that such continua are hereditarily Kelley and atri-
odic [1, theorems 6.2 and 6.3], and Patricia Pellicer-Covarrubias
showed that any compactification of [0,∞) by a hereditarily inde-
composable continuum is Kelley, and that, in fact, this characterizes
hereditarily indecomposable continua [10, Corollary 7.2]. Verónica
Mart́ınez-de-la-Vega showed that there are uncountably many such
compactifications with the pseudo-arc as the remainder [7, Theo-
rem 10].

The main results of this paper are the theorems showing that
all arc-like Kelley continua and Kelley arc continua are Kelley re-
mainders. Even if some necessary conditions and some sufficient
conditions are given for a continuum to be a Kelley remainder, we
are lacking a characterization. We provide an example of an atri-
odic, hereditarily Kelley continuum which is not a Kelley remain-
der, answering a question posed by the referee, and also provide an
example showing that being a Kelley remainder is not a hereditary
property. Finally, we show that being a Kelley remainder is pre-
served by confluent mappings, which answers a question posed to
the authors by Acosta.

All spaces considered in this paper are assumed to be metric. A
continuum is a compact, connected metric space, and a mapping
is a continuous function. A ray is a homeomorphic image of the
real half-line [0,∞). A continuum is said to be indecomposable if
it is not the union of two of its proper subcontinua. A continuum
is hereditarily indecomposable provided that each nondegenerate
subcontinuum of it is indecomposable. A continuum X is atriodic
if there is no subcontinuum P of X such that P\X has at least
three components. We say X is homogeneous if for any two points
p, q ∈ X, there is a homeomorphism from X onto itself such that
h(p) = q. For a continuum X, a chain in X is a nonempty, finite
collection C = {U1, ..., Un} of open subsets Ui of X such that two
members Ui and Uj intersect if and only if |i−j| ≤ 1. The members
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of a chain C are called links of C. For a given ε > 0, a chain C is
an ε-chain if mesh(C) < ε. A continuum X is said to be chain-
able provided that for any ε > 0, there is an ε-chain covering X.
Chainable continua are also referred to as arc-like, and it is known
that a continuum is arc-like if and only if it is homeomorphic to
the inverse limit of an inverse sequence of arcs. Given two points
x, y ∈ X, if there is a unique arc irreducible between x and y, we
will denote this arc by xy. A continuum is arcwise connected if
given two points x, y ∈ X, there is an arc A in X which is irre-
ducible between x and y. If such an arc A is unique, we say that X
is uniquely arcwise connected. An arc continuum is a continuum in
which each nondegenerate proper subcontinuum is an arc. Given
a continuum X, we denote by C(X) the hyperspace of all subcon-
tinua of X (see [3, Definition 1.6, p. 6]). A Whitney map for C(X)
is a mapping ω : C(X)→ [0,∞) such that

(1) ω(A) < ω(B) for any A,B ∈ C(X) such that A ⊂ B and
A 6= B;

(2) ω(A) = 0 if and only if A is a singleton.

See [3, Definition 13.1, p. 105]. It is known that for any continuum
X, Whitney maps exist for C(X) [3, Theorem 13.4, p. 107]. If
{Kn}∞n=1 is a sequence of subcontinua of X and K is a subcon-
tinuum of X, then the symbol LimKn = K means that {Kn}∞n=1

converges to K with respect to the Hausdorff metric.

Now we formally state the definition of a Kelley remainder.

Definition 1.1. A continuum X is a Kelley remainder if there is
a Kelley compactification of [0,∞) with X as the remainder.

2. Arc-like continua

The main result of this paper is that every arc-like Kelley contin-
uum is a Kelley remainder. This result has also been obtained inde-
pendently by Carlos Islas using inverse limit techniques. His proof
is to appear in his Ph.D. dissertation, Continuos 2-equivalentes.the
paper for his degree (don’t know enough Spanish to know
more) shows being written in 2001–is it going to be pub-
lished? Do you want to include it in the bibliography? Or
is this an extension from MA to PhD or?????
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Before proving this theorem, we will need to establish Lemma
2.2. Let X be a Kelley continuum and let Y = X ∪ R be a com-
pactification of R = [0,∞) with remainder X. In Lemma 2.2, we
will consider such spaces Y which satisfy the following property.

