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Abstract

The pointed versions of exactness of commutative diagrams and of exactness and limit exactness of
mappings between inverse systems are introduced. These concepts are used to investigate interiority
of a limit mapping between inverse limits of topological spaces. The obtained results are applied to
show openness of some induced mappings between hyperspaces. 2001 Elsevier Science B.V. All
rights reserved.
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1. Introduction

To get nice properties of limit mappings between inverse systems of spaces commutativ-
ity of corresponding diagrams is not enough. Some stronger properties, namely exactness
and limit exactness of mappings between inverse systems were considered in the literature
(see, e.g., [6, p. 19] and [8, p. 58]) and have been shown to be useful tools to investigate
openness of the limit mapping [8, Theorem 4, p. 61]. In the present paper we introduce
pointed versions of these notions, viz. exactness of diagrams and exactness and limit ex-
actness of mappings between two inverse systems at a point and on a subset of either the
domain or the range space. The introduced concepts are used to generalize several results
on limit mappings from global to pointed versions, in particular for induced mappings
between hyperspaces.
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The paper consists of five sections. After the introduction, exactness of diagrams is
considered in an auxiliary, second section. Inverse limits are studied in Section 3. We
consider exactness of mappings between inverse systems (Section 3.1) and openness of the
limit mapping (Section 3.2). The fourth section is devoted to induced mappings between
hyperspaces of compact subsets and of subcontinua of the considered topological spaces.
Exactness of the induced diagrams and of the induced mappings are studied in Sections 4.1
and 4.2, respectively. Sections 4.3 contains results related to openness of the induced
limit mapping. The last chapter contains an example showing an application of introduced
concepts and obtained results.

We do not collect definitions, notions and symbols used in the paper in a separate chapter
as preliminaries. The needed concepts are recalled in their proper places, where they
are used. However, we fix now that all considered spaces are assumed to be topological
Hausdorff spaces, and all mappings are continuous. Furthermore, the following standard
notation will be used. The abbreviations cl and int mean the closure and the interior
respectively of a subset of a space. The composition of two mappingsf :X→ Y and
g :Y → Z is denoted byg ◦ f . As usual,N stands for the set of all positive integers.

2. Exactness of diagrams

Recall that a diagram

(2.1)

X′

h′

X

h

f

Y ′ Yg

is said to beexact(orbi-commutativein [6, §3, IV, p. 19]) if it commutes, i.e.,h′ ◦f = g◦h,
and if the conditionh′(x ′) = g(y) implies h−1(y) ∩ f−1(x ′) �= ∅ for everyx ′ ∈ X′ and
y ∈ Y . It is known [6, §3, IV, p. 19] that

(2.2) the diagram is exact if and only if either of the following condition holds:

f
(
h−1(B)

)= (h′)−1(g(B)
)

for eachB ⊂ Y,

h
(
f−1(A)

)= g−1(h′(A)
)

for eachA⊂X′.

We will define pointed versions of the above concepts as follows.

Definition 2.3. Diagram (2.1) is said to beexact at a pointx ′ ∈ X′ (or at a pointy ∈ Y )
provided thath(f−1(x ′))= g−1(h′(x ′)) (or f (h−1(y))= (h′)−1(g(y)), respectively).

Proposition 2.4. If diagram(2.1) is exact at a pointx ′ ∈X′, then

(2.5) for each pointy ∈ Y such thatg(y)= h′(x ′) we haveh−1(y)∩ f−1(x ′) �= ∅.
Moreover, if diagram(2.1) is commutative, condition(2.5) implies that it is exact atx ′.
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Proof. Let a pointy ∈ Y be such thatg(y) = h′(x ′), i.e.,y ∈ g−1(h′(x ′)). According to
Definition 2.3 we haveg−1(h′(x ′))= h(f−1(x ′)), whencey ∈ h(f−1(x ′)). Thus there is
a pointx ∈ f−1(x ′)⊂X such thaty = h(x). Thenx ∈ h−1(y)∩ f−1(x ′) �= ∅.

