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Abstract

Dendrites with a closed set of end points are investigated. It is shown that such dendrites are
precisely those that do not contain two particular ones. A universal dendrite with a closed set of end
points is constructed (also with ramification points of a given order). Open and monotone images of
the considered dendrites are studied®2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

In this article we investigate dendrites with a closed set of end points. After the
introduction and preliminaries, some general properties of these dendrites are proven in
Section 3. The main result of this section is a characterization of dendrites with a closed
set of end points as those that do not contain two particular ones.

Classes of dendrites with a closed set of end points and, for each integ&; with
orders of ramification points less than or equaktare considered in Section 4. For each
of them a universal element in the class is constructed.

In the last two sections we characterize open as well as monotone images of dendrites
with a closed set of end points, and of universal dendrites.
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2. Preliminaries

A dendriteis a locally connected continuum containing no simple closed curve. It is
known that every subcontinuum of a dendrite is a dendrite, see [6, 851, VI, Theorem 4,
p. 301]; in particular every dendrite is hereditarily locally connected.

By theorder of a pointx in a dendriteX we mean the Menger—-Urysohn order, see [6,
851, I, p. 274], or equivalently (see, for example, [6, 851, |, p. 274]) the order in the
classical sense, i.e., the number of arcs emanating fr@nd disjoint out ofx (see [1,

p. 229] and [7, p. 301]). For dendrites this number is equal to the number of components
of X\ {x}, (see [11, (1.1), (iv), p. 88]) and we will denote it by @tdX). If this order

is infinite, then it is countable, and the diameters of component¥ §f{x} tend to

zero [11, (2.6), p. 92]. In this case we write @rdX) = w. Points of order 1 are called

end points and the set of all end points of a dendriXeis denoted byE (X). Points

of order 3 or more are callechmification pointsand the set of all ramification points

is denoted byR(X). For anyn € {1, 2, ..., w}, the symbolR,,(X) denotes the set of all
points of X of ordern. ThusE(X) = R1(X), andR(X) = U{R,(X): n € {3,4,...,w}}

andX = E(X) U R2(X) U R(X). Itis known thatRo(X) is a dense subset &f [6, 851, VI,
Theorem 8, p. 302], and th&(X) is at most countable [6, 851, VI, Theorem 7, p. 302].

By atree we mean a dendrite with finitely many end points, or equivalently a dendrite
containing no points of ordes with R(X) finite. Given two points andy in a dendriteX,
the symbolxy denotes the unique arc joiningandy. The arc is calledreeif xy \ {x, y}
is open inX or, equivalently, ifxy \ {x, y} contains no ramification points of.

Fix apointp € X. We will write x <, y if x € py andx <, y if x <, y andx # y. Then
<, is a closed partial order i, and for everyA C X there is a unique elemeate X
such that for any € A we havea <, x anda is the greatest element with this property.
Then we writea = inf¢, A.
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In the paper we will need two special dendrites. One of them is the dendrite with only
one ramification point, whose orderds We will denote this dendrite b¥,,. Now we will
construct the other one (see Fig. 1).

Let pg stand for the straight line segment joinipgandg in the plane. In the plane,
let a = (0,0), a, = (1/n,1/n), b, = (1/n,0) and ¢ = (—1,0). Define Wg = ab; U
Ulanbs: n € N} and W = ca U Wg. Note that neithe,, nor W has the set of its end
points closed. We will show in Section 3 that every dendrite whose set of end points is not
closed contains eithdr,, or W.

For a given sefd C X, the symbols cH, intA and bdA denote the closure, the interior
and the boundary of the sdt respectively.

3. General properties

In this section we will provide a characterization of dendrites with a closed set of end
points and we will show some other general properties of those dendrites. We start with the
following characterization of trees.

Theorem 3.1. A dendriteX is a tree if and only ifX contains neither a copy df,, nor of
Wkg.

Proof. SupposeX is a tree. Then each of its subcontinua is a treeY smntains no copy
of F,, nor of Wg.

Now assume thaX contains no copy of,, or of Wg. Then ordx, X) is finite for every
x € X. Suppose thak (X) is infinite and take a convergent non constant sequenge’ ;
of end points ofX. Putx = lim,_, ., x,. Because ord, X) is finite, we may assume
that all points of the sequende, };°, are in one component o \ {x}. Define p, =
inf< {x1,...,x,}. Thus{p,};2, is a decreasing (with respect to the ordgr) sequence
of points. Because, € xx, and the arcgx, converge to{x} we have lim_ - p, = x.
Choose a subsequenge;, };2, of the sequenceép,},2, satisfyingp,, # pn; fori # j.
Let Y be the minimal continuum containing the points for k € {1, 2,...}. Then there
is a homeomorphisth:Y — Wg such thati(x,, ) = ax andh(p,,) = bx, SOX contains a
copy of Wg. This finishes the proof. O

Theorem 3.2. Every subcontinuum of a dendrite with a closed set of end points is a
dendrite with a closed set of end points.