Property 2.1. For any p ∈ X, any proper subcontinuum K of X
containing p, and any sequence {pn}∞n=1 in R converging to p, there
is a sequence {Kn}∞n=1 of subcontinua of R converging to K such
that pn ∈ Kn for all n ∈ {1, 2, 3, ...}.

Lemma 2.2. Let X be a Kelley continuum and let Y = X ∪R be
a compactification of R = [0,∞). Then Y is a Kelley continuum if
and only if it satisfies Property 2.1.

Proof: Notice that if Y is Kelley, then it follows directly from
the definition of a Kelley continuum that Y has Property 2.1. So
now assume that Y satisfies Property 2.1. We wish to show that
this is, in fact, enough for Y to be Kelley, so to that end, let p ∈ Y ,
let K be a subcontinuum of Y containing p, and let {pn}∞n=1 be
a sequence of points in Y converging to p. We will consider the
following cases.

Case 1: Assume that p ∈ R. For each n, define Kn to be an
irreducible continuum containing pn and K. Notice that all but
finitely many of the points in the sequence {pn}∞n=1 are in R, and
for any m such that pm ∈ R, we have that Km = K∪ppn. It follows
that the sequence {Kn}∞n=1 converges to K.

Case 2: Assume that p ∈ X and that X ⊂ K. For each n, define
Kn to be an irreducible continuum containing pn and K. It can be
seen that {Kn}∞n=1, thus defined, must converge to K.

Case 3: Assume that p ∈ X and that K is a proper subset of
X. First consider the case in which all but finitely many of the
points in the sequence {pn}∞n=1 are in X. Let {pni}∞i=1 denote the
subsequence of {pn}∞n=1 that is contained in X. In this case, we
can appeal to X being a Kelley continuum to define a sequence
{Kni}∞i=1 of continua converging to K, such that pni ∈ Kni for
all i. Taking arbitrary subcontinua of Y containing the members
of {pn}∞n=1 not in X, we form a sequence {Kn}∞n=1 of continua
converging to K such that pn ∈ Kn for all n.

In the case where all but finitely many of the points in the se-
quence {pn}∞n=1 are in R, we can proceed in a similar manner,
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though appealing to Y satisfying Property 2.1, instead of X being
a Kelley continuum.

Finally, if infinitely many elements of {pn}∞n=1 are in X and in-
finitely many are in R, then we appeal to X being Kelley for the
subsequence of {pn}∞n=1 contained in X and appeal to Y satisfying
Property 2.1 for the subsequence of {pn}∞n=1 contained in R. Tak-
ing the union of the two sequences of continua so obtained, we get
our desired sequence of continua {Kn}∞n=1.

In each case above, we construct the desired sequence {Kn}∞n=1

converging to K, such that pn ∈ Kn for all n. Hence, Y is a Kelley
continuum. �

Theorem 2.3. Every arc-like Kelley continuum is a Kelley re-
mainder.

Proof: Let X be an arc-like continuum. It is known that every
arc-like continuum is planar. We will begin by embedding X into
R3 such that X ⊂ R2 × {0}. Our construction will take place
in R3. Let Cm = {Bm

1 , B
m
2 , ..., B

m
km
} be a chain of open balls in

R3 covering X such that mesh(Cm) < 1
2m for all m ∈ {1, 2, ...}.

Let {ym}∞m=1 be a decreasing sequence of real numbers in (0, 1]
converging to 0 such that (R2×{ym})∩(

⋃km
i=1B

m
i ) is connected and

(R2 × {ym}) ∩ Bm
i 6= ∅ for each 0 ≤ i ≤ km. Given m ∈ {1, 2, ...},

choose am, bm ∈ R2 × {ym} such that am ∈ Bm
1 and bm ∈ Bm

km
.