The inclusionh(f−1(x ′)) ⊂ g−1(h′(x ′)) is a consequence of the commutativity of
diagram (2.1), see [6, §3, IV, Theorem 1, p. 18]. The inclusiong−1(h′(x ′))⊂ h(f−1(x ′))
follows from (2.5). Indeed, lety ∈ g−1(h′(x ′)), whenceg(y)= h′(x ′). By (2.5) there exists
a pointx ∈ h−1(y)∩ f−1(x ′). Thush(x)= y ∈ h(f−1(x ′)). ✷
Definition 2.6. Diagram (2.1) is said to beexact on a setA⊂X′ (on a setB ⊂ Y ) provided
that it is exact at each point ofA (at each point ofB, respectively).

The proposition below presents a pointed version of the above mentioned results of [6,
§3, IV, p. 19].

Proposition 2.7. The following two conditions are equivalent:
(a) diagram(2.1) is exact on a setB ⊂ Y ;
(b) for each subsetB ′ ⊂ B we have

(2.8) f
(
h−1(B ′)

)= (h′)−1(g(B ′)).
Proof. To see that (a) implies (b) observe the following sequence of equalities.

f
(
h−1(B ′)

) = f
(⋃{

h−1(y): y ∈B ′})=⋃{
f (h−1(y)): y ∈B ′}

=
⋃{

(h′)−1(g(y)): y ∈ B ′}= (h′)−1(g(B ′)).
To show the converse implication putB ′ = {y}. ✷
By symmetry of the assumptions the next result follows.

Proposition 2.9. The following conditions are equivalent:
(a) diagram(2.1) is exact on a setA⊂X′;
(b) for each subsetA′ ⊂A we have

(2.10) h
(
f−1(A′)

)= g−1(h′(A′)).
PuttingB = Y in Proposition 2.7 we get, using (2.2), the following corollary.

Corollary 2.11. Diagram (2.1) is exact if and only if it is exact at each point ofX′
(equivalently, at each point ofY ).

3. Inverse limits

Suppose that for everyλ ∈ Λ, whereΛ is a set directed by a relation�, we have a
topological spaceXλ, and for everyλ,µ ∈ Λ with λ � µ, a mappingf µ

λ :Xµ→ Xλ is
defined such that the following two conditions are satisfied:
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• f
µ
λ ◦ f ν

µ = f ν
λ for anyλ,µ, ν ∈Λ satisfyingλ �µ � ν,

• f λ
λ is the identity onXλ for eachλ ∈Λ.

Then the familyS = {Xλ,f
µ
λ ,Λ} is called theinverse system of spacesXλ with bonding

mappingsf µ
λ . An inverse systemS = {Xn,f

m
n ,N}, whereN is the set of all positive

integers directed by its natural order, is called theinverse sequence.
Let S = {Xλ,f

µ
λ ,Λ} be an inverse system. An elementp = 〈pλ〉 of the Cartesian

product
∏{Xλ: λ ∈ Λ} such thatf µ

λ (pµ) = pλ for anyλ,µ ∈Λ with λ � µ is called a
threadof S, and the subspace of

∏{Xλ: λ ∈Λ} consisting of all threads ofS is called the
limit of the inverse systemS, and is denoted byX = lim←{Xλ,f

µ
λ ,Λ}. Further, we denote

by fλ :X→Xλ the projection from the inverse limit space into theλth factor space. Then
pλ = fλ(p) ∈Xλ for eachλ ∈Λ. Besides, we denote byxλ a point ofXλ, not necessary
being theλth coordinate of a thread; similarly, we will useAλ ⊂Xλ to denote a set of the
form fλ(A) for someA⊂X, whileAλ ⊂Xλ need not be of this form.

The sets of the formf−1
λ (Uλ), whereUλ is an open subset ofXλ, calledbasic open

sets, constitute a base inX. The reader is referred to Engelking’s monograph [2] for more
information on inverse systems.

