o TOPOLOGY
ﬁ#@ AND ITS
' APPLICATIONS

ELSEVIER Topology and its Applications 114 (2001) 235-260
www.elsevier.com/locate/topol

Inverse limits and openness of the induced mappings

Janusz J. Charatorf*, Wtodzimierz J. Charatoni®

a Mathematical Institute, University of Wroctaw, pl. Grunwaldzki 2/4, 50-384 Wroctaw, Poland
b Instituto de Matematicas, UNAM, Circuito Exterior, Ciudad Universitaria, 04510 México, D.F., Mexico
¢ Department of Mathematics and Statistics, University of Missouri-Rolla, Rolla, MO 65409-0020, USA

Received 30 January 1998; received in revised form 10 February 2000

Abstract

The pointed versions of exactness of commutative diagrams and of exactness and limit exactness of
mappings between inverse systems are introduced. These concepts are used to investigate interiority
of a limit mapping between inverse limits of topological spaces. The obtained results are applied to
show openness of some induced mappings between hyperspa2@8l Elsevier Science B.V. All
rights reserved.
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1. Introduction

To get nice properties of limit mappings between inverse systems of spaces commutativ-
ity of corresponding diagrams is not enough. Some stronger properties, namely exactness
and limit exactness of mappings between inverse systems were considered in the literature
(see, e.g., [6, p- 19] and [8, p. 58]) and have been shown to be useful tools to investigate
openness of the limit mapping [8, Theorem 4, p. 61]. In the present paper we introduce
pointed versions of these notions, viz. exactness of diagrams and exactness and limit ex-
actness of mappings between two inverse systems at a point and on a subset of either the
domain or the range space. The introduced concepts are used to generalize several results
on limit mappings from global to pointed versions, in particular for induced mappings
between hyperspaces.
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The paper consists of five sections. After the introduction, exactness of diagrams is
considered in an auxiliary, second section. Inverse limits are studied in Section 3. We
consider exactness of mappings between inverse systems (Section 3.1) and openness of the
limit mapping (Section 3.2). The fourth section is devoted to induced mappings between
hyperspaces of compact subsets and of subcontinua of the considered topological spaces.
Exactness of the induced diagrams and of the induced mappings are studied in Sections 4.1
and 4.2, respectively. Sections 4.3 contains results related to openness of the induced
limit mapping. The last chapter contains an example showing an application of introduced
concepts and obtained results.

We do not collect definitions, notions and symbols used in the paper in a separate chapter
as preliminaries. The needed concepts are recalled in their proper places, where they
are used. However, we fix now that all considered spaces are assumed to be topological
Hausdorff spaces, and all mappings are continuous. Furthermore, the following standard
notation will be used. The abbreviations cl and int mean the closure and the interior
respectively of a subset of a space. The composition of two mappings— Y and
g:Y — Zisdenoted by o f. As usual N stands for the set of all positive integers.

2. Exactness of diagrams

Recall that a diagram
f

X' =X

2.1 hfi lh

Y/ <Y

is said to beexact(or bi-commutativén [6, 83, IV, p. 19]) ifitcommutes.e.,h' o f = goh,
and if the condition’(x") = g(y) implies h~1(y) N f~1(x") # ¢ for everyx’ € X’ and
y e Y. Itis known [6, 83, IV, p. 19] that

(2.2) the diagram is exact if and only if either of the following condition holds:
f(hX(B)) = (W)*(g(B)) foreachB C,
h(f~1(A) =g (W' (A)) foreachA C X'.

We will define pointed versions of the above concepts as follows.

Definition 2.3. Diagram (2.1) is said to bexact at a pointt’ € X’ (or at a pointy € Y)
provided that:(f ~(x")) = g7 (h'(x")) (or f(h~*()) = (W) *(g(»)), respectively).
Proposition 2.4. If diagram(2.1) is exact at a point’ € X’, then

(2.5) for each pointy € ¥ such thatg(y) = #'(x’) we haveh~1(y) N f~1(x") # @.

Moreover, if diagram(2.1) is commutative, conditio(2.5) implies that it is exact at’.
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Proof. Let a pointy € ¥ be such thag(y) = #'(x), i.e.,y € g~ (h'(x')). According to
Definition 2.3 we havg~1(h’(x)) = h(f~1(x")), whencey € h(f~1(x")). Thus there is
apointx € f~1(x’) ¢ X such thaty = h(x). Thenx € h=1(y) N f~1(x") £ 0.

The inclusioni(f~1(x")) c ¢~ 1(h'(x")) is a consequence of the commutativity of
diagram (2.1), see [6, §3, IV, Theorem 1, p. 18]. The inclugioh(’ (x)) C h(f~1(x"))
follows from (2.5). Indeed, lef € g~ 1(#'(x")), whenceg(y) = /' (x"). By (2.5) there exists
apointx € i~ 1(y) N f~1(x). Thush(x) =y e h(f1(x")). O

Definition 2.6. Diagram (2.1) is said to bexacton a sett C X’ (onasetB C Y) provided
that it is exact at each point af (at each point oB, respectively).

The proposition below presents a pointed version of the above mentioned results of [6,
83, IV, p. 19].

Proposition 2.7. The following two conditions are equivalent
(a) diagram(2.1)is exactonaseB CY;
(b) for each subseB’ C B we have

(28)  f(h7(B)) =) (s(BN).
Proof. To see that (a) implies (b) observe the following sequence of equalities.
rrah) = r(Untor ve 8} =J{r ¢ o ve B}
= {7 e ye By =) (e(B)).
To show the converse implication pBt = {y}. O

By symmetry of the assumptions the next result follows.

Proposition 2.9. The following conditions are equivalent
(a) diagram(2.1)is exacton a sef C X’;
(b) for each subset’ C A we have

(2.10)  h(f7HA)) =g (W' (A)).

PuttingB =Y in Proposition 2.7 we get, using (2.2), the following corollary.
Corollary 2.11. Diagram (2.1) is exact if and only if it is exact at each point a&f
(equivalently, at each point df).

3. Inverselimits

Suppose that for every € A, where A is a set directed by a relatiod, we have a
topological spaceX,, and for every, i € A with A < u, a mappingf} : X,, — X;. is
defined such that the following two conditions are satisfied:
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o fllo fu = [ foranya, u,v € A satisfyingh < <v,

e f}is the identity onX; for eachi € A.

Then the familyS = {X,, f}*, A} is called thénverse system of spac&s with bonding
mappingsff. An inverse systens = {X,,, f,*, N}, whereN is the set of all positive
integers directed by its natural order, is calledithesrse sequence

Let S = {X;, A", A} be an inverse system. An element= (p,) of the Cartesian
product] [{X,: A € A} such thatfk“(p,t) = p, forany i, u e A with A < p is called a
threadof S, and the subspace §f{X,: 1 € A} consisting of all threads & is called the
limit of the inverse systeri, and is denoted by = Ii(m{XA, ff, A}. Further, we denote
by f,.: X — X, the projection from the inverse limit space into ttté factor space. Then
Py = fr(p) € X,, for eachi € A. Besides, we denote by* a point of X, not necessary
being therth coordinate of a thread; similarly, we will uge, C X, to denote a set of the
form £, (A) for someA C X, while A* C X; need not be of this form.

The sets of the fornf[l(U*), whereU” is an open subset of;, calledbasic open
sets constitute a base K. The reader is referred to Engelking’s monograph [2] for more
information on inverse systems.

Let two inverse systemS = {X, f}‘, A} andT = {¥,, g%, X} be given. By a mapping
h of S to T we mean a familf{¢, h°} consisting of a nondecreasing functigpn> — A
such that the sep(Y) is cofinal in A, and of mapping&? : X4y — Y, defined for all
o € ¥ andsuchthagl o h* =h° o () j.e., such that the diagram

$(0)
ot
X¢po)<=——Xp(r)
(3.1:0, 'L') htri \Lhr
Y, = Y,

is commutative for any, T € X satisfyingo < t. Any mappingh:S — T induces a
(continuous) mapping oK = Ii(m StoY = Ii(m T, called thelimit mapping induced by
{¢, h°} and denoted b = Ii(m{qﬁ, h?}.: X — Y (see [2, Section 2.5, p. 101]).