Without loss of generality, we may assume (by taking subsequences,
if necessary) that the sequences {am}∞m=1 and {bm}∞m=1 converge
to points a ∈ X and b ∈ X, respectively. It is worth noting that a
and b may not be distinct. Now, for each m, let Rm be an arc from
am to bm such that

(1) Rm ⊂ (R2 × {ym}) ∩ (
⋃km
i=1B

m
i );

(2) if x and y are points of Rm in Bm
i and z ∈ xy ⊂ Rm, then

z ∈ Bm
i .

Also, for each m, we define Sm to be a straight line segment from
bm to bm+1 if m is odd and from am to am+1 if m is even. Note that
LimS2m = {a} and LimS2m+1 = {b}. Now let R =

⋃∞
m=1(Rm ∪

Sm) and let Y = X ∪R. We can see that R is a ray and that Y is
a compactification of R with X as the remainder.

We have left to show that Y is a Kelley continuum. Let p be any
point in X, let K be any proper subcontinuum of X containing p,
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and let {pn}∞n=1 be a sequence of points in R converging to p. By
Lemma 2.2, we need to find a sequence {Kn}∞n=1 of subcontinua of
R converging to K such that pn ∈ Kn for every n ∈ {1, 2, 3, ...}.

For each n, there is an mn such that pn ∈ Rmn ∪ Smn . First, let
us assume that eventually pn ∈ Rmn for all n. For all such n, there
exists some in such that pn ∈ Bmn

in
. Choose qn ∈ (X ∩ Bmn

in
) for

each n. Since pn → p and diam(Bmn
in

) → 0, the sequence {qn}∞n=1

converges to p. As X is a Kelley continuum, there exists a sequence
{Ln}∞n=1 of subcontinua of X converging to K such that qn ∈ Ln
for each n. Let Dmn = {Bmn

i ∈ Cmn : Bmn
i ∩ Ln 6= ∅} for all

n. Since Ln is a continuum, each Dmn is a chain. Now, define
{Kn}∞n=1 such that Kn = cl(Rmn ∩ (

⋃
Dmn)). Note that each Kn

is an arc intersecting every member of Dmn . Since mesh(Dmn)→ 0
and LimLn = K, we have that the sequence {Kn}∞n=1 converges to
K.

Now assume that eventually pn ∈ Smn for all n. Since every
subsequence of {Sm}∞m=1 converges to a singleton, the subsequence
{Smn}∞n=1 must converge to {p}. For each n, let gn ∈ R such
that {gn} = Rmn ∩ Smn . We proceed as in the previous case with
{gn}∞n=1 playing the role of {pn}∞n=1, but instead defining {Kn}∞n=1

by Kn = Smn ∪ cl((Rmn ∩ (
⋃
Dmn))). Since {Smn}∞n=1 converges to

{p}, Kn converges to K.
Therefore, Y is a Kelley continuum, and hence, X is a Kelley

remainder. �

3. Arc continua

Next we show that any atriodic, Kelley arc continuum is a Kelley
remainder. The Ingram continuum [4] is an example of an atriodic,
arc continuum, which is not arc-like. It was additionally shown to
be a Kelley continuum in [5].

Theorem 3.1. Every Kelley arc continuum is a Kelley remainder.

Proof: Let X be a Kelley arc continuum. Choose a point
a ∈ X, which is not an endpoint of X (in the sense that a
is an endpoint of X if it is an endpoint of every arc that
contains a) and arcs A0 and A1 such that each arc has a as
an endpoint and A0 ∩A1 = {a}. Consider the families C0 and C1
of all arcs Q having a as an endpoint such that Q∩Ai is a non-trivial
arc for i ∈ {0, 1}. Then either cl(

⋃
Ci) is the whole X or it is an
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arc. If both cl(
⋃
C0) and cl(

