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1. Introduction 
The work done in sections 1, 2, and 3 of this paper was included [2]. Since part of the talk 

given at the Lafayette Conference on Continua Theory and Dynamical Systems was taken from that 

paper, we include for completeness a summary of the theorems and examples contained in it. Proofs 

and details are in the original paper. In Section 4 we include some new work which was in the talk in 

Lafayette, but not in the original paper. 

Some basic definitions, which will be used throughout the paper, are necessary. By a 

continuum, we mean a compact connected metric space. A neighborhood of a point x in a topological 

space X is a set N satisfying x c int(N). A point x c X is called a cut point of X [4, III, p. 41] if 

X \ {x} is not connected. A point x c X is called a local cut point of X provided there is a connected 

neighborhood N of x, such that x is a cut point of N. Note that a local cut point is a point of local 

connectedness of the space X. We will, however, mainly use the notion of a local cut-point in locally 

connected spaces anyway. For connected sets, this definition of a cut point is equivalent to the 

definition of a separating point in [4, III, 8, p. 58], and the definition of a local cut point is equivalent 

to that of a local separating point in [4, III, 9, p. 61]. For a given space X the set of local cut points of 

X is denoted by LC(X). 

2. Definitions and Basic Properties 
In this section we recall definitions of four types of self-homeomorphic spaces and we discuss 

interrelations between them and some of their basic properties. 

2.1 Definition: A topological space X is called self-homeomorphic if for any open set U ~ X 

there is a set V ~ U such that V is homeomorphic to X. 

2.2 Definition: A topological space X is called strongly self-homeomorphic if for any open set 

U ~ X there is a set V with nonempty interior such that V~ U, and V is homeomorphic to X. 

2.3 Definition: A topological space X is called pointwise self-homeomorphic at a point x c X 
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if for any neighborhood U of x, there is a set V such that x e V ~ U and V is homeomorphic to X. 

The space X is called pointwise self-homeomorphic if it is pointwise self-homeomorphic at each point. 

2.4 Definition: A topological space X is called strongly pointwise self-homeomorphic at a 

point x e X if for any neighborhood U of x, there is a neighborhood V of x such that V ~ U and V is 

homeomorphic to X. The space X is called strongly pointwise self-homeomorphic if it is strongly 

pointwise self-homeomorphic at each of its points. 

Recall that metric spaces X and Yare called similar if there is a surjection f: X -+ Y such that 

there is a positive constant c satisfying d(f(x), f(y» = c.d(x, y). Such a map is called a similarity. If 

we replace the condition that V is homeomorphic to X in each of the above definitions with the 

condition that V is similar to X, we get definitions of self-similar spaces. Thus every (strongly, 

pointwise or strongly pointwise) self-similar space is (strongly, pointwise or strongly pointwise) self­

homeomorphic, but not conversely. Of course we could consider any class of mappings besides 

homeomorphisms or similarities. For example, if we use affine transformations we get analogous 

definitions of self-affine spaces. However, homeomorphisms and similarities seem to be the most 

interesting ones. 

An are, and n-dimensional cube and a one point union of two n-dimensional cubes with the 

identification point of the boundary of both of the n-dimensional cubes are examples of strongly 

pointwise self-homeomorphic continua. 

We note some basic properties of self-homeomorphic spaces. 

2.5 Theorem: The following diagram of implications applies to the above definitions. 

2.2 2.1 

t t 
2.4 2.3 

In [2], one can find examples showing that none of the implications in the above diagram can 

be reversed, and .that there is no relationship between 2.2 and 2.3. 

3. Methods of Constructing Self-homeomorphic spaces. 

In this section we recall a method of constructing self-homeomorphic spaces. The method 

comes from [1, 3.7, pp. 80-85] and its details and proofs of the theorems can be found in [2]. Let us 

recall some common notations. For a given compact metric space X, a nonempty subset A of X, and a 

positive number r, we put N(A, r) = {x e X: there exists a e A with d(a, x) < r}. 

For two nonempty compact subsets A and B of X we define the Hausdorff distance dist(A, B) 
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= inf{r > 0: A ~ N(B, r) and B ~ N(A, r)}, and we denote by 2X the hyperspace of all nonempty 

compact subsets of X equipped with the Hausdorff distance. 

3.1 Definition: Let (X, d) be a metric space. A map f: X -+ X is called contractive if there is 

a constant 0 ~ s < 1 such that d(f(x), f(y» ~ s·d(x, y) for every x, y e X. Any such number s is 

called a contractivity factor for f. 