3.1. Exactness of mappings between inverse systems
Recall the following concepts (see [8, p. 58]).

Definitions 3.2. A mappingh:S — T is said to be exactif for every o, t € X with
o < t diagram (3.1, 7) is exact. A mappind:: S — T is said to bdimit exactif for
everyo € X the diagram

Xpo) <2 x
(3.3:0) hﬂi \Lh

Yo=Y

is exact.
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It is known (see [8, p. 58]) that

(3.4) for inverse sequences (i.e.,.Af= ¥ = N), exactness of diagrams (3.4, n) for
m,n € N implies exactness of diagrams (3:8, i.e., exactness of the mappiiig
implies its limit exactness.

Pointed versions of the above concept can be defined as follows.

Definitions 3.5. A mappingh: S — T is said to be:

— domain exact at a point = (a;) € X provided that there exists an indexe X such
that for everyo, T € X satisfyingog < o < 7 diagram (3.1o, 7) is exact at the point
dp(o) € Xo (o)

— domain exact on a set C X provided that there exists an indey € X such that
for everyo,t € X satisfyingog < o < t diagram (3.1, t) is exact on the set
Jp0)(A) C Xp0);

— domain limit exact at a pointt = (a,) € X provided that there exists an index
oo € X such that for each € X with og < o diagram (3.30) is exact at the point
(o) € Xp (o)

— domain limit exact on a set C X provided that there exists an indexe X such that
for eacho € X with op < o diagram (3.3t) is exact on the sefy ;) (A) C X4 (0);

— range exact at a poink = (b,) € Y provided that there exists an index € X such
that for everyo, v € X satisfyingop < o <  diagram (3.1o, t) is exact at the point
b, €Yy,

— range exact on a seB C Y provided that there exists an indey € X such that
for everyo, t € X satisfyingog < o < 7 diagram (3.1, t) is exact on the set
8(B) C Yz,

— range limit exact at a poink = (b,) € Y provided that there exists an indeg e ¥
such that for each € X with og < o diagram (3.3o) is exact at the poin;

— range limit exact on a seB C Y provided that there exists an index< X such that
for eacho € X with og < o diagram (3.3v) is exact on the seR.

Definitions 3.6. The indexog € X mentioned in Definitions 3.5 will be called anmdex
of domain exactness éfat a (of domain exactness &fon A; of domain limit exactness
of h at a; of domain limit exactness @ on A; of range exactness df at b; of range
exactness ok on B; of range limit exactness @f at b; of range limit exactness @f on B,
respectively).

As a consequence of Definitions 3.2 and 3.5 we have the following statement.

Statement 3.7. Consider the following conditions for a mappihgS — T':

(a) his (limit) exact

(b) h is domain(limit) exact onX and every index € X is an index of domairlimit)
exactness of;

(c) h is range(limit) exact onX and every index € X is an index of rang€limit)
exactness af;
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(d) there is anindexg € X such thatifY' ={o € X: op <o}, if ¢': X" — A is defined
by’ =¢|X',and ifh’ ={¢',h°}:S - T’ ={Y,, g%, X'}, thenh' is (limit) exact
(e) h is domain(limit) exact onX;
(f) his domain(limit) exact at each point oX;;
(9) h is range(limit) exact onyY;
(h) h is range(limit) exact at each point of .
Then the following implications hald
(3.7.1) @= (). d=(@E)=(. @=1(@) (=)= ()
Moreover,
(3.7.2) if, for all » € A, the projectionsf; : X — X, are surjective, then

(b)=(a). (b)=(d). (e)= (d);
(3.7.2) if, for all o € X, the projections,, : Y — Y, are surjective, then

©=(@. (©=(). (@=(@)

The next two theorems give some sufficient conditions for limit exactness of a mapping
h between inverse systenSsandT .

Theorem 3.8. Consider two inverse systerfis= {X;, f,', A} andT = {Y,, g7, X} with
compact spaceX, for A € A and with surjective bonding mapping‘;‘,‘, and a mapping
h:S — T between them. Let a poiat= (a,) € X be given. Ik is domain exact at, then
it is domain limit exact at:, and every index of domain exactnes&at « is an index of
domain limit exactness df at a.

Proof. Letog € X be an index of domain exactnesgoéta. Chooser € X withog < o.
We have to show that diagram (33) is exact at the points ) € X¢(). TO this aim
take a pointy = (y,) € Y such thaty, = h? (a¢(s)). Since diagram (3.1s, 7) is exact
at the pointas () for eachr € ¥ with o < 7, the set(h™)"1(y;) N (f(;”g)))—l(ad,(g)) is a
nonempty compact subset®f, .. Since the bonding mapping$’ are surjective, and the
factor space, are compact, the projectiornfs are surjective. Thus the sets

39)  Po= ;000 00 N (£29)  ag)

are nonempty compact subsetsXof Note that for everyr, v’ € ¥ with o <t <t/ we
haveP,, C P;, and thus the family

P={P;: 1€ ¥ ando < t}

is centered (i.e., it has the finite intersection property). Therefore the intersétodall
elements ofP is nonempty [2, Theorems 3.1.1, p. 123 and 3.2.13, p. 141].

Takeb € P C X. To conclude the theorem, i.e., to show that diagram (8)3s exact at
ag (o) itis enough to show thaly ) = ag ) andi(b) = y. Indeed, taking = o in (3.9)
we haveb € P, C f&},)(a(,,(a)), whenceby») = as(0). Further, again by (3.9), for each
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7 € ¥ with o < v we haveb € P C f; 1 ((h")"2(y:)), whenceby ) € (k") 1(y0), e,
h™(b;) = y;. The proof is complete. O

Theorem 3.10. Consider two inverse systerfis= { X, fx", A}andT ={Y,, g2, X'} with
compact spaceX; for » € A and with surjective bonding mapping$’, and a mapping
h:S — T between them. Let a poibt= (b, ) € Y be given. Ifh is range exact ab, then it
is range limit exact ab, and every index of range exactnes&ait b is an index of range
limit exactness ok at b.

Proof. Letog € X be an index of range exactnesshoétb. Chooser € X with og < 0.
We have to show that diagram (3.3) is exact at the poink. To this aim take a point
x% € X¢(s) such that® (x?) = b, = g, (b). Since diagram (3.1, ) is exact at the point
b, € Y, for eachr € X with o < 7, the sets

(B11) Q= £ 4 ()2 N (£55) )

are nonempty compact subsetsXof Note that for everyr, 7’ € ¥ with o <t <t/ we
haveQ. C Q., and thus the family

Q={Q0;: 7€ X ando <1}

is centered. Therefore the intersecti@rof all elements o is nonempty, as previously.

Take a pointr € Q C X. To conclude the theorem, i.e., to show that diagram (@)3:
is exact atb it is enough to show the two equalitiesy ) (= fp)(x)) = x° and
h(x) = b. Indeed, takingr = ¢ in (3.11) we haver € Q, C fq;((l,)(x(,,(a)), whence the
first equality follows. Further, again by (3.11), for eacte X with ¢ < v we have
X € Qr C f35,(h)"2(br)), Whencexsr) € (h7)1(by), i.e., h™ (xy(r) = by Thus the
second equality holds, and the proof is complete.

Using either Theorem 3.8 or Theorem 3.10, together with Statement 3.7 we get the
following corollary.

Corollary 3.12. Consider two inverse systenSs= {X;, f,', A} and T = {Y,, g%, ¥}
with compact spaces; for 1 € A and with surjective bonding mapping$ . If a mapping
h:S — T between these systems is exact, then it is limit exact.

Proof. By the implication (a)= (b) of Statement 3.7 the mappihgs domain exact oix,

and, according to Definitions 3.6, every index X is an index of domain exactnessi/of

By Theorem 3.8 is domain limit exact, and every indexe X' is an index of domain

limit exactness of. Since, for compact spaces, surjectiveness of the bonding mappings
implies surjectiveness of the projections (see [2, Corollary 3.2.15, p. 142]), we can use the
implication (b)= (a) in (3.7.2) of Statement 3.7 to see thas limit exact. O

Compactness of the factor spac¥s is an essential assumption in Theorem 3.10
and Corollary 3.12 because of the following example. The same example shows that
countability of the index set is essential in (3.4).
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Example3.13. There are two inverse systerfis= {X;, f){‘, A}yandT ={Y,, g%, X}, and
a mappingz : S — T between these systems, which is exact, while not limit exact.