Proof. Assume a dendrit& is contained in a dendrit& with a closed set of end points.
Consider a sequendg, }>>, of points of E(Y) with lim,_,« y, = y. We may assume
that y, ¢ E(X). Then, for every componert, of X \ Y such thaty, € clC,, choose

x, € C, N E(X). Because{clC, )72, is a sequence of pairwise disjoint continua in a
hereditarily locally connected continuukh they form a null-sequence (see [11, Chapter 5,
(2.6), p. 92]). Thus lim— « x, =lim, .o y, = y and, by closedness @& (X), we have
ye E(X),soye E(Y). O
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Theorem 3.3. A dendrite has a closed set of end points if and only if it contains no copy
of F,, or of W.

Proof. First observe thak,, andW do not have closed sets of end points, so neither does
any dendrite that contains one of them by Theorem 3.2.

Now assume thak contains neither a copy af,, nor of W. We will show thatX
has a closed set of end points. Assume on the contraryxtligtnot an end point, but
x =lim,_ - x, Wherex,, € E(X). Then, proceeding as in the proof of Theorem 3.1, we
conclude thafX contains a copy of Wx with x being the image af, and sincex is not
an end point ofX we can choose a poiatin a different component ok \ {x} from the
one in which all the points, are. Then! U xz is homeomorphic td¥, a contradiction.
This finishes the proof. O

Proposition 3.4. If X is a dendrite with a closed set of end points ag}’” ; is a
convergent sequence of distinct ramification points, firep_, « 1, is an end point.

Proof. Letr =lim,_ o r,. By Theorem 3.3X contains no copy of,, hence it contains
no point of orderw, so we may assume that all the pointsare in one component of
X \ {r}. Definep, =infg {r1,...,r,}. Thenp, is a ramification point and all points,
lie in the arcrpy. For eachn choose an end poiat, of X in a component ok \ {p,} that
is disjoint with the ara-p1. Then lim,_, o e, = r, SOr € E(X), sinceE(X) is closed. O

Corollary 3.5. If X is a dendrite with a closed set of end points, tlgéR(X) C R(X) U
E(X).

Corallary 3.6. If X is a dendrite with a closed set of end points, tX) is discrete.
We close this section with the following observation.

Observation 3.7. A dendriteX does not contain a copy &¥ if and only if for every arc
ab C X the set(ab \ {a, b}) N cl R(X) is discrete.

4. Universal dendrites

In this section we construct, for any numbere {3, 4, ...}, a dendriteG" and we
provide topological characterizations of them. Next we show that, fomany3, 4, ...},
the dendriteG” is universal in the class of all dendrites with a closed set of end points
and orders of ramification points not more thanWe also construct, for any increasing
sequence of natural numbers= {r,}°° ; with r1 > 3 a dendriteG(r) with orders of
ramification points in the sdkq, r2, ...}, and we prove tha; (r) is universal in the class
of all dendrites with a closed set of end points. We will start with the construction of the
dendritesG" (see Fig. 2).
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Letn € {3,4,...} be fixed. For given numbers, ...,«; €{0,1,..., 2n — 4} we define
Ey, . asthe setof numbessin [0, 1] such that ifx is written in enumeration system of
base 2 — 3, then the firsi digits are exactly, ..., «;, i.e.,

o1 o o1 oi-1 o +1
En = _, _ _ .
L [Zn e e R YR O R Vo S 3)1}

If all of the digits s, ..., «; are even, then lep;, . be the point in the plane whose
first coordinate is the middle of the intervaf, , and whose second coordinate ji
Note that ifi = 0, then we hav&™ = [0, 1] andp” = (1/2, 1). Putg = (1/2, 2) and define

H"=p'qU C|[U {PE i Pl 1o i €Nand

041,...,04[6{0,2,...,211—4}}].

Note that for a given infinite sequencg, oz, ... the intersectioff {Ej,, .1 i € N}is
a one point set. Denote the point By, ,,.., PUt Pa;. ay,... = (€ay,as,..., 0) € H", and note
that

E(H")={q}U {pal’az’m: o €{0,2,...,2n — 4}}.
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Finally defineG" as the union of two homeomorphic copiE8 and(H")’ of H" with the
corresponding pointg andg’ identified. ThenG” is a dendrite such that every ramification
point of G" has order and the set of end points 6f' is homeomorphic to the Cantor set.
We will show that these two properties charactetiZe

Theorem 4.1. Let an integem > 3 be fixed. A dendrit& is homeomorphic t@;" if and
only if E(X) is homeomorphic to the Cantor set aRdX) = R, (X).

Proof. SinceG" has the required properties, only one implication needs to be proved. So,
let X be a dendrite withE (X) homeomorphic to the Cantor set and WRIiX) = R, (X).