For any given compact metric space X and a set of contractive mappings {fi: i e I} having 

common contractivity factor s < 1, let F: 2X -+ 2X be defined by F(A) = cl(U{fi(A): i e I}). Then F 

is contractive with contractivity factor s (see [2, Theorem 3.3]) and therefore according to the Banach 

Contraction Mapping Theorem (see e.g.[I, Theorem 1, p. 76]), there is exactly one flXed set under F, 

i.e. a set A e 2X such that F(A) = A. Such a set A can be obtained as the limit Lim Fn(B) for any B 

e 2X. Then we will write A = F(X, {fi : i e I}). 

Now we present some conditions on mappings fi under which the set F(X, {fi : i e I}) is self­

homeomorphic. 

3.2 Theorem. If the mappings fi : X -+ X for i e I are embeddings, then F(X, {fi : i e I}) is 

self-homeomorphic. 

3.3 Theorem. If the mappings fi : X -+ X for i e I are embeddings and satisfy int fi(X) # 0 
and int fi(X) n int fj(X) = 0 for ij e I with i# j, then F(X, {fi : i e I}) is strongly self­

homeomorphic. 

3.4 Theorem. If the mappings fi : X -+ X for i e I are embeddings and the set I is fmite, 

then F(X, {fi : i e I}) is pointwise self-homeomor.phic. 

3.5 Theorem. Under the assumptions of Theorem 3.4 the set is either a locally connected 

continuum, or is not connected. 

4. A Family of Self-homeomorphic Plane Continua 
In this section we will define a countable family of pointwise self-homeomorphic and strongly 

self-homeomorphic plane continua. Each member Sn, for n~2, of this family will be located in a 

regular polygonal disk with vertices at vk = (l+an)exp 2~1I"i , where an is a scale factor defined in 

Theorem 4.7. Also, each Sn will be defined as the only flXed set under some natural mapping. We will 

also investigate topological properties of Sn's. 

Denote by Pn , for n>2, the polygonal disk with its vertices Vo, Vh ... Vn-l' as defined above. 

For k e to, 1, 2, 3, ... , n-l}, let fk be the contractive mapping from Pn into Pn with contractivity 

factor an chosen in such a way that 
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(1) fi(Pn) n fi+!(Pn) #= e and (2) int fi(Pn) n int ~(Pn) = e for i#=j 

and such that fk maps Pn onto a similar copy, of Pn centered at vk as defined above. See Figure l. 

We note that the image of Pn is "scaled down" by a factor of an (as defined in Theorem 4.7). 

Condition (2) above, along with Theorem 3.3 give that the fixed set under this set of mappings is 

strongly self-homeomorphic. Condition (1) above gives that 'tl fk(Pn) = F(Pn) is connected. By the 
k=O 

remarks following definition 3.1, Sn = F(Pn, {fl' : i E {O, 1, ... ,n-I}}) = Lim Fm(Pn) and hence m-+oo 
Sn is connected. Therefore, by Theorems 3.4 and 3.5 we have the following. 

4.1 Proposition. For any n>2, the set Sn is a strongly self-homeomorphic, pointwiese self­

homeomorphic, locally connected continuum. 

Observe that S2 is the segment with vertices Vo = 1 and VI = -1, S3 is the Sierpinski Triangle 

(see Figure 2) and S. is the solid square with vertices ± 1, ±i. Observe also that ~ = a3 = a. = ~. 

Pictures of S3' S5' S6' and Ss are in Figure 2. 

Now we will prove that Sm is homeomorphic to Sn if and only if m and n are multiples of 4 

with m, n > 4. We start with a lemma. 

4.2 Lemma. For each n~ 2 the intersection fi(Pn) n fi+l(Pn) is a common edge of the 

polygons fi(Pn) and fi+ 1(Pn) if n is a multiple of 4, and it is a common vertex of these polygons 

otherwise. 

Proof. Because of the definition of Sn and the convexity of Pn, the intersection fi(Pn) n 
fi+! (Pn) is either an edge or a vertex of both fi (Pn) and fi+! (Pn). If it is an edge, then it is 

perpendicular to fi(vivi+l)' Thus fi(Pn), and hence Pn has two perpendicular edges. This can happen 

only in the case when n is a multiple of 4. 

4.3 Theorem. If n> 4 is a multiple of 4, then Sn is homeomorphic to the Sierpinski Universal 

Plane Curve. 

Proof. For any such n, by 4.2, fi(Pn) n fi+ 1(Pn) is a common .edge. In the limit, 

Lim Fn(Pn), this creates a Cantor set of points and hence the continuum Sn will contain no local cut 

points. According to the Whyburn Characterization Theorem (see [5, Theorem 3, p. 322]) every locally 

connected, one-dimensional, plane continuum with no local cut points is homeomorphic to the 

SierpiiIski Universal Plane Curve. 