Proof. Let S = {X,, f}*, A} be any inverse system with surjective bonding mappings and
with the empty inverse limitX = IimS (see, e.g., [8, Example 1, p. 58]). Fiy € A,
put X = {1 € A: Ao < A}, and Iet¢ Y — A be the natural embedding. Fare X put

Y, = X,, and deflnegk 1Y, — Y, as the identity onX,,. PutT = {Y}, gA , 2}. Thus

Ii(r_n T is homeomorphic tX;,,. Define furthem* = ffo : X5 — Y, = X,,. Thus diagram
(3.1: A, u) for A, u € X' is exact by surjectiveness of the bonding mappiﬁgs Soh is
exact. Itis notlimit exact sinc& = lim § = ¢, while lim 7' is homeomorphic t(;,, so it

is nonempty. The proof is finished. D

The same example shows that no implication of (3.7.2) can be reversed. Really, since
X = ¢, all the imagesf; (X) are empty, sd is domain limit exact orX with each index
o € X as an index of domain limit exactness, whilés not limit exact.

The assumption of compactness of the factor spAges Theorems 3.8 and 3.10 can be
omitted provided that we consider inverse sequences instead of arbitrary inverse systems.
The next two theorems and the corollary following them give precise formulations.

Theorem 3.14. Consider two inverse sequencks= {X,, /", N} and T = {Y,, g/', N},
and a mappingz : S — T between these sequences. Let a pbiatY be fixed. If there is
an index; € N such that for each > j the diagram

n+1
Xy <"— Xn+1

B.1in,n+1) h"l ihrﬁl

Y, <gnT Yo

is exact at the poink, 1 € Y11, thenh is range limit exact at the poirit, and the number
j is an index of range limit exactnessiot b.

Proof. Fix an indexk > j. We have to show that diagram (3/3:is exact ab, i.e., that
for an arbitrary point* € X such that:* (x*) = by we haveh—1(b) N £ 1 (x*) # 0.

For eachn < k definea, = fX(x*). In particular,a; = x*. By exactness of dia-
gram (3.1:k, k + 1) at the pointb 41 € Yiy1 there is a pointyy1 € (1) ~1(bry1) N
(FEH™Haw) € Xesa.

Assume that, for some > k, we have defined,,, for everym < n in such a way
thath™ (a,,) = b,, and that, form < n, we havefn’1”+1(am+1) = an. By exactness of di-
agram (3.1n,n + 1) ath,1 there is a pointy, 1 € (W1 1(b,11) N (F+)ay) C
X,+1. Therefore by the inductive procedure the paigt (a1, az, as, ...) has been defined,
and we have € h=1(b) N f;"*(x*). The proof is finished. O
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Using a similar inductive procedure one can show the following theorem.

Theorem 3.15. Consider two inverse sequencgs= {X,, f,*, N} and T = {Y,, g, N},
and a mappind:: S — T between these sequences. Let a poiatX be fixed. If there is
an index; € N such that for each > j the diagram

St
Xy L Xui1

(3.1:in,n+1) h"l ihrﬁl

Yn?Yn+l
n

is exact on the seaf;)‘l(fj(a)), thenh is domain limit exact at the point, and the
number; is an index of domain limit exactnessipht a.

Corollary 3.16. With the assumption of Theoredril5we can conclude that the mapping
h is domain limit exact at every point of the $€;Tl(fj (a)).

It is not enough to assume in Theorem 3.15 that for eagh; diagram (3.1n,n + 1)
is exact at the poind,, only, to conclude thak is limit exact at the point;, even if the
considered spaces are compact. This is because exactness of diagram:(83.1) ata,
and of (3.1n + 1, n + 2) ata,+1 do not imply exactness of (3.&; n + 2) ata,. The next
example shows this.

Example 3.17. There are two inverse sequences: {X,, /", N} andT = {Y,, g7, N},
a mappingh: S — T between them and a poiate X = Ii(m S such that for each e N
diagram (3.1n,n + 1) is exact aty,, while diagram (3.3: 1) is not exact &f.

Proof. To see this consider an inverse sequefce {X,, f.*,N} of discrete spaces
X1=1{0,1} and X, = {O 1,2} for n > 2 and bonding mappmgﬁ;” determined by the
condmonsf1 0 =0, f1 =1, f1 2 =0, andfn’“rl is the identity mapping for > 2.
ThenX = I|m S is homeomorphic t¢o0, 1, 2}.

Define Yl = {0} Yz ={0,1}, andY, = {0,1,2} for n > 3. Takeg% as the constant
mapping,g3(0) =0, g3(1) = 1, g3(2) = 1, and letg! ! be the identity fom > 3. Thus
all the bonding mapplnggn are determined, and puttily = {Y,, g/', N} we again see
thaty = I|m T is homeomorphic t0, 1, 2}.

Define further a mapping : S — T as follows.h': X1 — Y1 is the constant mapping.
For h?: X — Yo put h?(0) = 0, h%(1) = 1, andh?(2) = 1. Finally »": X, — Y, is the
identity forn > 3.

One can verify that for each € N diagram (3.1n,n + 1) is exact at 0, while dia-
gram (3.1: 1, 3) (and thus (3.1: 4) for eachn > 3) is not exact at 0, namely takingslYs
we haveg3(1) = 0= h1(0), while (£2)~1(0) = {0, 2} and (h*)~1(1) = {1}, so they are
disjoint.

To see that is not limit exact at the threaf®, O, .. .) € X observe that diagram (3.3: 1)
is essentially the same as (3.1: 1, 3). The proof is flnlshezd.
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The next two theorems concern the implication from either domain or range limit
exactness to either domain or range exactness of a mappbejween inverse systems
SandT.

Theorem 3.18. Consider two inverse systeris= {X;, f}', A} andT = {¥,, g%, ¥} with
compact spaceg, for o € X' and with surjective bonding mapping$, and a mapping
h:S — T between them. Let a poiat= (a)) € X be given. Ifk is domain limit exact at
a, then it is domain exact at, and every index of domain limit exactnessiadt a is an
index of domain exactnesshfta.

Proof. Letog € X be an index of domain limit exactnessiofta. We have to show that
for everyo, t € X with og < o < T diagram (3.1, ) is exact at the pointy (). Take
any ¢ € Y; such thatg? (¢c) = h° (a¢(s))- By compactness of all factor spacesfand
surjectiveness of the bonding mappings, the projegtios surjective [2, Corollary 3.2.15,
p. 142]. Let a pointy € Y be such thay, = g, (y) = c. By exactness of diagram (3.3)
at the pointay () there is a pointk € X such thath(x) = y and f ) (x) = ag (). Then
Xp() € ()7 N (£ L ag(e)). The argument s complete O

Theorem 3.19. Consider two inverse systerfis= { X, ff, A}andT ={Y,, g;, X'} with
compact spaceX, for » € A and with surjective bonding mapping‘$‘, and a mapping
h:S — T between them. Let a poibt= (b, ) € Y be given. Ifk is range limit exact ab,
then it is range exact dt, and every index of range limit exactnessadt b is an index of
range exactness @f at b.

Proof. Let og € X be an index of range limit exactnessipfat b. We have to show that
for everyo, t € ¥ with op < o < t diagram (3.1, 7) is exact at the poinb; € Y;.
Take anyc € X4 (5 such that, = g2 (b:) = h° (c). By compactness of all factor spaces
of § and surjectiveness of the bonding mappings, the projecfjes, is surjective [2,
Corollary 3.2.15, p. 142]. Let a point € X be such thatvy ) = fyw)(x) = c. By
exactness of diagram (3.3) at the point there is a point € X such that:(a) = b and
fo)(@) =x¢(s). Thenay ) € h") L) N (ffg)))—l(c). This completes the proof.0

As a consequence of Theorem 3.18 and the equivalence-(&)) of Statement 3.7
or of Theorem 3.19 and the equivalence £&)(c) of Statement 3.7 (the projections are
surjective, compare the proof of Corollary 3.12) we get the following corollary.