We will construct a homeomorphisin G* — X. By Corollary 3.6 we can choose a point

a in a free arc, and we put(¢) = a. Let b be an end point of the maximal free arc that
containsz. Thenb is neither an end point of nor a point of order 2 irX. Puth(p™) =b

and letz|gp" be a homeomorphism of the afp” ontoab. Since ordb, X) = n and since
R(X) is discrete (see Corollary 3.6) there are- 1 maximal free arcs not containing
whose common end point is Denote bybo, b, ..., ba,—4 the other end points of those
arcs and puk(p}) = b for k € {0,2,...,2n — 4}. Moreover, leth|p" p; be a homeo-
morphism onto the arkby.

We will proceed by induction on the number of indices. Deflffe C H" as the contin-
uum irreducible with respect to containing all points of the fouffy , fori <m, and
q. ThenH, C Hy , andH" = cl{J{H,;: m € N}. Assumeh is defined onH,;. We will
defineh onH,, ;. Letas, ..., ay be given. Since ol@(py, ). X) =n we haven —1
maximal free arcs not containinlg(p(’}[l ..... a,_y)- Denote BYbas.....n.0 Par,...am, 25 - - - »
ba,,....an,2n—4 the other end points of those arcs, Mﬁ’gl,...,amﬂ) = bay,....a,1 fOr any
am1 €{0,2,...,2n — 4} and leth|pg, . Py, .. a,., D€ @ homeomorphism of the arc
pgl,...,am pgl ..... 1 OntObﬁtl ~~~~~ QUm bal ~~~~~ U411

In this way we have definell | J{H,%: m € N}. One can verify thak| | J{H}: m € N}
is continuous and one-to-one. We will defifheon the setE(H") = cl|J{H,): m €
N\ U{H}: m e N}. Puth(py, o,.) = lIMg o0 bay., ... - TO Showh is well defined we
prove that the sequeng®y, ... o };- 1 is convergent. Note thaty, ... o, <a bay.....a11, SO
the sequence is increasing with respect to the odeiSince the closure of an increasing
an increasing sequence. Therefore the sequence is convergent. THe fifni, ) is an
end point ofX by Proposition 3.4. Finally, sinc¥ contains no simple closed curve, the
mappingh is one-to-one.

It remains to be shown thdt is continuous. Sinceé||J{H,: m € N} is continuous,
we have to verify continuity of: at the end points oH”". To this aim define for any
x € X the setU(x) ={y € X: x <, y} and similarly forx € H" the setV(x) ={y €
H". x <4 y} and observe that they are openXnand in H", respectively. Note that the
family {U (bq,,...o,): k € N} is a local base of neighborhoods of a pointdime by, ...«
and h—l(U(bal ,,,,, ) = V(aa,,..a). This finishes the proof of continuity of|H”".
Analogously we can definke on (H")" and observe that since drd X) = 2 the function
h is surjective, so the proof is completer
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Fig. 3.

Recall that a spac& is universal in a class of spacekit belongs to the class and
it contains a homeomorphic copy of every element of that class. Now we will construct,
for any increasing sequence of natural numbets{r,}°° ; with r; > 3 a dendriteG (r)
with orders of ramification points in the séty, o, ...}, and then we will establish the
universality properties of the dendrité5r) and G". We start with the construction (see
Fig. 3).

For given numbers

a1€{0,1,...,2r1—4}, a2€{0,1,...,2r—4}, ..., «a;€{0,1,...,2r; —4}

we define an intervaky, . as follows. Putt” = [0, 1], and

r__ 1 ro_ o1 a1+l r _ | 214
Eo = [0’ m] o Egy = [2r1—3’ 2r1—3]’ o Borya= [2r1—3’ 1]~
Assume we have defineff,, . for somei > 1. Divide the intervaky, . into 2r; —3
L R , .
congruent consecutive intervaly o, Ep o1, Eg 0 g- ONe can verify

that

r _ a1 ap a1 i
By o = [2r1—3 temema T T T .

o1 o2 o1 oi+1
m3t e Tt e T (2r1—3).4.(2r,-—3):|'
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If all numbersas, ..., «; are even, then lgp;, . be the point in the plane whose first

,,,,,

thatifi =0, then we havé&™ = [0, 1] andp” = (1/2, 1). Putg” = (1/2, 2) and define

H(r)=prq™ U cI[U{p&l ’’’’’ w1 Pli e FEN anda; €{0,2,...,2r; — 4}}].

Note that ordpglmai, H(r)) =r;, so H(r) contains points of arbitrarily large order.
As previously, letpy, o,  =1iMisoc pg, o ThENEH ) ={q"} U{py, a0, & @i €
{0,2,...,2r; — 4}}. Finally defineG(r) as the union of two homeomorphic copi&sr)
andH'(r) of H(r) with the corresponding pointg” and(¢”)’ identified. ThenG(r) is a
dendrite whose set of end points is homeomorphic to the Cantor set.

Theorem 4.2. For any sequence = {r,};° ; with r1 > 3 the dendriteG(r) (the dendrite

G" forn € {3,4,...}) is universal in the class of all dendrites having a closed set of end
points(and orders of ramification points less than or equakjo

Proof. We will show the proof for the dendrit& (r); the proof in the case of;" is
analogous, and even simpler.