⋃
C1) are arcs, then X is an arc, which

is certainly a Kelley remainder. So, assume that cl(
⋃
C0) = X. Let

ω : C(X) → [0, 1] be a Whitney map such that ω(X) = 1, and let
R ⊂ X × [0, 1] be defined by R = {〈x, 1− ω(ax)〉 ∈ X × [0, 1] : x ∈⋃
C0}. Then R is a ray and Y = X ∪R is a compactification of R

having X as the remainder.
We will now show that Y is a Kelley continuum. Let p be any

point in Y , let K be any proper subcontinua of X containing p,
and let {pn}∞n=1 be a sequence of points in R converging to p. By
Lemma 2.2, we need to find a sequence {Kn}∞n=1 of subcontinua of
R converging to K such that pn ∈ Kn for every n ∈ {1, 2, 3, ...}.
Let π : Y → X be the projection mapping. Then π(pn) are points
in X converging to p, so we may find continua Ln ⊂ X converging
to K such that π(pn) ∈ Ln. Finally, define Kn as the component of
π−1(Ln) containing pn. By the construction, the sequence {Kn}∞n=1

converges to K. Since pn ∈ Kn for each n, Y is a Kelley continuum,
and hence, X is a Kelley remainder. �

4. Additional results

In this section, we give some additional results relating to Kelley
remainders. Theorems 4.2 and 4.3 were pointed out to the authors
by the referee.

Theorem 4.1. Up to homeomorphism, there exists exactly one
Kelley compactification of [0,∞) having a simple closed curve as
the remainder.

Proof: Let R be a homeomorphic image of [0,∞), let S be a
simple closed curve, and let X = S∪R be a Kelley compactification
of R with S as the remainder. By [8, Lemma 4.4], we may assume
that X is a planar continuum and that S is the standard unit circle
S1, which is expressed in polar coordinates as S1 = {〈r, θ〉 : r = 1}.
Note that throughout this proof, any time we make reference to the
coordinates of a point in R2, they are given in polar coordinates.
Let e : [1,∞) → R be a homeomorphism. We will assume that R
is equipped with a natural linear order, as provided by e. Define
σ : X → S1 by σ(〈r, θ〉) = 〈1, θ〉. Since R is contractible, there is a
continuous function φ : R→ R such that σ(x) = 〈1, φ(x)〉.

Our first goal is to show that since X is Kelley, the function φ
must not be bounded. To that end, assume to the contrary that
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φ is bounded. Then both liminf φ(e(t)) and limsupφ(e(t)) must
exist and be finite. It can be seen that since S1 ⊂ cl(R), the limit
limφ(e(t)) does not exist, and thus, liminf φ(e(t)) 6= limsupφ(e(t)).
Let a, b ∈ R such that liminf φ(e(t)) < a < b < limsupφ(e(t))
and b − a < π. The function φ must take each of the values a
and b infinitely many times. Let {tn}∞n=1 be a strictly increasing
sequence of real numbers in [1,∞) and let an = e(tn) for all n =
{1, 2, ...} such that for all such n, φ(an) = a, and there exists a
bn ∈ anan+1 satisfying φ(bn) = b. For each k = {1, 2, ...}, choose
pk ∈ a2k−1a2k such that φ(pk) is an absolute maximum value for
φ|a2k−1a2k

. The sequence {pk}∞k=1 has a convergent subsequence;
therefore, without loss of generality, we will assume that {pk}∞k=1

itself converges to a point p ∈ S1. Let l = b − a. It can be seen
that for each k, length(φ(a2k−1pk)) ≥ l and length(φ(pka2k)) ≥ l.
For every k, there exist arcs Ik ⊂ a2k−1pk and Jk ⊂ pka2k such
that Ik ∩ Jk = {pk} and length(φ(Ik)) = length(φ(Jk)) = l. Note
that I = Lim Ik = Lim Jk is a proper subcontinuum of S1 with p
as an endpoint. Let K = cl(S1\I). There is no sequence of arcs in
R containing the points pn and converging to K, contradicting the
fact that X is a Kelley continuum. So the function φ is unbounded
either above or below. Without loss of generality, we will assume
that φ is unbounded above.