Corollary 3.20. Consider two inverse systenSs= {X;, f,', A} and T = {Y,, g%, ¥}
with compact factor spaces and with surjective bonding mappings. If a mapp$ig> T
is limit exact, then it is exact.

The next corollary is a consequence of Corollaries 3.12 and 3.20.
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Corollary 3.21. Let two inverse systemS = {X;, fk",A} and T = {Y,, g2, X} be
given with compact factor spaces and with surjective bonding mappings. Then a mapping
h:S — T is exact if and only if it is limit exact.

3.2. Openness of the limit mapping

Let X andY be topological spaces. A mappirfg X — Y is said to be:
— openif f maps each open set ¥1onto an open set iif;
— interior at a pointp € X provided thatf (p) € int f(U) for each open subsét c X
containingp.
Thus a mapping is open if and only if it is interior at each point of its domain [9, p. 149].
Given a spaceX and its subspaced and B such thatB c A, we will write int4 B
to denote the relative interior, i.e., the interior Bfwith respect toA. Nevertheless, we
will use the symbol in{ B in the sense of inB, to indicate the spac& with respect to
which the interior ofB is considered, especially in the case when several spaces are under
consideration.

Theorem 3.22. Leth:S — T be a mapping between inverse syste$ns {X;, ff, A}

andT ={Y,, g;, X'}, and letp = (p,) be a thread inX = Ii(m S. If:

(1) for each neighborhood’ of p in X there is an index € X such that for eaclr € ¥
with o1 < o we have

(3:23) 17 (pyo)) € intg, () h7 (fp0)(U)),

and

(2) there is a neighborhool of p in X such that the mappinf is domain limit exact on
Vr

then the limit mapping : X — Y is interior at p.

Proof. Observe first thath? (fy)(U)) = go(h(U)) C g+(Y), so the restriction
it (v) B (f5(0)(U)) in (3.23) makes sense.

To show the conclusion, it is enough to show that for a basic opdri se¥’ containing
the pointp we have

(3.24)  h(p) einth(U).

So, letU = f[l(UA) for somex € A and for an open sétf* C X,. Letog € X be an
index of domain limit exactness éfon V, and leto; € X be as in assumption (1). Further,
leto € X be such thad (o) is greater than each af ¢ (o0) and¢ (o1). Then (3.23) holds.
Put

Upo) = fopo(U),
and note that/ = fd,‘([l,)(U(,)(c)). Further, letW? be an open subset &f, such that

W7 N go (Y) =intg, (v) h” (fp0)(U)) = intg, () h° Upo))-
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By the choice ofo, diagram (3.3o) is exact on the sel/y(,), and thus using Proposi-
tion 2.9 we have

hU) = h(fp ) Up) = 85 (h° (Up(0)) D 85 (W N go (YV)) = g, - (W),

with i(p) € g5 1(W?) by (3.23). Thus (3.24) holds and the proof is finished

Corollary 3.25. Leth:S — T be a mapping between inverse systeSns {X;, f){‘, A}

andT ={Y,, g., X'}, and letp = (p,) be a thread inX = Ii(m S. If:

(1) for each neighborhood of p in X there is an index € X such that for eaclr € X
with o1 < o the mapping:? is interior at pg ), and

(2) there is a neighborhooW of p in X such that the mapping is domain limit exact on
v,

then the limit mapping : X — Y is interior at p.

Proof. Take any basic opens&tc X suchthatp e U. LetU = f;l(U*) for some open
setU” C X, and letoy be such that (o1) > 1. Takeo > o1. Thenpy ) is an element

of the open set/?(°) = (ff’(”))‘l(U*). Note that, by interiority ofi® at py ), We have

h? (py(o)) € inty, K (U?(@)), and thus to prove that condition (3.23) of Theorem 3.22 is
satisfied, it is enough to show that

(3.26)  h%(py(o)) N g (Y) Ch(fp(0)(U)).

So, takey, € h? (py(s)), and letx?@) e U@ be such thak? (x?(?)) = y,. By exactness
of diagram (3.3:0) there is a pointt € X such thatk(x) = y and f, (x) = x?. Since
[y U?@) = U, we havex € U. Thus yo = h” (fp(0) (X)) € h” (f(0)(U)). This
shows (3.26) and finishes the proof

Corollary 3.27. Let h: S — T be a limit exact mapping between inverse syst&ms
{Xo, fl', Ay and T = {Y,, g%, X}, and letp = (p;) be a thread inX = Ii(m S. If for each
neighborhoodJ of p in X there is an index; € X such that for eacla € X witho1 <o
condition

(3.23) W% (py(o)) €Nt vy b7 (fp(0) (1)),
holds, then the limit mapping: X — Y is interior at p.

The next corollary follows from Corollary 3.25.

Corollary 3.28. Let h: S — T be a limit exact mapping between inverse syst&ms
{Xy, fA ,AYandT = {Y,, g%, X'}, and letp = (p,) be a thread inX = I|m S. If for each
o € X the mappingi? : X4(») — Y, is interior at the pointpy ), then the limit mapping
h:X — Y isinterior at p.

The above corollary generalizes the following result of Puzio [8, Theorem 4, p. 61].
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Theorem 3.29. If a mappingh:S — T between inverse systerfis= {X;, ff, A} and

T ={Y,, g%, X} is limit exact, and if all the mappings® are open foro € X, then the
limit mappingk: X — Y is open.

Examples are known showing that limit exactness of the maphiisgessential in the

above results (see, e.g., [3, Section 3, p. 57]), however the spaces used in the examples are

not compact. We will construct a similar example for metric continua. Bgrginuumwe
mean a compact connected space.

Example 3.30. There is a mappind:S — T between inverse sequences of continua
S ={Xn, f;",N}yandT ={Y,, g7, N} such that all mappings®, /", g7 are open, while
the limit mappingz is not.

Proof. Forn € N let X,, be the cone over

B,={-1-3...-202 .31

andY,, be the cone over

Leth),: B, — B, be defined by

x, forxeB;,

h! =
a0 [O, forx e B, \ B}

Similarly, if m > n define(f*)": B,, — B, by

x, forx e B,,

(/") (x)z{o, for x € By \ Bn.

Finally, let mappings" : X,, — Yn, f": Xm — X, andg?:Y,, — Y, be understood as
the natural extensions @f,, (/)" and(g)’, respectively. Note that they are open. Then
X =lim{X,, f;",N} is the cone ove-1, —3,...,0,..., 3,1}, andY = lim{Y,.. g, N}

is the cone over the harmonic sequeffe. ., % 1}. The mapping: : X — Y projects the

left part of X onto the limit segment of, so it is not open. O

Remark 3.31. Note that if we assume in (2) of Theorem 3.22 that the maphirsrange
limit exact onk (V) instead of being domain limit exact dn, then the conclusion does
not have to be true. Indeed, denote in Example 3.30bY0, 1) the vertex of the con&
over the sef—1,—3,...,0,..., 3,1}. Takep = (—1,0) andV = pt\ {r}, wherept is the
straight line segment from toz. Since each” is open, assumption (1) of Theorem 3.22 is
satisfied. One can verify that diagram (3:3is exact om: (V) for everyn € N. Although,

h is not interior atp.
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4. Exactness and openness of the induced mappings

In the present section we will consider exactness of induced diagrams and openness of
induced mappings between hyperspaces. Some definitions are in order first.

Given a Hausdorff spack, we let 2° denote the hyperspace of all nonempty compact
subsets ofX equipped with the Vietoris topology (see [7, (0.12), p. 10]). The basis of the
Vietoris topology in X consists of sets of the form

(Us,....Up)={Ae2X: ACcU1U---UU, and
ANU; #Pforeachi € {1,...,n}},
where eaclU; is open inX (see [7, (0.10), p. 9]). IfX is a metric space with a metric

d, then the topology on*2 coincides with the one generated by the Hausdorff méiric
defined by

H(A, B) =max{supd(a, B): a € A}, sufld(b, A): b € B}}

(see, e.g., [7, (0.1), p. 1 and (0.13), p. 10]). Further, we denot€ ®§) the hyperspace
of all subcontinua ofX, i.e., of all connected elements of 2The reader is referred to
Nadler’s book [7] for needed information on the structure of hyperspaces.