Let X be a dendrite with a closed set of end points. We will construct an embedding
f:X — H(r) C G(r). Denote byV(X) the union of R(X) and the set of all isolated
points of E(X). ThusV (X) is countable, so we can writé(X) = {t1, r2, .. .}. First we put
s1 =11 and letf (s1) be a point ofH (r) satisfying ordsy, X) < ord( f(s1), H(r)).

Assume we have defined, ..., s,, f(s1),..., f(sy), andifs;s; is a free arc inX, then
flsis; is defined and it is a homeomorphism. We will say that two point¥ oX) are
adjacentif the arc joining them is free. Let,+1 be the first point in the sequenger,, ...
such thats, 1 ¢ {s1,...,s,} ands,11 has an adjacent, in the set{s1,...,s,}. Then we
choosef (s,+1) as a point inA (r) satisfying f (sx) <4 f(sn+1) and such thay (s,+1) is
an end point ofH (r) if 5,41 was an end point oX or ord(s,,+1, X) < ord( f (sy,+1), H(r))
if 5,41 was a ramification point. Finally, lef|sxs,+1 be a homeomorphism. In this way
we have defined the embeddirfgfor everyx € X except non isolated end points &t
Proceeding as in the proof of Theorem 4.1, we can exgemna an embedding ok into
H (r) and prove its continuity. O

Remark 4.3. As the reader can verify in the proof of the above theorem, the considered
embedding embeds the set of end pointstahto the set of end points af (r) (of G”,
respectively). Moreover, since contains a free arc, we may construct an embeddiirg

such away thag” € f(X) C G(r).

In connection with Theorem 3.3 the classes of those dendrites that do not contain a copy
of F,, and those that do not contain a copyWfare of some interest. The first one is
just the class of dendrites with finite orders of ramification points, and it is known that this
class has a universal element (see [3, Theorem 6.8, p. 230]). We will show that the other
class, which appears in a natural way in Section 6, also has a universal eleniNow we
will describe the dendrit®, and then we will show its universality and give a topological
characterization.
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Let p be any point in the plan®2. Let p1, po, ... be a sequence of points iR?
tending to p and such that no three of the points p1, p2, ... are collinear. Define
P1 = U{ppn: n € N}. Then P is homeomorphic taF,,. For eachn, m € N, let p,,, be
a point inR?\ P; such that the sequengg1, p.2, . .. tends top,, no three of the points
Pn» Pnls Pn2, - . . are collinear, and that the continuuPa = Py U | {p, pnm: n,m € N} is
a dendrite. We will continue constructing dendriteg Py, ... in the same manner, such
that we get an increasing sequence of dendfties P»C P3C--- P, C P,41 C ---inthe
plane having the property that the closure of their union is also a dendrite. Finally define

(4.4) P= CI(U{PH: ne N}).

Theorem 4.5. A dendriteX is homeomorphic to the dendrite defined by(4.4) if and
only if each of the following three conditions is satisfied

(4.5.1) X contains no copy oW ;

(4.5.2) E(X) C clR(X);

(4.5.3) R(X) = R, (X).

Proof. The proof is similar to that of Theorem 4.1. Since the dendriteas the required
properties, only one implication needs to be proved. So, let a dendriatisfy (4.5.1)—
(4.5.3). We will construct a homeomorphigmpP — X.

Choose a point: € R(X) and puth(p) = a. Let a1, az, ... be ramification points of
X lying in different components oK \ {a} such that the arcaq; are free, and every
componentofX \ {a} contains one of those points. Such points do exist by Observation 3.7.
For each € N puth(p;) = a; and leth|pp; : pp; — aa; be a homeomorphism. In this way
h| Py is defined.

We proceed by induction on the number of indices. Assuming AhB; is defined
for somen € N, we will define h on P,11 \ P,. Consider py,. ., € P,. Then
h(Pay..ap) = Gay..a, 1S @ point of orderw in X, so there are ramification points
Aay. .yl Gay..a,2, - - - OF X belonging to distinct components &f \ {aq,..«,} and such
that each component &f \ {aq, ..., } that does not contain the pointcontains some of the
pointSay, ...«,1, day...ay2: - - - - We also require that for eacte N the arcsiy,. .o, dq;...anis - - -
are maximal free arcs iX. Then we puti(pg,..a,i) = day...a,i @Nd define

h|pa1.4.an Poq...ani » Poq...on Poq...oni = Qay...onQaq...omi

as a homeomorphism. In this way we have defin¢s, 1, and thus, by the inductive
procedurel| | J{P,: n € N} is defined.

To extendh to the whole of P observe that for any sequenag, a2 ... of positive
integers the pointa,, aq,, ... lie in one arc and they form an increasing sequence with
respect to the ordeg,. Thus the limit of the sequence exists, and it is an end point of
X by (4.5.2). Hence putting (lim; — o pay..o;) = iMoo aqy..o; the functionk is well
defined and continuous df(P) = P \ |J{P,: n € N}, and therefore it is well defined and
continuous onP. It is one-to-one by its construction, and surjective by condition (4.5.2).
The proofis complete. O
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Following the proof of Theorem 4.2 the reader can prove the next theorem.