Define ψ : R → R by ψ(x) = max{ψ(y) : y ≤ x} for all x ∈ R.
Then ψ is an increasing (though not necessarily strictly increasing)
mapping. We wish to show that lim(ψ(e(t))−φ(e(t))) = 0. Assume
that this limit is nonzero. Then there exists a strictly increasing
sequence {tn}∞n=1 of real numbers and ω > 0 such that ψ(e(tn)) −
φ(e(tn))) > ω. Furthermore, it can be shown that this sequence can
be chosen in such a way that each tn is a local minimum for φ◦e. Let
pn = e(tn) for all n. Since {pn}∞n=1 has a convergent subsequence,
we will assume that {pn}∞n=1 itself converges to a point p, which
must be in S1. Proceeding in a manner similar to the argument used
in the previous paragraph, for each n, we may find arcs In and Jn
in R such that In ∩ Jn = {pn}, length(φ(In)) = length(φ(Jn)) = ω,
and I = Lim Ik = Lim Jk is a proper subcontinuum of S1 with p as
an endpoint. As before, these conditions lead us to conclude that
X is not Kelley, which is a contradiction. Therefore, we have that
lim(ψ(e(t))−φ(e(t))) = 0. Next, define g : R→ R by g(x) = ψ(x)−
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1
e−1(x)

for all x ∈ R. Then g is a strictly increasing mapping. It is
clear that lim(ψ(e(t)) − g(e(t))) = 0 and hence that lim |φ(e(t)) −
g(e(t))| = 0.

Now note that g(R) is a half-line in R. Define f : g(R) → R2

by f(t) = 〈1 + 1
t , t〉, and let T = f(g(R)). The mapping f is a

homeomorphism from g(R) to T . Let Y = S1 ∪ T . Then Y is a
compactification of T having S1 as the remainder. Furthermore, Y
is homeomorphic to the continuum referred to as (SP )1 in [8], which
is a Kelley continuum. We wish to show that X and Y are home-
omorphic. To that end, we define h : X → Y by h(x) = f(g(x))
for all x ∈ R and h(x) = x for all x ∈ S1. It is immediate from
the definitions of h and Y that h is a bijection, so we have only to
show that h is continuous to establish that it is a homeomorphism.

Notice that R is open in X, both f and g are continuous, and
h|R = f ◦ g, so h is continuous at every point in R. Let p ∈ S1 and
{pn}∞n=1 be a sequence of points in X converging to p. We wish
to show that the sequence {h(pn)}∞n=1 converges to h(p) = p. The
only non-trivial case to consider is when all but finitely many pn are
in R. Without loss of generality, we may assume that pn ∈ R for
all n = {1, 2, ..}. Notice that h(pn) = f(g(pn)) = 〈1 + 1

g(pn) , g(pn)〉.
For each n, let tn = e−1(pn). Since the sequence {pn}∞n=1 converges
to a point in S1, we have that tn →∞, from which it follows that
(1 + 1

g(pn)) → 1. By the discussion in the third paragraph of this
proof, we also have that |φ(pn) − g(pn)| → 0. From these facts,
we may deduce that lim(h(pn)) = lim(pn) = p = h(p), and thus
that h is continuous at p. Since p was an arbitrary point in S1, we
have shown that h is continuous everywhere on S1 and hence on all
of X. Therefore, h is, in fact, a homeomorphism from X onto Y .
This concludes the proof that any Kelley compactification of [0,∞)
having a simple closed curve as the remainder is homeomorphic to
Y . �

We shall use the previous result in the next theorem.