Let two inverse systemsS = {Xλ,f
µ
λ ,Λ} andT = {Yσ ,gτσ ,Σ} be given. By a mapping

h of S to T we mean a family{φ,hσ } consisting of a nondecreasing functionφ :Σ→Λ

such that the setφ(Σ) is cofinal inΛ, and of mappingshσ :Xφ(σ)→ Yσ defined for all

σ ∈Σ and such thatgτσ ◦ hτ = hσ ◦ f φ(τ)

φ(σ ) , i.e., such that the diagram

(3.1:σ, τ )

Xφ(σ)

hσ

Xφ(τ)

f
φ(τ )

φ(σ )

hτ

Yσ Yτgτσ

is commutative for anyσ, τ ∈ Σ satisfyingσ � τ . Any mappingh :S → T induces a
(continuous) mapping ofX = lim← S to Y = lim← T , called thelimit mapping induced by
{φ,hσ } and denoted byh= lim←{φ,h

σ } :X→ Y (see [2, Section 2.5, p. 101]).

3.1. Exactness of mappings between inverse systems

Recall the following concepts (see [8, p. 58]).

Definitions 3.2. A mappingh :S → T is said to be exact if for every σ, τ ∈ Σ with
σ � τ diagram (3.1:σ, τ ) is exact. A mappingh :S→ T is said to belimit exact if for
everyσ ∈Σ the diagram

(3.3:σ )

Xφ(σ)

hσ

X
fφ(σ)

h

Yσ Ygσ

is exact.
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It is known (see [8, p. 58]) that

(3.4) for inverse sequences (i.e., ifΛ = Σ = N), exactness of diagrams (3.1:m,n) for
m,n ∈ N implies exactness of diagrams (3.3:n), i.e., exactness of the mappingh
implies its limit exactness.

Pointed versions of the above concept can be defined as follows.

Definitions 3.5. A mappingh :S→ T is said to be:
– domain exact at a pointa = 〈aλ〉 ∈X provided that there exists an indexσ0 ∈Σ such

that for everyσ, τ ∈Σ satisfyingσ0 � σ � τ diagram (3.1:σ, τ ) is exact at the point
aφ(σ) ∈Xφ(σ);

– domain exact on a setA ⊂ X provided that there exists an indexσ0 ∈ Σ such that
for every σ, τ ∈ Σ satisfyingσ0 � σ � τ diagram (3.1:σ, τ ) is exact on the set
fφ(σ)(A)⊂Xφ(σ);

– domain limit exact at a pointa = 〈aλ〉 ∈ X provided that there exists an index
σ0 ∈Σ such that for eachσ ∈Σ with σ0 � σ diagram (3.3:σ ) is exact at the point
aφ(σ) ∈Xφ(σ);

– domain limit exact on a setA⊂X provided that there exists an indexσ0 ∈Σ such that
for eachσ ∈Σ with σ0 � σ diagram (3.3:σ ) is exact on the setfφ(σ)(A)⊂Xφ(σ);

– range exact at a pointb = 〈bσ 〉 ∈ Y provided that there exists an indexσ0 ∈Σ such
that for everyσ, τ ∈Σ satisfyingσ0 � σ � τ diagram (3.1:σ, τ ) is exact at the point
bτ ∈ Yτ ;

– range exact on a setB ⊂ Y provided that there exists an indexσ0 ∈ Σ such that
for every σ, τ ∈ Σ satisfyingσ0 � σ � τ diagram (3.1:σ, τ ) is exact on the set
gτ (B)⊂ Yτ ;

– range limit exact at a pointb = 〈bσ 〉 ∈ Y provided that there exists an indexσ0 ∈Σ

such that for eachσ ∈Σ with σ0 � σ diagram (3.3:σ ) is exact at the pointb;
– range limit exact on a setB ⊂ Y provided that there exists an indexσ0 ∈Σ such that

for eachσ ∈Σ with σ0 � σ diagram (3.3:σ ) is exact on the setB.