Theorem 4.6. The dendriteP defined by(4.4) is universal in the class of all dendrites
containing no copy oW.

5. Open images

In this section we will investigate open images of dendrites with a closed set of end
points, in particular those af(r) and of G". Let us recall that a mapping: X — Y is
openif the image of every open set ik is open inY. The mapping is callethterior at
a pointx € X if for any setU in X, the conditionx € intU implies f(x) € int f(U). Itis
known thatf is open if and only if it is interior at every point of.

We start by recalling a result by Whyburn (see [11, Chapter 8, (7.31), p. 137]).

Proposition 5.1 (G.T. Whyburn).The order of a point is never increased under an open
mapping.

Proposition 5.2. The open image of a dendrite with a closed set of end points is a dendrite
with a closed set of end points.

Proof. Let f: X — Y be an open mapping of a dendrKewith a closed set of end points.
ThenY is a dendrite by [11, (7.36), p. 68]. By Proposition 5f1F (X)) C E(Y) and since
F~YE)) \ E(X) is finite (see [2, (6.18), p. 25]) the sE(Y) is equal tof (E(X)) plus
possibly a finite set, so it is closed O

Theorem 5.3. The following conditions are equivalent for a dendike
(5.3.1) for any increasing sequenee= {r,}.° ; with r1 > 3, the dendriteX is an open
image ofG(r);
(5.3.2) for some increasing sequence= {r, }° ; with r; > 3, the dendriteX is an open
image ofG(r);
(5.3.3) E(X) is closed inX.

Proof. The implication(5.3.1) = (5.3.2) is obvious. Conditior{5.3.2) implies(5.3.3) by
Proposition 5.2. It remains to show th&t3.3) implies(5.3.1). So assum¢ is a dendrite
with a closed set of end points. By Remark 4.3 we may assumeXthatcontained in
G(r) in such a way that (X) Cc E(G(r)), E(X) N E(H(r)) # @, andg” € X. Define
h:G(r) — [0, 2] as the second coordinate function, i.e., the projectiofi @f onto[O0, 2]
that satisfiei(¢") = 2 andh (E(G(r))) = {0}. Note that ifx <, y thenh(x) > h(y), and
if h(x) =h(y),thenordx, G(r)) =ord(y, G(r)).

We will construct an open retractigh: G (r) — X that satisfies

(5.3.4) h(f(x)) =h(x) forxeG(r).
We will proceed by induction. For anye G (r) define

Ux)= {y eG(r): x <g4r y}
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and note that/ (x) is open inG(r). We will show the construction of on H (r), the
construction onH'(r) is analogous. First, lef|g” p” be the identity ory” p". Second,
assume we have definefl on 2=1([1/2%, 2]), for somek € {0} UN, in particular for
any point of the formpy, , . Define f(pg, ,,.,) as a pointinX N U(f(pg, o)) that
satisfies (5.3.4) and

(5.3.5) ifpg, w.q € X, thenf(pg, o)) = Poyaprs

(5.3.6) if ord f(pg, ) X) =n + 1, then there arer points amongp(;lmak’o,

Poy.ar.2” " Pay...y 2612 With differentimages.

Then f is defined on the sdlpy, o, o,,," @+1 €1{0,2,..., 2k + 2}} and we can extend
f onh~1([1/2k1 1/2K7) in a unique way such that condition (5.3.4) is satisfied. This
finishes the inductive procedure, gois defined o ~1((0, 2]) and, by taking limits, on
the whole ofG (r). Itis continuous by its construction. Furthgrjs interior at any point of
R(G(r)) by (5.3.6), and its interiority at points of order 2 is clear. Interiorityfcdt the end
points of G (r) is a consequence of openness ot/ (p,, ,,)) foranypg,, ,, € R(G(r)),
which again follows from (5.3.6). The proof is completex

Coroallary 5.4. The following conditions are equivalent for a dendrie
(5.4.1) E(X) is closed
(5.4.2) X contains neither a copy df,, nor of W;
(5.4.3) for any increasing sequenee= {r, }°> ; with r; > 3, the dendriteX is an open
image ofG(r);
(5.4.4) for some increasing sequenee= {r,},° ; with r; > 3, the dendriteX is an
open image o6 (r);
(5.4.5) for any increasing sequenee= {r,}>° ; with r1 > 3, the dendriteX can be
embedded irG (r) in such a way tha¥ is an open retract o6& (r);
(5.4.6) for some increasing sequenee= {r,}>> ; with r1 > 3, the dendriteX can be
embedded irG (r) in such a way tha¥ is an open retract 06 (r);
(5.4.7) for any increasing sequenee= {r,}° ; with r1 > 3, the dendriteX can be
embedded ir; (r) in such away thak(X) C E(G(r));
(5.4.8) for some increasing sequenee= {r,}>° ; with r1 > 3, the dendriteX can be
embedded irG (r) in such a way thakt (X) C E(G(r));
(5.4.9) for any increasing sequenage= {r,}>> ; with r; > 3, the dendriteX can be
embedded itGG (r);
(5.4.10) for some increasing sequenee= {r,}° ; with r1 > 3, the dendriteX can be
embedded irG (r);
(5.4.11) X is an open image of some dendrite with a closed set of end points
(5.4.12) X can be embedded in some dendrite with a closed set of end points.

