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Abstract: It is proved that (1) smoothness o~ conti­
nua in the sense o~ .a~kowiak is preserved under the inver­
se 11111it operation ~or sequ€jnces with bonding mappings be-,' 
ing monotone relativel~ td points which ~orm a thr~sd; and 
(2) the property o~ Kelley is preserved under the inverse 
limit operation ~or sequences o~ continua with con~luent 
bonding mappinga. 
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The aim o~ this note is to prove that smoothness o~ 

continua in the sense introduced by Ma~ko.iak ([5J,p. 81) 

is preserved by the invers. limit operation i~ the bonding 

mappings are monotone relative ,to pointa which ~ora a thread. 

This is an answer to Problem 2 ssked in L 1). It i8 slao pro­

ved that the property ~ Kelley (see [7], p. 291; c~. l6], p. 

538) is preserved under the inverse limit operstien with 

co~luent bonding mappings. 

All spaces considered in this psper are assumed to be 

.atric continua. The ~ollow1ng notation w111 be uaed. The hy­

perspace o~ subco~t1Bur o~ a continuUII X (with Hausdorfi aet-
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ric) is denoted by C(X), and we put cZeX) for C(C(X». Given 

a continuous mapping f:X-- Y, we denote by f"" :CeX) ~ ClY) 

the induced mapping defined by f* (K) '" f(K), and analogously 

r**:c2(x)~c2(y). Further, we use the lower and upper limits 

and the limit of a sequence An of subseta of a continuum X 

{in symbols Li An' La An and Lim An r~8pectively) in the sen­

se of [2), § 29, p. 335-340. Similarly, the notion of upper 

(lower) semi-continuity of a set-valued mapping will be used 

in the sense of [2], § 18, p. 173 (cf. [3J, § 43, II, Theorems 
, i 11 00 1 and 2, p. 61 and 62). The symbol {X,f i=l denotes the in-

verse sequence of continua xi with continuous bonding mappings 

fi :Xi +l ---,-.. Xi; we denote by X = lim {:ri,f11 the inverse limit 
'E---

space, and by m-i::r __ Xi the projection from X into the i-th 
i . ~ i 12 <00 

fsctor space X • Given two inverse sequences ,X ,f Ji=l and 

{yi,Si~~l' and a mapping ih1f~=1 between the two sequences, 

we denote the limit mapping by lim hi: limfXi,f1l~ lim {y1~ 
~ <E-- <--

gi} (cf. (2), p. 28-30). 

Finally recsll that a continuous mapping f:X--';;' Y is ssid 

to be (aee t4J, p. 720): 

- confluent, if for every subcontinuum Q of Y each component 

of the inverse image f-l(Q) is mapped by f onto Q, 

- monotone relative to a point pe X, if for each subcontinuum 

Q of Y such that f(p)5~ the inverse image f-l(Q) is connect-

ed. 

We say that s continuum X is smooth at the point p € X if 

for each convergent sequence {Xn1 of points of X am for each 

subcontinuum K -of'-X-slR:b that p,xe K, where x :: lim xn ' there 

existlf a sequence i~l of subcontinua of X auch that p,Xn5 ~ 

for esch n = 1,2, ••• and Lim ~ = K (see [51, p. 81). 
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I. The mappi~ F. Fix a point p of a continuum X and 

consider a mapping F[X,p] :X'---+- c2(x) which assigns to a point 

][ E: X' the family of all subeontinua K of X containing both p 

and x, i.e., 

FIX,P] (x) :{K€. C(X) :p,X€ K}. 

Note that, for each x EO X, this is a compact and arcwise 

connected aubset of C(X), whence this is really an element 

of aleX). In this section the considered continuum X and the 

point p are assumed to be fixed, so we will write F instead 

of FIX,p). 

Proposition 1. The mapping F is upper semi-continuous. 

Indeed, let xn e X and xn ~ x. We have to prove that 

Ls F(Xn) C F (x). Let a continuum K be in Ls F( xn}. Then ther. 

exist 8 subsequence.{ nk ~ of natural numbers and a sequence 

of' points of' F(xn ) that converges to K. Each of these points 
k 

is a continuum in X containing p and x
nk

' whence K contains 

p and x, i.e., K€. F'x). 

Propoaition Z. The mapping F is continuous if and only 

if' the continuum X is smooth at the point p. 