Definitions 3.6. The indexσ0 ∈ Σ mentioned in Definitions 3.5 will be called anindex
of domain exactness ofh at a (of domain exactness ofh onA; of domain limit exactness
of h at a; of domain limit exactness ofh on A; of range exactness ofh at b; of range
exactness ofh onB; of range limit exactness ofh at b; of range limit exactness ofh onB,
respectively).

As a consequence of Definitions 3.2 and 3.5 we have the following statement.

Statement 3.7. Consider the following conditions for a mappingh :S→ T :
(a) h is (limit) exact;
(b) h is domain(limit) exact onX and every indexσ ∈ Σ is an index of domain(limit)

exactness ofh;
(c) h is range (limit) exact onX and every indexσ ∈ Σ is an index of range(limit)

exactness ofh;
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(d) there is an indexσ0 ∈Σ such that ifΣ ′ = {σ ∈Σ: σ0 � σ }, if φ′ :Σ ′ →Λ is defined
byφ′ = φ|Σ ′, and ifh′ = {φ′, hσ } :S→ T ′ = {Yσ ,gτσ ,Σ ′}, thenh′ is (limit) exact;

(e) h is domain(limit) exact onX;
(f) h is domain(limit) exact at each point ofX;
(g) h is range(limit) exact onY ;
(h) h is range(limit) exact at each point ofY .
Then the following implications hold:
(3.7.1) (a)⇒ (b), (d)⇒ (e)⇒ (f), (a)⇒ (c), (d)⇒ (g)⇒ (h).

Moreover,
(3.7.2) if, for all λ ∈Λ, the projectionsfλ :X→Xλ are surjective, then

(b)⇒ (a), (b)⇒ (d), (e)⇒ (d);
(3.7.2) if, for all σ ∈Σ , the projectionsgσ :Y → Yσ are surjective, then

(c)⇒ (a), (c)⇒ (d), (g)⇒ (d).

The next two theorems give some sufficient conditions for limit exactness of a mapping
h between inverse systemsS andT .

Theorem 3.8. Consider two inverse systemsS = {Xλ,f
µ
λ ,Λ} andT = {Yσ , gτσ ,Σ} with

compact spacesXλ for λ ∈Λ and with surjective bonding mappingsf µ
λ , and a mapping

h :S→ T between them. Let a pointa = 〈aλ〉 ∈X be given. Ifh is domain exact ata, then
it is domain limit exact ata, and every index of domain exactness ofh at a is an index of
domain limit exactness ofh at a.

Proof. Let σ0 ∈Σ be an index of domain exactness ofh ata. Chooseσ ∈Σ with σ0 � σ .
We have to show that diagram (3.3:σ ) is exact at the pointaφ(σ) ∈ Xφ(σ). To this aim
take a pointy = 〈yσ 〉 ∈ Y such thatyσ = hσ (aφ(σ)). Since diagram (3.1:σ, τ ) is exact

at the pointaφ(σ) for eachτ ∈Σ with σ � τ , the set(hτ )−1(yτ ) ∩ (f
φ(τ)

φ(σ ) )
−1(aφ(σ )) is a

nonempty compact subset ofXφ(τ). Since the bonding mappingsf µ
λ are surjective, and the

factor spacesXλ are compact, the projectionsfλ are surjective. Thus the sets

(3.9) Pτ = f−1
φ(τ)

(
(hτ )−1(yτ )∩

(
f

φ(τ)

φ(σ )

)−1
(aφ(σ ))

)
are nonempty compact subsets ofX. Note that for everyτ, τ ′ ∈ Σ with σ � τ � τ ′ we
havePτ ′ ⊂ Pτ , and thus the family

P = {Pτ : τ ∈Σ andσ � τ }
is centered (i.e., it has the finite intersection property). Therefore the intersectionP of all
elements ofP is nonempty [2, Theorems 3.1.1, p. 123 and 3.2.13, p. 141].