Proceeding as in the proof of Theorem 5.3, we can prove the following result.

Theorem 5.5. A dendriteX is an open image of” if and only if E(X) is closed and all
orders of ramification points itX are less than or equal te.
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Corollary 5.6. The following conditions are equivalent for a dendike

(5.6.1) E(X) is closed and for any € X we haveord(x, X) < n;

(5.6.2) X contains neither a copy of,, nor of W and for anyx € X we have
ord(x, X) <n;

(5.6.3) X is an open image ofi";

(5.6.4) X can be embedded iG" in such a way thaX is an open retract 06" ;

(5.6.5) X can be embedded iG" in such a way thak (X) C E(G");

(5.6.6) X can be embedded iG";

(5.6.7) X is an open image of some dendritewith a closed set of end points and
satisfying the conditionrd(x, Y) < n foranyx € Y;

(5.6.8) X can be embedded in some dendiftewith a closed set of end points and
satisfying the conditionrd(x, Y) <n foranyx €Y.

6. Monotoneimages

In this section we establish some characterizations of monotone images of dendrites with
a closed set of end points. The main result is that such dendrites are exactly the ones that
do not contain any copy of. Let us recall that a mapping imonotondf preimages of
points are connected. For compact spaces a mapping is monotone if and only if preimages
of connected sets are connected (see [11, (2.2), p. 138]).

Theorem 6.1. If a dendriteY is a monotone image of a dendriXe andY contains a copy
of W, then so doe¥X.

Proof. Letamappingf : X — Y be monotone. We assume, with no loss of generality, that
W C Y. Choose pointg; € f~1(ax). Taking subsequence if necessary we may assume
that{pr )2, is convergent and pyt = limg_ o px.

We claim that all pointgy are in the same component®f\ { p}. Really, foranyi, j e N
there is a continuunk C W suchthati;, a; € K, buta ¢ K. Thenf~1(K) is a continuum
that containg; andp;, but does not contaip.

Put gx = inf¢,{p1,..., p}. Then the sequenciyk};>, converges top, so we can
choose a subsequengg, }°; that satisfiesy,,, <, qx, for i € N. Then the irreducible
continuum) that contains the pointgy,, px,, - .. is homeomorphic td¥z. The homeo-
morphism maps the point, ontoa; for i € {0} UN and mapsy, ontob; fori € N.

Next we claim that ortp, X) > 2. Indeed, letC; be the component of \ {a} that
contains{a: k € N}, and letC, be another component af \ {a}. Then f~1(C1) and
f~1(C>) are connected and disjoint. Singee bd f~1(C1) the differenceX \ {p} has
at least two components, the one that contgind(C1) and the other one that contains
f~1(C2). This finishes the proof of the claim.

Finally, letr be a point in a different component &f\ {p} from the one that contains
{pr: k € N}. Then the uniomp U M is homeomorphic taV. The proof is finished. O
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To provide a characterization of monotone images of dendrites with a closed set of end
points we will use inverse limits. Some definitions and notation are in order first.

An inverse sequende,,, £} is a sequence of metric spacés and bonding mappings
Xy — X, for n,m e N and n < m, such thatf is the identity onX, and
o fn’; = f,{‘ for n < m < k. We denote byX, = Ii(m{Xn,f,f”} the inverse limit
of the inverse sequende,,, 1"}, i.e., Xoo = {(x1,x2,...) € X1 X Xo X --+1 fl'(xm) =
x, for everyn, m € N with n < m}. An element of the inverse limit is calledtlaread The
mapping f,, : Xeo — X, defined byf, (x1, x2,...) = x, is called thenth projection The
reader is referred to Engelking’s monograph [4] for more information about this subject.

Lemma6.2. Let{X,, f,"} be an inverse sequence of dendrigsand monotone bonding
mappings. Letxy, x2, ...) be a thread inX . If there is an integek such that for every
n € N we haveord(x,, X,) < k, thenord(x, X~) < k.

Proof. First note thatX, is a dendrite by [8, 10.36, p. 180]. Assume on the contrary,
that ordx, X)) > k. Then X, can be represented as the uni@a U --- U Q41 Of

k + 1 nondegenerate continua satisfyigg N Q; = {x} for i # j. By the assumption
there are two indiceg andiy such thatf, (Q;,) N f»(Q;,) is a nondegenerate continuum
for infinitely many, and consequently for all but finitely many, indieesDefine P, =
fn(Qip) N f2(Qiy). One can show that" (P,) C P, for anym,n € N with n <m. Then
Qi,NQiy = Ii(m{Pn, M Pn}, SO Qi N Q;, is a nondegenerate continuum contrary to the
assumption. O

Proposition 6.3. If X is a dendrite not containing any copy ®f, then
(6.3.1) the setE(X) U R, (X) is closed
(6.3.2) foranyx € X \ (E(X) U R, (X)), there is a closed neighborhood.ofwhich is
atree.