Proof'. Assume F is continuous. Let a point XE X, a con­

tinuum K e.F(x} and a sequen.ce of points xnE X convergent to 

x be given. By continuity of F we have Lim r{xn) = F(x} , so 

there exist points Kn of F(xn} tending to K. Since the conti­

nua Kn contain both p and xn ' we are done by the definition 

of emoo thness. 

Assume X is smooth at p. By Proposition I we have only 

to show that F is lower semi-continuous, i.e., that 
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,(x)C Li F(xn) for any sequence xn~ x. Let ICE F(x). By 

smoothness of X at p there is a sequence of continua Eft, 
with p,XnE ICn, converging to K. Thus KnE F(Xn) , and the con­

clusion follows by the definition of the lower limit. 

Propoaition J. Let a continuous aurJection f:X~Y 

and points p e: X and q 6 Y with q .. :r( p) be given. If'l = 

= ,[X,p] and '2 - FtY,q], then the diagram 

:r 
l' Eo X 

'2 t t '1 
c2'(Y)~- cf'(X) 

~ ...... 

commutes i:r and only if :r is monotone relative to p. 

Proof. Assume that the diagram commutes, i.e., that 

r""{'1 (x» = '2(f(x» for eac~ xe X, which means that 

(1) {:r~(K):KE C(X) ao1 p,x.; Kf=-iLeC(Y)):q,f(x)" L! :ror 

each xe X. 

Let Q c Y be a continuum containing the pOint q. Suppo­

se that f-l(Q) is not connected, and pick up a point x in an­

other component o:r f-1 CQ) than that to which the point p be­

longs. Then Q is in the right member of (1), while it is not 

in the len one. 

Conversely, assume that f is monotone relative to p. We 

have to show that (1) holda. Take an arbitrary x in X and no­

t. that the len member of (1) is obviously a subset of the 

right. To prove the inverse inclusion take a continuum L in 

the right member of (1), i.e., such that q,f(X}eoL. Since f 

is monotone relative to p we conclude that K :: f-1 (L) is a 
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contilllUII, so L >& t'#(lC) belongs to the len aember ot' (1). 

Corollary. Let a continuUJII X be smooth at a poir.'. p E X, 

and let a mapping t:X~ Y trom X onto a continuua ) be mo­

notone relative to p. Then Y 1s smooth at t'(p). 

PrOOt'. By Propoaition 2 we ought to show that the up­

ping '2:Y~ c2cY) detined as in Proposition 3 is continuous. 

Take a sequence ot points 7n E t which converges to a pOint 

yE Y. We hav. to show that J'2(Yn} teM to '2'1')' Choose xn E 

E t'-lbn) and x E t-l ,;,} such that xn~ x (take a proper sub­

sequence it' necessary). Row J'2(Yn) - '2(t'(~n» - t'*"'(J'lhn» 
by Proposition 3, and similarly we have 1'2'1') = J'2(fex» -

- ~('l(x». Since '1 is continuous by Propositioa 2 and 

f$~ is continuous by its definition, we conclude that 

r--~(Fl(xn» converge to t"";;'(F1Cx», i.e., '2(Yn} converge to 

1'2(1'); thus the proot' is :finished. 

II. Smoothness ot' inverse limits. Row we are ready to 

prove the t'ollowing 

i _ij- DC 
theorem 1. Let ofx ,r i=l be an inver,se sequence auch 

that tor each i = 1,2, ••• (a) the continuum xi is smooth at 

a point pi; (b) r(pi+l):o pi; -(c) r is monotone r .. lativa 

to pi.l. Then the invel"se l1a1 t continuua X = li. f xi, rl is 
<-

smooth at the thread p = {pil~=l' 

Proot'. Put,i = Flx1,piJ -for i = 1,2, ••• and consider 

the mapping {Flt~=l between the inverse sequences .fxi ~~~"'1 
(-2 i _Po "loti 

and ,c-ex ),r- li=l: 
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Xl "'" 
~ r2 

il 
< 

Fl c2tl)~ __ 
~r 

cf-(x2) "' -- ... r1 ... .,. jl>r->f. 