Takeb ∈ P ⊂X. To conclude the theorem, i.e., to show that diagram (3.3:σ ) is exact at
aφ(σ) it is enough to show thatbφ(σ) = aφ(σ) andh(b)= y. Indeed, takingτ = σ in (3.9)
we haveb ∈ Pσ ⊂ f−1

φ(σ)(aφ(σ )), whencebφ(σ) = aφ(σ). Further, again by (3.9), for each



J.J. Charatonik, W.J. Charatonik / Topology and its Applications 114 (2001) 235–260 241

τ ∈Σ with σ � τ we haveb ∈ Pτ ⊂ f−1
φ(τ)((h

τ )−1(yτ )), whencebφ(τ) ∈ (hτ )−1(yτ ), i.e.,
hτ (bτ )= yτ . The proof is complete. ✷
Theorem 3.10. Consider two inverse systemsS = {Xλ,f

µ
λ ,Λ} andT = {Yσ , gτσ ,Σ} with

compact spacesXλ for λ ∈Λ and with surjective bonding mappingsf µ
λ , and a mapping

h :S→ T between them. Let a pointb= 〈bσ 〉 ∈ Y be given. Ifh is range exact atb, then it
is range limit exact atb, and every index of range exactness ofh at b is an index of range
limit exactness ofh at b.

Proof. Let σ0 ∈Σ be an index of range exactness ofh at b. Chooseσ ∈Σ with σ0 � σ .
We have to show that diagram (3.3:σ ) is exact at the pointb. To this aim take a point
xσ ∈Xφ(σ) such thathσ (xσ )= bσ = gσ (b). Since diagram (3.1:σ, τ ) is exact at the point
bτ ∈ Yτ for eachτ ∈Σ with σ � τ , the sets

(3.11) Qτ = f−1
φ(τ)

(
(hτ )−1(bτ )∩

(
f

φ(τ)

φ(σ )

)−1
(xσ )

)
are nonempty compact subsets ofX. Note that for everyτ, τ ′ ∈ Σ with σ � τ � τ ′ we
haveQτ ′ ⊂Qτ , and thus the family

Q= {Qτ : τ ∈Σ andσ � τ }
is centered. Therefore the intersectionQ of all elements ofQ is nonempty, as previously.

Take a pointx ∈Q ⊂ X. To conclude the theorem, i.e., to show that diagram (3.3:σ )
is exact atb it is enough to show the two equalities:xφ(σ)(= fφ(σ)(x)) = xσ and
h(x) = b. Indeed, takingτ = σ in (3.11) we havex ∈ Qσ ⊂ f−1

φ(σ)(xφ(σ )), whence the
first equality follows. Further, again by (3.11), for eachτ ∈ Σ with σ � τ we have
x ∈ Qτ ⊂ f−1

φ(τ)((h
τ )−1(bτ )), whencexφ(τ) ∈ (hτ )−1(bτ ), i.e., hτ (xφ(τ)) = bτ . Thus the

second equality holds, and the proof is complete.✷
Using either Theorem 3.8 or Theorem 3.10, together with Statement 3.7 we get the

following corollary.

Corollary 3.12. Consider two inverse systemsS = {Xλ,f
µ
λ ,Λ} and T = {Yσ , gτσ ,Σ}

with compact spacesXλ for λ ∈Λ and with surjective bonding mappingsf µ
λ . If a mapping

h :S→ T between these systems is exact, then it is limit exact.

Proof. By the implication (a)⇒ (b) of Statement 3.7 the mappingh is domain exact onX,
and, according to Definitions 3.6, every indexσ ∈Σ is an index of domain exactness ofh.
By Theorem 3.8,h is domain limit exact, and every indexσ ∈Σ is an index of domain
limit exactness ofh. Since, for compact spaces, surjectiveness of the bonding mappings
implies surjectiveness of the projections (see [2, Corollary 3.2.15, p. 142]), we can use the
implication (b)⇒ (a) in (3.7.2) of Statement 3.7 to see thath is limit exact. ✷

Compactness of the factor spacesXλ is an essential assumption in Theorem 3.10
and Corollary 3.12 because of the following example. The same example shows that
countability of the index set is essential in (3.4).
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Example 3.13. There are two inverse systemsS = {Xλ,f
µ
λ ,Λ} andT = {Yσ ,gτσ , Σ}, and

a mappingh :S→ T between these systems, which is exact, while not limit exact.