Theorem 4.2. Let X be an atriodic, arcwise connected Kelley con-
tinuum. Then, up to homeomorphisms, there exists only one com-
pactification Y = X ∪R of R = [0,∞) which is Kelley.
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Proof: SinceX is an atriodic, Kelley continuum, X is hereditarily
Kelley by [1, Corollary 5.2]. Then X is an arcwise connected, hered-
itarily Kelley continuum; so by [1, Theorem 1.1], X is hereditarily
locally connected. In particular, X is an atriodic, locally connected
continuum, so X is either an arc or a simple closed curve. If X
is an arc, then the sin( 1

x)-continuum is a Kelley compactification
of [0,∞) with an arc as the remainder (and the only one, up to
homeomorphism, by [9, Theorem 16.28]). If X is a simple closed
curve, then the previous theorem tells us that exactly one Kelley
compactification of [0,∞) has X as the remainder, and that this
compactification is homeomorphic to the spiral referred to as (SP )1
in [8]. �

It is worth noting that the continuum referred to as (SP )1 in [8]
is the continuum X in Example 4.3 of this paper.

Theorem 4.3. Let X be a homogeneous continuum and Y = X∪R
be a compactification of R = [0,∞). If Y is a Kelley continuum,
then X is one-dimensional.

Proof: If Y is Kelley, then X must be atriodic [1]. Any atriodic,
homogeneous continuum is a one-dimensional Kelley continuum [2].

�

Next, we give an example of an atriodic, Kelley continuum X
which is not a Kelley remainder, answering a question posed by
the referee. This shows that we lack a characterization for Kelley
remainders.

Example 4.4. There exists an atriodic, Kelley continuum X which
is not a Kelley remainder.

Proof: We begin by constructing X as a subcontinuum of R3. In
fact, the continuum will be planar, but we will need it embedded in
R3 to proceed with the proof of the stated properties. In defining
our continuum, we will use cylindrical coordinates 〈r, θ, z〉. Let
S1 = {〈r, θ, z〉 : r = 1, z = 0} and X = S1 ∪ {〈r, θ, z〉 : r =
1+ 2π

θ , θ ≥ 2π, z = 0}. Let Y be a compactification of [0,∞) having
X as the remainder and set R = Y \X. Now we will construct an
embedding of Y into [−2, 2]2 × [0, 1]. Denote by e : [0,∞) → R a
homeomorphism from [0,∞) onto R. Since [−2, 2]2 is an absolute
extensor, there is a function f : Y → [−2, 2]2 such that f |X is the



KELLEY REMAINDERS OF [0,∞) 11

identity on X. Define h : Y → [−2, 2]2× [0, 1] by h(x) = x if x ∈ X
and h(x) = 〈f(x), 1

1+e−1(y)
〉. Observe that h is one-to-one, and so

we will assume from now on that Y is embedded in [−2, 2]2× [0, 1].
Without loss of generality, we may also assume that R does not
intersect the z axis.

Define σ : Y → S1 by σ(〈r, θ, z〉) = 〈1, θ, 0〉. Since R is con-
tractible, there is a continuous function φ : R→ R such that σ(x) =
〈1, 2πφ(x), 0〉. Let U1, U2, U3, U4 be open sets in [−2, 2]2× [0, 1] sat-
isfying the following conditions (see the figure).

(1) {U1, U2, U3, U4} is a chain covering X;
(2) {〈r, θ, z〉 : r = 1 + 2π

θ , 2π ≤ θ ≤ 4π, z = 0} ⊂ U2;
(3) U1 is an open ball such that 〈2, 2π, 0〉 ∈ U1;
(4) S1 ⊂ U4;
(5) σ(U1) ∩ σ(U3) = ∅.

Let p = 〈2, 2π, 0〉. Then there exists a sequence of points {pn}∞n=1

converging to p such that
(a) pn ∈ R ∩ U1 for all n;
(b) the arcs pnpn+1 converge to X;
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(c) pnpn+1 ⊂
⋃4
i=1 Ui for all n;

(d) pnpn+1 ∩ Ui 6= ∅ for all i ∈ {1, 2, 3, 4} and all n.