Since for each i = 1,2, ••• the diagram 

Xi.., 
fi 

x i +1 

Fi ~ • Fi +l 

<f(xi ) -< cf'{Xi +l } 

f i"'· 

co~utes b,y Proposition 3, and since all mappings Fi ara con­

tinuous by Proposition 2, hence the limit mapping y:o= U! ~ 
is continuous. Note that the inverse limit ~ (X) :: 

~ i 11"'" .2 :: .J-im..( c- eX ) ,f· i is homeomorphic to C- (X). Indeed, by [6j, 

Theorem <1.169), p. 171, Coo (X) :: ~~ ~ Cexi) ,fi"'i is homeo­

morphic to C(X), under a homeomorphism h:Cex:> (X)-,> C(X) defin­

ed by heAl = l!1!!.{Ai,fiIAi+l~, where A ::.fAi~7=lGCOC(X) (see 

(6),t5J, p. 172). Using the same result once more we see that 

02
00 

(X). = ~ ~ c2{JCi) ,fi"''''! is homeomorphic to C( Coo (X» under 

a homeomorphism g:c2~lX)~ C(Coo(X» defined by 

(2) g(B) = lim {Bi,fii' I si+1j, 
~ 

where B = ~B~7=1 (: <foo(X). The composite of g and h'" is the 

required homeomorphism from ~ (X) to cfex). 
Now let us consider the following diagram in which F = 

= F X,p 

7X~ 
c!, (X'-?-C( CClO{X»~ <f(X), 

g h-l<-
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and note that its COmEutativity implies continuity of F, w~ich 

is equivalent by Proposition 2 to the conclusion of the theo­

rem. To prove that the above diagram commutes, take a point 

il~ x K {x i=l eX. We ought to show that 

Applying the definition ar Foo and (2) we have 

(4) g(FOO(x~) = g(-{Fi (x i n';'=l) = ~ {~(xi),~IFi+l c}"l)j, 

i i 0", i 1 : ... 1 
whence h-"(g(FOO(x») = h$(lim-tF (x ),r IF + Cx"'-)l). Take an 

40:--

element K in h>i:(glFGI:l(x»). Thus there exists a thread -fKi~:'=l 

such that 

( i1"" ) . i il i+l,. with K = h {K I i';l ' i.e., K = ~ -I.K ,f K ;s. Note that 

(5) implies that pi, xie Ki for each i = 1,2, ••• , whence p, 

x€K, i.e., KEF(x). So one inclusion in (3) is proved. 

To show the other one, take L~F(x). Thus, P,x€ L. Put­

ting Li:% .;ri(L) we have pi, xieLi for each i = 1,2, ... , 

iii i 1 0C' whence L E F (x ), and theref'ore the thread \L J i=l is in the 

right member of (5), so it is in g(FUO(x» by (4). Thus we 

conclude that L = lim {Li,fiILi+ll is in the left member of ---(3). Hence (3) is shown and so the proof is complete. 

III. The property of Kelley. Let d den~te a metric on 

a continuum X. The continuum X is said to have the property 

of Kelley <I7], II, p. 291 and 292; cf. [6], 06.10), p. 538) 

provided that given any £. ';- 0 there exists d';- 0 such that 

if a,bE.X, d(a,b)c..d and a€AEC(X), then there exists 
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B ~ C(X) such that b ~B and H( A.Bl <: E.. • where H denotes the 

Bsusdor~ metric in C(X). 

Define a msPP'iIl8 «.tXJ:x-c2CX) by «,[X)(x) =Ue 

15 C(X):x£ Kl (see [7J. p. 292; cf. (6]. p. 551). '!'he follow­

ing two statements are known ([7). Theorem 2.2. p. 292 and 

Theorem 4.2. p. 296). 

A. The mapping c(. [X) ia continuous if and only if X 

has the property of Kelley. 

B. The diagram 

l'''''''E~---

. ('(, [Tl ~ _ 

c2 (Y) -EE'----

commutes if and only if f is confluent. 

Using the same methods as in the proof of the previous 

theorem. we will prove 

Theorem 2. Let iXi .fij7=1 be an inverse sequence such 

that for each i = 1.2.... (a) the continuu~ Xi has the pro­

perty of Kelley. and (b) the mapping fi:Xi+l_ ~ Xi is con­

fluent. Then the inverse limit continuum X = lim {Xi.fil haa 
...e:.---

-the property of Kelley. 

In fact. to prOVe the theorem it is enough to replace in 

the proof of Theorem 1 the mapping FIxi.pi] by ci. [Xi) for 

i = 1.2 •••• and to delete the points ~i and p from the consi­

derations. Then the role ot Propositions Z and 3 ia performed 

by the statements A and B respectively. 
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