Given a mapping : X — Y between Hausdorff spac&sandY, we consider mappings
(called theinducedones)

2/:2X 5 2Y and C(f):C(X)— C(Y)
defined by

27(A)= f(A) foreveryA e 2¥
and

C(f)(A) = f(A) foreveryA e C(X).

The following results concerning induced mappings for the class of open mappings are
known (see [5, Theorem 4.3]; compare also [4, Theorem 3.2]).

Statement 4.1. Let a surjective mapping : X — Y between continu& andY be given.
Consider the following conditions

(@) f:X — Y isopen

(b) C(f):C(X)— C(Y)isopen

(c) 2/:2X - 2¥ is open.

Then(a) and(c) are equivalent, and each of them is implied(by.

An example is known [5, Example, p. 244] of an open surjective mapping — Y be-
tween locally connected continddandY such that the induced mappidy f) : C(X) —
C(Y) is not open.

Pointed versions of the implications in Statement 4.1 are presented below.

Theorem 4.2. Let f: X — Y be a mapping between Hausdorff space&/I{if C(f)) is
interior at {a} € 2X (at {a} € C(X), respectively, then f is interior ata.
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Proof. We will argue forC(f); the argument for £ is the same. Assume that(f) is
interior at{a} € C(f). LetU be an open set iX containing the poin&. By interiority of
C(f) at{a} we have{f(a)} € IntC(f)(C(X)N{U)). Thus there are open séfs, ..., V,
in Y such that f (a)} € (V1,..., V) C C(f)(C(X)N(U)). PutV =ViN---NV,. Then
{f@}e(V)yC(Vi,...,V,). Tofinish the proof it is enough to show thiatc f(U). Take
y e V;then{y} e (V) Cc C(f)(C(X)N(U)), whence there igt € C(X) N (U) such that
C(f)(A) ={y}. Takex € A. Thenx € U and f(x) = y. The argument is complete.c

Theorem 4.3. Let f: X — Y be a mapping of a compact Hausdorff spakeinto a
Hausdorff spacé’, and letA € 2X. If £ is interior at each point of4, then2/ is interior
atA.

Proof. Let A € (Uy, ..., U,). By regularity of X (see [2, Theorem 3.1.9, p. 125, 3.12.27
(b), p. 244] and apply [2, Proposition 1.5.5, p. 38]) there are openigets., V,, in X
such thatA € (Vq,..., V) C (clVa,...,clV,) C (U1,...,U,). Foreachj € {1,...,m}
putW; =int f(V;), and note that by the assumption of interiorityfoft each point ofA
we haveW; # @. It is enough to show thaf(A) € (W1,..., Wy,) C 25 ((Uq, ..., Upy)).
The first part is a consequence of the definitions. To verify the second oneBtake
(W1, ..., W) and putC = (clVo U ---UclV,,) N f~1(B). ThusC is compact by the
compactness o. ThenC € (clVy,...,clV,) c (Uz,...,U,) and f(C) = B. Thus

B €2/ ((Uy,...,U,)). The proof is finished. O

Theorem 4.3 can be generalized from compact to locally compact spaces. Namely we
have the following corollary.

Corollary 4.4. Let f: X — Y be a surjective mapping between Hausdorff spaces, with
the domainX being locally compact, and let € 2X. If f is interior at each point of4,
then2/ is interior at A.

Proof. For each poink € A let U(x) be a compact neighborhood of By compactness
of A there are pointxi,...,x, € A such thatA c U = U(x1) U --- U U(x,). Then
Ue2XandA CintU. LetV = (V1,...,V,) be an open neighborhood df such that
ViU---UV,, c U.Then Z (V) =271V (V) is a neighborhood of (A) because of Theo-
rem 4.3. So, the conclusion holdst

Answering a question of the authors, Professor Alejandro lllanes has constructed the
following example which shows that the local compactnesk afn essential assumption
in Corollary 4.4.

Example 4.5. There is a metric, not locally compact spake and an open surjective
mappingf : X — [0, 1] such that 2 : 2X — 2[011 s not open.

Proof. The construction will be performed in the Euclidean pl&te Denote byQ the
set of all rationals in0, 1]. Let A and B be two subsets of) such thatQ = A U B,
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AN B =, and bothA and B are dense iffi0, 1]. PutX = (Q x A) U (([0, 1]\ Q) x B),
and letf : X — [0, 1] be the natural projection on the first factor.

To see thatf is open we verify its interiority at each poipte X. To this aim letS
be a square with centgr whose sides are parallel to the coordinate axes. BherX is
a neighborhood op in X. Since the setd and B are dense iif0, 1], the neighborhood
S N X projects onto an intervaf (S N X) C [0, 1] with p € int (SN X). Thus f is open.

Now we will prove that 2 : 2X — 21011 js not open. Let: € A. Then(0, a) € X. Let{
be any open neighborhood @, @)} in 2X. Suppose 2(U/) is open. Sincd0} € 27 (),
there ise > 0 such that[0, ¢] € 2/ (/). Thus there is a compact s&t € ¢/ for which
f(K)=10,¢]. Definek (x) = K N ([0, 1] x {x}) for x € Q. Thusk = J{K (x): x € Q},
whencd0, ¢] = f(K) = J{f (K (x)): x € O}. By the Baire category theorem there exists
xo € Q such that intf (K (xg)) # @. Note that ifxg € A, thenf (K (xp)) C Q, andifxg € B,
then f (K (xo0)) C [0, 1]\ Q. So, in any case int(K (xp)) = ¥, a contradiction that finishes
the proof. O

The inverse implication to that of Theorem 4.3 is not true. The next example shows this.

Example 4.6. There is a mapping : [0, 1] — [0, 1] such that the induced mappingd %
interior at[0, 1], while f is not interior at a poin& < [0, 1].

Proof. The mappingf defined by
2x forx [0, 3],
fx)=31-—x forxe( %),
2x—1 forxe [ , 1]

has the needed properties fo= 5. O

N win wik

Remark 4.7. An analogous result to Theorem 4.3 for the induced mapging) is
not true: so-called tent mapping: [0, 1] — [0, 1] with f(x) = 2x for x € [0, %] and
f(x)y=2—2x for x € (%, 1] is open, thus interior at each point [, 1], while C(f)
is not interior atX = [0, 1].

If spaces and mappings are given as in diagram (2.1), then one considers the diagrams

2X’<L2X

(4.8) 2h’i lzh

2Y/?2Y

and
cx)y<P cx)
4.9) C(h’)l/ iC(h)
CO) =g €M)

(called the diagramimducedby diagram (2.1)).
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4.1. Exactness of the induced diagrams

It is evident that if diagram (2.1) is commutative, then diagrams (4.8) and (4.9) are
commutative, too, and conversely. Concerning exactness of these diagrams we have the
following results.

Theorem 4.10. Let spacesX, X', Y andY’ be given. If, for some point € X’ (for some
pointb € Y) the induced diagran4.8), or the induced diagrani4.9), is exact at{a} (at
{b}), then the diagran{2.1)is exact atz (at b, respectively.

Proof. We will argue for the pointz and for the diagram (4.8). The argument for the
other three cases is the same. Let (4.8) be exadtjat 2X'. Take b € Y such that
h'(a) = g(b). By the assumption there exisi&se (2/)~1({a}) N 2")~1({b}) # #. Thus
2/(P) = {a} and 2'(P) = {b}, whence it follows that ifp € P then f(p) = a and
h(p) =b, so p € f~La) N h~1(b), and therefore the diagram (2.1) is exactzafThe
proof is complete. O

Corollary 4.11. If, for some spaceX, X', Y andY’ the induced diagrani.9) is exact,
then diagram(2.1)is exact.

The inverse implication to that of Corollary 4.11 does not hold. The next example shows
this. We denote b the set of all complex numbers.