Proof. To prove (6.3.1) it is enough to show that for any sequenicey, . .. of end points
the limit belongs toE(X) U R, (X), and that for any sequeneg, 2, ... of elements of
R, (X) the limit also belongs t& (X) U R, (X). First take a sequence of end points. If
e =1lim,_, e, is not an end point or a point of order, then there is a subsequence
en,, €n, - . . thatis contained in one componentof {e}. Then, arguing as in Theorem 3.1,
we can show that the irreducible continuum containing all the pejpts,,. ... contains

a copy of Wg and, sincez is not an end pointX contains a copy oW, a contradiction.

Second, take a sequeneg ro, ... of points of R,(X) converging to a point ¢
E(X)U R,(X). Because each, € R, (X) we can take an end poiat close enough te,
such that lim_ « e, = lim,_. r, and by the previous case we are done. Thus (6.3.1) is
proven.

To show (6.3.2) take a closed connected neighbortidaaf the pointx that satisfies
UN(EX)URL(X)) =@. We will show thatU is a tree. If not, sinceR,,(U) = @, the
dendriteU contains a copy oWg by Theorem 3.1. Sinc& N E(X) = ¥ we can add an
arc in X to the copy ofWpg to construct a copy oW . This finishes the proof. O



14 D. Arévalo et al. / Topology and its Applications 115 (2001) 1-17

| —t

—f(C)
e C,
f(Cy) X Y
= > f
f(C,) /—& C,
Cs
p=C

Fig. 4.

Now we will describe a monotone mapping between dendrites, calleg@asion that

will be used in the proof of the next theorem.

Definition 6.4. Let a dendriteY and a pointp € R, (Y) be given. By arexplosion ofY
to a dendriteX at a pointp € Y we mean a monotone mappirfg X — Y satisfying the

following conditions (see Fig. 4):
(6.4.1) f~1(p) is an arc whose end points arefif{X);
(6.4.2) for everyy € Y \ {p} the preimagef —1(y) is a singleton;

(6.4.3) if C1 and C» are two different components df \ {p}, then clf~1(C1) N

cl 7Y =9;

(6.4.4) ifCq, C2, ... is a sequence of distinct componentsof { p}, then the sequence

f~(C1), f71(Cy), ... converges to an end point of the gfcl(p).

One can observe that for any dendiitend any poinp € R, (Y) there is a dendrit&
and an explosion of to X at p.
The following observation is a straightforward consequence of (6.4.2).

Observation 6.5. If f:X — Y is a explosion off to X at a point p € R,(Y), then
FIX\ f~1(p)) is a homeomorphism onto\ {p}.
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Lemma 6.6. If a dendriteY does not contain any copy &, and f: X — Y is an
explosion ofY to X at a pointp € R,(Y), then X does not contain any copy &F as
well.

Proof. SupposeW c X. We will use the notation in the definition d¥ in Section 3.
By Observation 6.5 we havé(a) = p. If f(Wg) is in the closure of one component of
Y\ {p}, then again by Observation 6/f3Wg) is homeomorphict®z, and sincef (a) = p

is not an end point o, we would have a copy ofV in Y. Thereforef~1(p) N Wg

is a nondegenerate arc, wheng¢éa,b,) are in different components df \ {p}, for
infinitely manyn € N. Thus by (6.4.1) and (6.4.4), the poimtis an end point ofX, a
contradiction. O

Theorem 6.7. If Y is a dendrite not containing a copy @, then there is a dendrit&
with a closed set of end points and a monotone surjective mappigg— Y.

Proof. We will construct the dendrit& as an inverse limit of a sequence of dendriXgs
with monotone bonding mapping¥” : X, — X,,.

Since R, (Y) is at most countable [6, 851, VI, Theorem 7, p. 302], we can write
R,(Y) = {p1, p2, ...} (the set can be finite). Put; = ¥ and let f2: X, — X1 be an
explosion ofX; to X7 at p1. In general, letf"*: X,.1 — X, be an explosion o,
to X,+1 at the point(ff)—l(pn) if R,(Y) has at leask: elements, or the identity of
X,+1 = X, onto itself otherwise. PWX = Ii(m{Xn, .

To show thatE (X) is closed it is enough, by Theorem 3.3, to prove thiatioes not
contain a copy of,, nor of W.

Suppose on the contrary that there is a copyFgfin X, i.e., R,(X) # ¢, and let
q € R,(X). Consider three cases.

Casel. fi(q) € E(X1). Then, by the definition of the explosioni, (¢) € E(X,,) for
eachn € N and, by Lemma 6.2, we havec E(X), a contradiction.