For each n, choose qn ∈ pnpn+1 such that φ(qn) is an absolute
maximum value for φ|pnpn+1 . We may assume (by taking subse-
quences if necessary) that {qn}∞n=1 converges to a point q. Observe
that q ∈ S1. By the definition of the arcs pnpn+1 and the points qn,
we have that length(φ(pnqn)) ≥ 2π and length(φ(qnpn+1)) ≥ 2π.
For every n, there exist arcs In ⊂ pnqn and Jn ⊂ qnpn+1 such
that In ∩ Jn = {qn} and length(In) = length(Jn) = π. Note that
I = Lim In = Lim Jn is a semi-circle in S1 with q as an endpoint.
Let K = cl(S1\I). There are no arcs in R containing the points
qn and converging to K, and thus, Y is not a Kelley continuum.
Since Y was an arbitrary compactification of [0,∞) having X as a
remainder, we conclude that X is not a Kelley remainder. �

In the next example, we will show that being a Kelley remainder
is not a hereditary property.

Example 4.5. There exist continua X and Y such that X ⊂ Y
and Y is a Kelley remainder, though X is not.

Proof: Let X be as in the previous example and let Y = X ∪
{〈1 − 2π

θ ,−θ, 0〉 : θ ≥ 2π}. Define σ : R3 → R2 as the projection
on the first two coordinates. Let pn = 〈1 + 2π

2πn , 2πn, 0〉 and let
qn = 〈1− 2π

2πn ,−2πn, 0〉. For each n, define the following arcs.

(1) An is the arc in R2×{ 1
n} such that σ(An) is the unique arc

joining p1 and pn in X.
(2) Bn is the straight line segment in R2×{ 1

n} joining 〈σ(pn), 1
n〉

and 〈σ(qn), 1
n〉.

(3) Cn is the arc in R2×{ 1
n} such that σ(Cn) is the unique arc

joining q1 and qn in X.
(4) Dn is the straight line segment joining 〈2, 0, 1

n〉 and 〈2, 0, 1
n+1〉

if n is even, and joining 〈0, 0, 1
n〉 and 〈0, 0, 1

n+1〉 if n is odd.

Finally, we define R =
⋃∞
n=2(An ∪ Bn ∪ Cn ∪ Dn). Then X ∪

R is the required Kelley compactification of [0,∞) with Y as the
remainder. Thus, Y is a Kelley remainder, and as shown in the
previous example, X is not. �
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The authors were asked by Acosta if the confluent image of a
Kelley remainder is also a Kelley remainder. As our final result, we
will answer this question in the affirmative.

Theorem 4.6. Let X be a Kelley remainder and let Y be any
continuum. If there exists a confluent, surjective mapping f : X →
Y , then Y is a Kelley remainder.

Proof: Let f : X → Y be a confluent, surjective mapping and let
Z be a Kelley compactification of [0,∞) having X as its remainder.
We define the relation ∼ on Z by a ∼ b if and only if a, b ∈ X and
f(a) = f(b). Notice that X/∼ is homeomorphic to Y and that
Z/∼ is homeomorphic to a compactification of [0,∞) having Y as
its remainder. Let g : Z → Z/∼ be the quotient map. It follows
from the fact that if f is confluent, then g, too, is confluent. Thus,
Z/∼ is the confluent image of a Kelley continuum, and therefore,
by [11, Theorem 4.2], Z/∼ is Kelley as well. So, Z/∼ is a Kelley
compactification of [0,∞) having Y as its remainder, and hence, Y
is a Kelley remainder. �

5. Questions

We close with some open questions relating to Kelley remainders.

Question 5.1. How can Kelley remainders be characterized?

Question 5.2. Is every circle-like Kelley continuum a Kelley re-
mainder?

Question 5.3. Is every atriodic, tree-like Kelley continuum a Kel-
ley remainder?

Acknowledgment. The authors would like to extend their thanks
to the referee for many useful questions and comments, especially
for pointing out theorems 4.1 and 4.2 and drawing our attention to
some previous work in the subject, in particular, the papers [1], [7],
and [10].
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