Example4.12. If X = X' =Y =Y’ is the unit circles? = {z € C: |z| = 1}, the mappings
fiX— X' andg:Y — Y’ are defined byf(z) = g(z) = 2%, and mapping#: X — ¥
andh’: X' — Y’ are defined byi(z) = /'(z) = 72, then diagram (2.1) is exact, while the
induced diagram (4.9) is not.

Proof. Takez1 € X’ andzz € Y such thatn = zf = zg. We have to find such a number
z € X thatz® = z1 andz2 = z,. It follows thatz® = a, so these numbetscut the unit
circle ST into six equal parts. We label thery, ..., cs assuming that they are ordered
cyclicly on 1. Those of them which satisfy the equatigh= z1 are each second, while
those withz? = z, are each third. Thus there is exactly andor some;j € {0, ..., 5} such
thate? = z1 andc? = z2. Thus diagram (2.1) is exact.

To show that diagram (4.9) is not exact take= X’ and letB € C(Y) be an arc of the
length 2r/3. ThenC (h')(A) = S* = C(g)(B). Each of the two elements o€ (1))~ 1(B)
is a subarc o8 of lengthsr /3, so its image undef ( f) is an arc of lengthr, and therefore
(C()~LA) N (C(h)"1(B) =¥. The argument is complete.

Remarks4.13.

(a) Note that all mappings in diagram (2.1) of Example 4.12 are open. Thus openness of
the mappings in diagram (2.1) and its exactness do not suffice for exactness of the
induced diagram (4.9).
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(b) The exponents 2 and 3 in the definitions of mappifigg, » andh’ of Example 4.12
can be replaced by any pair of relatively prime positive integers.

Note that, in the next results, according to Definition 2.5 i€ 2X" then A is a subset
of X’ in (2.1), and is a point of ¥ in (4.8) (a point ofC(X’) in (4.9)).

Theorem 4.14. Let spaces¥, X', Y andY’ be given, and lett € 2X’ (let B € 2Y). If the
diagram(2.1)is exact onA (on B), then diagran(4.8)is exact atA (at B, respectively.

Proof. We will argue for exactness on/dt. The other case is symmetric. Takee 2"

such thatt’(A) = g(B). PutP = f~1(A) N h~1(B). We will show thatP e (2/)"1(A) N
(2MH~1(B), i.e., thatf(P) = A andh(P) = B. The inclusionsf (P) c A andh(P) C B

are consequences of the definitions, and because of the symmetry it is enough to prove that
A C f(P). So, take a point € A and choose a poirttc B such thati’(a) = g(b). Then

f~Y(@) N h~1(b) # ¥ by the exactness of diagram (2.1). et f~1(a) N h~1(b). Then

p € P and f(p) =a,whencex € f(P). The proofis finished. O

The following is a consequence of Theorems 4.10 and 4.14.

Corollary 4.15. Let spacest, X', Y andY’ be given, and lefi € 2X’ (let B € 2¥). Then
the induced diagran{4.8) is exact at every compact subset of(of B) if and only if
diagram(2.1)is exact onA (on B, respectively.

Corollary 4.16. Let spacesX, X’, Y andY’ be given. Then the induced diagrdm8)is
exact if and only if diagranf2.1)is exact.

The inverse implication to that of Theorem 4.10 in case of diagram (4.8) is a
consequence of a stronger result, namely of Theorem 4.14. We will show that it is not
true in case of diagram (4.9). Precisely, we have the following example.

Example 4.17. There are metric continus, X', ¥ andY’, a pointa € X’, and mappings
f, g h andh’ as in diagram (2.1) such that diagram (2.1) is exact, while the induced
diagram (4.9) is not exact &t}.

Proof. Let ¢ c [0, 1] be the standard ternary Cantor set. In the plaAdequipped with
the Cartesian rectangular coordinafesy) of points) letX be the cone with the vertex
v=(1/2, 1) over the Cantor set of poin{sc, 0): ¢ € €} located in the closed unit interval
of the x-axis. For each elemente ¢ let L. stands for the straight line segment joining
and(c, 0). Thus

X = U{LC: cec).

Put X’ =[0,1] and letf: X — X’ be the projection defined by ((x, y)) = y for each
point (x,y) € X. Further, letp:€ — [0, 1] be the well known Cantor-Lebesgue step
function that map€ onto[0, 1] (see, e.g., [6, 816, II, (8), p. 150]; compare [9, Chapter I,
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84, p. 35]). Takingr' as the triangle with vertices= (1/2, 1), (0, 0) and(Z, 0), we define
a mapping: : X — Y such that:(v) = v and for each € ¢ the restrictionz| L. mapsL.
linearly onto the straight line segment framto the point(¢(c), 0). Definingh’': X’ —
Y’ =[0, 1] as the identity, ang :Y — Y’ as the projection defined ky((x, y)) = y for
each(x, y) € Y, we see that diagram (2.1) commutes just by the definitions, because if
means the second coordinate of a pgint X, then we haveél' (f(p)) = y = g(h(p)).
Since the functionp: € — [0, 1] is a surjection, for each pointx, y) of the triangle
Y there is a numbet € ¢ with ¢(c) = x. Theng((x,y)) = y = (W)~1(y), whence
(c,y) e f~Yy)Nh~1((x, y)). This means that diagram (2.1) is exact.

Puta =0 e X'. To see that the induced diagram (4.9) is not exat hit is enough to
note that there is no subcontinuumXfthat is mapped ontf0, 1] x {0} underh. O

The next example shows that the converse to Theorem 4.14 is not true. In other words,
it shows that the phrase “on every compact subset'ofannot be replaced by “at" in
Corollary 4.15.

Example 4.18. There is a spac& and a self mapping : X — X such that putting
X=X =Y=Y and f =g =h =" indagram (2.1), the induced diagram (4.8) is
exact atX’ and atY, while diagram (2.1) is not exact.

Proof. Consider the one-point compactificati@hU {oc} of the complex planeéC. Put
S1={zeC: |zl=1}andR = {oo} U {(1+ 1/1) expit): t € (0, 00)}, and letX = ST U R.
Define f:X — X by f(z) = z2 for z € §1, f(o0) = 00, and f((1 + 1/1) explit)) =
(1+1/(2t)) exp(2it) for 1 € (0, 00). Thenf(s1) = st and f(R) = R.

Observe thatf is one-to-one onR, whence(2/)~1(X) = {X}. This implies that
diagram (4.8) is exact at’ and atY. To see that diagram (2.1) is not exact it is enough
to take 1€ X’ and—1¢€ Y. Theng(—1) = 1= //(1), while f Y1) nh~1(-1) =@. The
proof is complete. O

4.2. Exactness of the induced mappings

Let, as previouslyS = {X;, ff, A} be an inverse system. We denoteBythe inverse
system{2X+, 2/ | A}, and by C(S) the inverse systeniC(X;.), C(f}"), A}. It follows
from [7, Theorem (1.169), p. 171 and Remark (1.170), p. 174] that i Ii(m S, then
2% is homeomorphic to the inverse Iimlt_liﬁ*f andC(X) is homeomorphic to the inverse
limit Ii(rﬂ C(S) (see also [2, 3.12.27 (f), p. 245 and 6.3.22 (f), p. 380]).

Given a mapping: : S — T between inverse systems, we define thduced mappings
2m:25 - 2T andC (h): C(S) — C(T) as systems of induced mappings

2. 2%o) 5 2¥ and C(h%):C(Xp(o)) = C(Yo),

correspondingly. Recall that, for evesyt € X with o < T we have

o ¢ (1) T T
2h7 6 279) = 285 0 2" and C(h")oC(f(fg))):C(gf,)oC(hT),
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respectively, and that, by a result of Segal, see [7, Theorem 1.169, p. 171, and
Remark 1.170, p. 174], we have

2" =lim2" and C(h)=limC(h).
<~ <~

Theorem 4.19. Leth:S — T be a mapping between inverse systems. Then the following
implications hold

(4.20) if 2" is domain(limit) exact at{a}, thenh is domain(limit) exact ata;

(4.21) if C(h) is domain(limit) exact at{a}, thenh is domain(limit) exact ata;

(4.22) if b is domain(limit) exact onA C X, then2” is domain(limit) exact atA;

(4.23) if 2" is range(limit) exact at{b}, thenh is range(limit) exact ath;

(4.24) if C(h) is range(limit) exact at{b}, thenh is range(limit) exact atb;

(4.25) if h is range(limit) exact onB C Y, then2” is range(limit) exact atB;

(4.26) h is (limit) exact if and only iR is (limit) exact

(4.27) if C(h) is (limit) exact, therk is (limit) exact.