Case2. f1(q) ¢ E(X1) U R,(X1). Then by (6.3.2) there is a closed neighborhdébd
of fi(g) in X1 which is a tree. Thus, for any e N, (fl")‘l(U) is homeomorphic td/,
and consequently,f1)~1(U) is a neighborhood of in X which is a tree, a contradiction
again.

Case3. fi(g) € R,(X1). Then there isn € N such that f1(q) = p,. Thus fn’”rl
is an explosion ofX, to X,4+1 at f,(¢g), so ord f,+1(q), X,»+1) € {1, 2, 3} by condi-
tion (6.4.3). Hence, for evemyt > n we have ordf,,(q), X)) = ord( fr+1(q), X,+1), and
by Lemma 6.2, or@y, X) < 3, which contradicts the assumption. This finishes the argu-
ment thatR,,(X) = ¢.

Now we will show thatX contains no copy oW . As before, assuming the contrary and
using the notation as in the definition &f, we will consider three cases.

Casel. f1(a) € E(X1). Then as before € E(X), a contradiction.

Case 2. fi(a) ¢ E(X1) U R,(X1). Then arguing as before we can construct a
neighborhood ofi in X which is a tree, contradicting the assumption.
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Case3. fi(a) € R,(X1). Then there is: € N such thatfi(a) = p,, and ord f,,+1(a),
Xn+1) € {1, 2,3} by condition (6.4.3). SinceX,, 11 does not contain a copy dV by
Lemma 6.6, there is a neighborhodd of f,+1(a) in X,+1 which is a tree. Thus
(fne1)~H(U) is a tree homeomorphic t&, which is a neighborhood of the poiatin
X, a contradiction. This finishes the proof of the theorem.

Proposition 6.8. Let X be a dendrite such that (X) is uncountable. TheX contains a
copy ofG3.

Proof. By [9, Theorem 1, p. 428X contains an arg with uncountably many ramification
points or it contains a Gehman dendroid (see [9, p. 423] for the definition). The first case is
impossible sincek (X) is countable; in the second cakecontains the Gehman dendrite,
i.e., G2, by [10, Theorem 8, p. 212]. This ends the proofi

Proposition 6.9. There is a monotone mapping frod® onto G({3,5,9,17, ...,
2"+1, ...

Proof. Let i: H3 — [0, 2] be the second coordinate function; in particular we have
h(pl, o) =1/2". Fori € N defineB; = h=1([1/2'*1,1/2]) and note thaB; has 21
components.

Let m be a monotone mapping afi® that shrinks every component &, B4 U Bs,
B7U Bg U Bg, B11U B12U B13U Big, ... to a point. Thenn(p) has order 3m(pg) and
m(p1) have order 5, (pooo), m(poor), m(po10), - . ., m(p111) have order 9 and so on, thus
m(H?3) is homeomorphic tdH ({3,5,9, 17, ...}). Analogously we can define a monotone
surjective mapping:’: (H3) — H'({3,5,9, 17, .. .}). Then the union of the two mappings
m andm’ is a monotone mapping fro® ontoG({3,5,9,17,...}). O

The next corollary summarizes the results of this section.

Corollary 6.10. The following conditions are equivalent for a dendrife

(6.10.1) X contains no copy oW ;

(6.10.2) for every arcab C X the set(ab \ {a, b}) N cl R(X) is discrete

(6.10.3) X is contained inP;

(6.10.4) X is a monotone image of a dendrite containing no copWof

(6.10.5) X is a monotone image of a dendrite with a closed set of end points

(6.10.6) X is a monotone image aF(r) for every increasing sequenee= {r,}>> ;
withry > 3;

(6.10.7) X is a monotone image af(r) for some increasing sequenee= {r,}°> ;
withry > 3;

(6.10.8) X is a monotone image @#>;

(6.10.9) X is a monotone image @i” for everyn € {3,4, .. .};

(6.10.10) X is a monotone image @ for somen € {3,4, .. .}.
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Proof. Condition (6.10.1) is equivalent to (6.10.2) by Observation 3.7. It is equivalent
to (6.10.3) by Theorem 4.6 and to (6.10.4) by Theorems 6.1 and 6.7. Condition (6.10.1)
implies (6.10.5) by Theorem 6.7. Condition (6.10.5) implies (6.10.6) by universality of
G(r) according to Theorem 4.2 and by the fact that each subdendrite of a dendrite
is its monotone retract, see [5, Theorem, p. 157]. The implications from (6.10.6)
to (6.10.7) and from (6.10.7) to (6.10.5) are trivial. Condition (6.10.6) implies (6.10.8) by
Proposition 6.9. By the universality 6f" (Theorem 4.2) and again by [5, Theorem, p. 157]
condition (6.10.8) implies (6.10.9). The implication from (6.10.9) to (6.10.10) is obvious,
and (6.10.10) implies (6.10.1) by Theorem 6.1, bec&i@g has a closed set of end points,
and so does not contain any copyWfby Theorem 3.3. The proof is completes
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