Now we are going to prove that if one of the numbers m or n is not a multiple of 4, then Sm is 

not homoeomophic to Sn. To this aim we recall the notion of the structure of the set of local cut­

points of a continuum as defined in [2, Definition 5.1]. 

4.4 Definition. We say that two continua X and Y have the same structure of the sets of local 
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Figure 1 
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Figure 2 
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cut points if there is a homeomorphism a: LC(X) -+ LC(Y) such that a set AS; LC(X) disconnects X 

if and only if a(A) disconnects Y and the number of components of X\A is the same as the number of 

components of Y\a(A). 

In general the structure of the set of local cut points does not distinguish self-homeomorphic 

continua. In [2, Example 5.2] an example is shown of two nonhomeomorphic strongly self­

homeomorphic and pointwise self-homeomorphic plane curves U and H having the same structure of 

the sets of local cut points. However, we will show that for the family {Sn : n! N with n~ 2 and n "I 
4} the structures of local cut points determines homeomorphic members of the family. 

4.5 Proposition. Let m, n ~ 2 be two distinct natural numbers. If one of them is not a 

multiple of 4, then Sm and Sn do not have the same structure of the sets of local cut points. 

Proof. Observe that S2 is the only member of the family {Sn : n ! N with n~ 2} having 

(global) cut points, and that Sn has no local cut points if and only if n is a multiple of 4. 

Fix a number n~ 3 which is not a multiple of 4, and let p! Sn be any local cut point. We 

will show that there are exactly n-I points ql' q2' ... qn-I of Sn such that each of the sets {p, qj} for 

j ! {I, ... ,n-I} disconnects Sn. Note that this property depends on the structure of the sets of local 

cut points only, and it distinguishes Sn's if n is not a multiple of 4. 

Indeed, if p is a local cut point of Sn, then there exists a natural number k such that p is the 

only point of the intersection 

f. (fl' ( ... fl' (Pn)· .. )) n f(." +l)mod n(f. ( ... f. (Pn) ... » , 
Ik k-I I k Ik_I II 

for some iI' ... ik ! {O, ... ,n-I}. For each i ! {O, ... ,n-I}\{ik} the intersection 

f.(f. ( ... f. (Pn) ... » n f(".+l)mod n(f. ( ... f. (Pn) ... » 
I Ik_I II Ik_I II 

is a one point set. Denote the points of the intersections by ql' ... ,qn-I and note that each two 

element set {p, qi} for j ! {I, ... ,n-I} disconnects Sn as required. This fmishes the proof. 

The following corollary is a consequence of Theorem 4.3 and Proposition 4.5. 

4.6 Corollary. Two continua Sm and Sn for m, n ~ 2 are homeomorphic if and only if either 

m = n or m, n > 4 and both m and n are multiples of 4. 

We end the paper by calculating the scale an of the similarities fo, fl , ... ,fn_I needed to 

construct the continuum Sn, as in the definitions of Sn (see the beginnning of this section). 

4.7 Theorem. For every n ~ 2 let m be the nearest integer to n12 if n is not a multiple of 4 
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and let m = ~ if n is a multiple of 4. Then the scale an is expressed by 
sin!: 

(4.7.1) an = 28' mlf n (m-l)lf' 
lnrrCOS-n-

Proof. Let p be the point of intersection fo(Pn) n fl(Pn). Let m and j be integers such that 

p E fm(fo(Pn» n fj(fo(Pn», i.e., 

(4.7.2) p = fm(fo(vm» and p = fj(fo(vj» , 

where vk is the k-th vertex of Pn , for k E {I, ... ,n-l} (see the beginning of this section). 

Because of the symmetry of Sn with respect to the line y = tan ~ we have m+j = n+1. 

Observe that among all directions of vectors fo(O)fo(vk) the direction of fo(O)fo(vm) is the closest to 

the direction of the vector fo(O)fl(O). Calculating the directions we conclude that among the numbers 

2~k the number 2~m is the closest to (nt~)lf, and hence m is the closest integer to n12. Further, by 

(4.7.2) we have 1 + an(vm-1) = VI + an(Vj-v1), and so an(I-VI+Vj-Vm) = I-vI' Passing to the 

real parts of both sides we get 

an(l-cos 2nlf + cos ~lf - cos 2,,::11' ) = 1 - cos 2,:-. 

After some elementary calculations we obtain (4.7.1). 
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