Proof. Implications (4.20) and (4.21), as well as (4.23) and (4.24) are consequences of
Theorem 4.10. Conditions (4.22) and (4.25) follow from Theorem 4.14. Finally (4.26)
and (4.27) are implied by Corollaries 4.15 and 4.11, correspondingly.

Now we will consider the inverse implications to ones discussed in Theorem 4.19. The
inverse implication to (4.20) holds even in a stronger form, which is (4.22). Similarly, the
inverse implication to (4.23) holds in a stronger form, which is (4.25). To see that the
inverse implication to (4.21) is not true the following two examples are presented.

Example 4.28. There are two inverse sequences of metric cont$iea{X,,, £, N} and
T ={Y,, g, N}, and a mapping: S — T between them such that it is exact (and thus
limit exact), whileC (k) is neither domain exact nor domain limit exact at some singleton.

Proof. As in Example 4.17 let C [0, 1] be the standard ternary Cantor set. For each
n € N let X,, be the cone ove€” andY, be the cone ovef0, 1]*. Therefore points of
X, can be written in the forntcy, ..., c,, t) with ¢; e €for j e {1,...,n} andt € [0, 1],
as well as points of, can be written in the forngxy, ..., x,, ) with x;,¢ € [0, 1] for
Jj €1{1,...,n}. We assume that the value- 1 corresponds to the vertices of the cones, i.e.,
that we have(cy, ..., ¢, 1) = (¢}, ....¢,, D in X,,, and (x1, ..., x,, D) = (x]. ..., x;,. 1)
in Y,. Let, as in Example 4.17, the mappipg € — [0, 1] be the Cantor-Lebesgue step
function. For eactn € N define f"+1: X,,11 — X,, g1 Y41 — Y, andh™: X, — Y,
by the conditions
y:1+1((cl5 ] Cl‘la Cl‘l+17 t)) = (Cla ] Cl‘h t)7

gZJrl((xl’ cees Xy Xn41, t)) =(x1,...,Xxn, 1),

and

R ((c1, ..., en 1)) = (9(c1), ..., @(cn), 1),
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respectively. We will show thak:S — T is exact. In diagram (3.1z,n + 1) take
two pointsp = (c1,...,¢n, 1) € X, andg = (x1, ..., Xu, Xpt1, ') € Y1 With 2" (p) =
g 1(g). Theng(c;) = x; for j e{l,....,n} andt =1, ort =1 = 1. Takec,11 €
¢ Y(xnt1) C €. Therefore(ey, ..., cu, cuy1, 1) € (Y 7Hp) N (WH7L(g). So,h is
exact, thus limit exact (see, e.qg., [8, p. 58] or Corollary 3.12).

LetX = Ii(m S, and take a threadl= (a1, a2, as,...) € X witha, = (0, ..., 0) (i.e., the
sequence of + 1 zeros). We will show that the induced diagram

c(fith
C(Xy) =——C(Xn+1)

(4.29) c(h”)l LC(h”“)
C(Yn) W C(Yn41)

is not exact afa, }. To this aim for eacl € N lets; be a sequence ozeros, and puB; 1 =
{si} x [0, 1] x {0} C Y;11. Note thatg” T1(B,.+1) = {#" (ay)}. The seth"t1)~1(B, 11) is of
the form{s,} x € x {0}, and all its subcontinua are singletons(6ah"*1))~1(B, 1) = ¥,
and therefore the induced diagram (4.29) is not exagt,at It is not limit exact afa, } by
Theorem 3.18. The proof is finishedO

As it has been seen in the very final part of the previous proof, diagram (4.29) is not
exact becaus€ (h"t1) is not surjective, i.e., becauggt! is not weakly confluent [7,
Theorem (0.49.1), p. 24]. However, one can have a similar example with all maggings
being weakly confluent.

Example 4.30. There are two inverse sequences of metric contisiua {X/,, (f")", N}
andT’ = {Y,, (g™ N}, and a mappind’: S’ — T’ between them such that it is exact
(and thus limit exact), all induced mappings(k’)"*) are surjective, whil€ (') is neither
domain exact nor domain limit exact at some singleton.

Proof. Consider the two inverse sequencgsaand T of Example 4.28. For each €
N let X/ be the one-point union ok, and Y, with the vertices identified. Define
(St X . — X, by
X = f ™ and  (fO Y=g
Then$' is defined. Then puf’ = 7', and for eachn € N define(h’)": X|, — Y, =Y, by
""" X, =h" and (#')"|Y, is the identity.

Since(h)" is a retraction, the mapping((%’)") is a surjection. The argument used in the
proof of Example 4.28 shows thét(k’) is not domain exact. The reader can verify that
isexact. O

Examples 4.28 and 4.30 show that the converse to implication (4.27) of Theorem 4.19
is not true.
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The converse implication to that of (4.22), i.e., a stronger form of (4.20), in which the
singleton{a} is replaced by any set € 2%, and to that of (4.25), i.e., a stronger version
of (4.23), in which the singletofb} is replaced by any set € 2, are not true by the next
example.

Example 4.31. There are two inverse sequences of metric cont$iea{X,, £, N} and

T ={Y,, g, N}, and a mapping : S — T between them such that the induced mapping
2h:25 5 2T s domain exact and domain limit exact¥g, = Ii(m S, and range exact and
range limit exact al, = Ii(m T, while & is neither domain exact nor domain limit exact
on X, and it is neither range exact nor range limit exactat

Proof. As the reader has observed, we have changed our usual notatigﬂ K rfrigm

X into X«. This is because we will use the symhkl to denote the continuum of
Example 4.18. The same change frénto Y is just to keep the symmetry of notations.
Further, letf : X — X be the self mapping defined there. With this meaning aind f

for eachn e N put X, = ¥, = X and "+ = g"*1 = j" = f. Thus the needed inverse
sequences, T and the mapping : S — T are defined. We will show th&" is domain
exact atX., € 2X~. According to Definition 3.5 we have to verify that the (induced)
diagram

ofil
2Xn - 2Xm

zhni \Lzhm

2V <——2¥m
28n

in whichn < m, is exact atX,, € 2X». By Example 4.18 the only poir of 2¥» satisfying
280 (P) = 2" (X,) =Y, is P =Y, and thereby we are done.

Note thatk is not domain exact at the thread= (1,1, 1, ...) € X, and itis not range
exact ath(p) = (1,1, 1,...) € Yo. Further,2" is domain limit exact atX,, by Theo-
rem 3.8, and it is range limit exact &, by Theorem 3.10. Note thatis neither domain
limit exact atp by Theorem 3.18, nor it is range limit exact by Theorem 3.19. The argument
is complete. O

The next example shows that the converse implication to (4.24) is not true.

Example 4.32. There are two inverse sequences of metric cont$iea{X,,, f', N} and
T ={Y,, g" N}, and a mappindg : S — T between them such that it is exact (and thus
limit exact), whileC (h) is neither range exact nor range limit exact at some singleton.

Proof. As previously defined, le€ c [0, 1] be the Cantor set. For eaahe N let X, be
the cone ovef0, 1] x € x €, andY,, = [0, 1]. Thus points ofX,, can be written in the form
(s, c1,c2,t) with s, 7 € [0, 1] andcy, c2 € €.
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As in Example 4.28, we assume that the valie 1 corresponds to the vertices of the
cones. Let again the mappipg € — [0, 1] be the Cantor—Lebesgue step function, and let
Y€ — € x € be a homeomorphism. For eaecle N define

(s, er,c2.0) = (p(c1), Y(c2). 1);
R'(s,c1,c2, )=t and g"l(@)=1.

To show exactness and limit exactnesshoit is enough, by equivalence (a) and (c) of
Statement 3.7 and by Theorems 3.14 and 3.19, to prove that diagrams, (3-£:1) are
exact for eactn € N. So, takex” € X, andy"*! e ¥,1 such thag” 1 (y"*+1) = n" (x").
Thenx” = (s, c1, c2, t) andy"t1 =1 for somes, r € [0, 1] andey, ¢z € €. Takec € € such
thatp(c) =s. Then
(0,¢, ¥ Yc1, c2), 1) € (W) TN N (£ TH ).

This finishes the proof of exactnessiof

Take a thread = (0,0,...) e Y = Ii(m T. We will show thatC (k) is is neither range
exact nor range limit exact di}. Again by Theorem 3.19 it is enough to show that
for eachn € N diagram (4.29) is not exact &0} € C(Y,+1). Put B = [0, 1] x {0, 0, 0}.
Thenh"(B) = 0= g"1(0) and (f**1)~1(B) =[0,1] x € x {¥~%(0,0)} x {0}. Note
that the image undef+1 of any subcontinuum off7*1)~%(B) is a singleton, whence
(C(fr*+1)~Y(B) = @. Consequently, diagram (4.29) is not exac{@te C(Y,+1). The
proof is complete. O

4.3. Openness of the induced limit mapping
We prove the following result.

Theorem 4.33. Consider two inverse systenSs= {X;, fk“, A} and T = {Y,, g5, X}
with locally compact factor spaces, . Let X = Ii(m SandY = Ii(m T, and let a mapping
h:S — T be domain limit exact on some compact neighborhbodf A € 2X. If there
exists ao1 € X such that for eacly € X' with o1 < o the mappingh?® : Xg o) — Yo IS
interior at every point of the sety ) = f3()(A), then the induced mappirdj is interior
atA.

Proof. By (4.22) of Theorem 4.19 the induced mappirfgi€ domain limit exact at each
P €2V, i.e., it is domain limit exact on2. On the other hand, Corollary 4.4 implies that
2"’ is interior atAg s for eacho € X with o1 < 0. Thus Corollary 3.25 can be applied
with 25, 2T and2" in place ofS, T andh, respectively, andt € 2V ¢ 2% in place of P,

to get the conclusion. O

Corollary 4.34. Consider two inverse systenSs= {X;, f', A} and T = {Y,, g%, ¥}
with locally compact factor spaces, . Let X = Ii(m SandY = Ii(m T, and let a mapping
h:S — T be limit exact and such that the mappings: X4,) — Y, are open for each
o € X. Leth: X — Y be the limit mapping. Then the induced mapp#ig2¥ — 2Y is
open.
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5. Applications

To illustrate how the theorems considered in the previous sections work we will show
that the induced mapping (%) is open for some mappindsfrom a solenoid into itself.
We start with the necessary definitions. For a given sequéreéks, ko, ...} of positive
integers, define the following inverse sequence. For @actN let X,, be the unit circle
St ={z € C: |z| = 1}, and definef’T1(z) = z*. Put§ = {X,,, f",N}. Then the inverse
limit X = Ii(m S is called asolenoiddetermined by the sequenge In particular, if the
sequencé is constant from some place on, with = k for almost alli € N, then the
solenoid is called-adic. It is known that if all terms; for i € N are bigger than 1, then
the solenoidX is a homogeneous indecomposable continuum. The reader is referred, e.g.,
to [1, pp. 222 and 223] for more information on other definitions and characterizations of
solenoids known from the literature.

Example 5.1. For eachn € N put X, = Y, = 1, f"t1(z) = g"*1(z) = 23, andh”(z) =
z%. Leth: X — Y be the limit mapping between the inverse limits (being the same triadic
solenoid). Then for each € N the induced mappingS(4") are not open, whil€ (k) is.

Proof. To see thaC (1) is not open for any consider the family/ of subarcs ofX,, with
length greater than. Thenl/ is an open subset @ (X,,). The imageC (h")(U) = {Y,,} is
not open inC(Yy,).

To show thatC (k) is open we will prove its interiority at each elemehte C(X). We
consider the cases$ # X andA = X separately. In the casé # X we will apply Theo-
rem 3.22. Put4,, = f,,(A). The whole proof will be divided into four claims.

Claim 1. For eachA € C(X) \ {X} and for each neighborhodd of A in C(X) there is
no € N such that for every > ng we haveh (A,) € intC(h")(C(f)U)).

Proof. To show Claim 1 let:; € N be such thatf,, (A) is a proper subset of,,. Let
V™ be a subarc o, satisfyingA,, = f,,(A) CintV"i, For everyn > ny defineV”

as the component 0¢f,§’1)_1(V”1) that containsA,, = f,(A). Then A, C intV" and

A" V" is a homeomorphism, s6(h")|C (V") is also a homeomorphism, and the image
C(h™")(C (V™)) is a neighborhood ai" (A,,) in C(Y;,).

Let &/ be a neighborhood oA in C(X). Then there is an index, € N and an open
setU"2 in X,, such thatfn—zl(U"Z) CU. Letng = max{ni + 1, np}. For eachn > ng put
w" = (f,fz)_l(U”Z) N V". ThenW" is an open subset of, and A,, ¢ W". Moreover,
C(h™")|C(W™) is a homeomorphism with' (2")(C(W")) open inY,,. Thereforeh” (A,)
C(W")(C(W™)) CintC(h™)(C(f,)U)). This finishes the proof of Claim 1.0

Claim 2. For eachA € C(X) \ {X} there exists a compact neighborhogaf A such that
C(h) is domain exact om.

Proof. To show Claim 2 letig € N be such thatf,,(A) is a proper subset of,,,. Let
V"0 be a subarc ok, satisfyingA,, = f,,(A) C intV"0 #£ X,., and denote by 7o+l
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the component o(f,fo‘)”)‘l(V”O) that containsA,,,+1. Then ymotl s an arc iNXp0+1
of length less thans2/3. PutV = {P € C(X): fyo+1(P) C vrotly ThenV is a compact
neighborhood ofd in C(X). We will show thatC (k) is domain exact oW, andng + 1 is
an index of domain exactness@fh) on V. To this aim consider the induced diagram

C( nm
CXp) <Y cix,)

C(h”)i \LC(h’”)

C(Yn)WC(Ym)

for no+ 1< n <m, and a continuun¥ € V. Let W” be a subcontinuum df,, satisfying
gm(W™y = h"(V,), whereV, = f,(V). By the choice ofng the continuumi”(V,,) is
a proper subcontinuum of,, and thereforeW™ is a component otg,’f)‘l(h”(vn)).
Choose a thread = (v, v2,...) € V andw™ € W" such thath” (v,) = g (w™). By
Remark 4.13(b) diagram (3.&; m) is exact, and thus there is a poirit € (£)~(v,) N
(h"™)~L(w™). Let V™ be the component @) ~1(W™) that contains the point”. Then
V™ e (C(fM)~1(Vy) N (C(h™))~1(W™). This finishes the proof of Claim 2.0

Claim 3. ForeachA € C(X) \ {X} the induced mapping (k) is interior at A.
Indeed, it follows from Claims 1 and 2, using Theorem 3.22.
Claim 4. The induced mapping (k) is interior at X.

Proof. To show Claim 4 for each € N putif, = {A € C(X): f,(A) = X,,}. We will prove
that the family{i/,: n € N} is a local base of (X) at its elemeni. To this aim define
U = {exp(ir): 1 € (0,37/2)} C Xps1
and
V ={explit): t € (-7, 7/2)} C Xps1.

and note that/, contains the basic open s@fnjrll(U), f”jrll(V». The property(\{U,:
n € N} = {X} is obvious. To complete the argument it is enough to observdthat C
C(h)(Uy). Thus Claim 4 is shown. O

By Claims 3 and 4 the induced mappingh) is interior at each element of C(X),
whence it is open, as needed. The proof is complete.

Remark 5.2. Observe, similarly as in Remark 4.13(b), that the exponents 2 and 3 in the
definitions ofk”, £+ andg”* of Example 5.1 can be replaced by any pair of relatively
prime positive integers.
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