Proof. Let S = {Xλ,f
µ
λ ,Λ} be any inverse system with surjective bonding mappings and

with the empty inverse limitX = lim← S (see, e.g., [8, Example 1, p. 58]). Fixλ0 ∈ Λ,
put Σ = {λ ∈ Λ: λ0 � λ}, and letφ :Σ → Λ be the natural embedding. Forλ ∈ Σ put
Yλ = Xλ0 and definegµλ :Yµ → Yλ as the identity onXλ0. Put T = {Yλ,gµλ ,Σ}. Thus
lim← T is homeomorphic toXλ0. Define furtherhλ = f λ

λ0
:Xλ→ Yλ = Xλ0. Thus diagram

(3.1:λ,µ) for λ,µ ∈ Σ is exact by surjectiveness of the bonding mappingsf
µ
λ . Soh is

exact. It is not limit exact sinceX= lim← S = ∅, while lim← T is homeomorphic toXλ0, so it
is nonempty. The proof is finished.✷

The same example shows that no implication of (3.7.2) can be reversed. Really, since
X = ∅, all the imagesfλ(X) are empty, soh is domain limit exact onX with each index
σ ∈Σ as an index of domain limit exactness, whileh is not limit exact.

The assumption of compactness of the factor spacesXλ in Theorems 3.8 and 3.10 can be
omitted provided that we consider inverse sequences instead of arbitrary inverse systems.
The next two theorems and the corollary following them give precise formulations.

Theorem 3.14. Consider two inverse sequencesS = {Xn,f
m
n ,N} and T = {Yn,gmn ,N},

and a mappingh :S→ T between these sequences. Let a pointb ∈ Y be fixed. If there is
an indexj ∈N such that for eachn � j the diagram

(3.1:n,n+ 1)

Xn

hn

Xn+1
f n+1
n

hn+1

Yn Yn+1
gn+1
n

is exact at the pointbn+1 ∈ Yn+1, thenh is range limit exact at the pointb, and the number
j is an index of range limit exactness ofh at b.

Proof. Fix an indexk � j . We have to show that diagram (3.3:k) is exact atb, i.e., that
for an arbitrary pointxk ∈Xk such thathk(xk)= bk we haveh−1(b)∩ f−1

k (xk) �= ∅.
For eachn � k define an = f k

n (x
k). In particular,ak = xk. By exactness of dia-

gram (3.1:k, k + 1) at the pointbk+1 ∈ Yk+1 there is a pointak+1 ∈ (hk+1)−1(bk+1) ∩
(f k+1

k )−1(ak)⊂Xk+1.
Assume that, for somen � k, we have definedam for everym � n in such a way

thathm(am) = bm and that, form < n, we havef m+1
m (am+1) = am. By exactness of di-

agram (3.1:n,n + 1) at bn+1 there is a pointan+1 ∈ (hn+1)−1(bn+1) ∩ (f n+1
n )−1(an) ⊂

Xn+1. Therefore by the inductive procedure the pointa = 〈a1, a2, a3, . . .〉 has been defined,
and we havea ∈ h−1(b)∩ f−1

k (xk). The proof is finished. ✷
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Using a similar inductive procedure one can show the following theorem.

Theorem 3.15. Consider two inverse sequencesS = {Xn,f
m
n ,N} and T = {Yn,gmn ,N},

and a mappingh :S→ T between these sequences. Let a pointa ∈X be fixed. If there is
an indexj ∈N such that for eachn � j the diagram

(3.1:n,n+ 1)

Xn

hn

Xn+1
f n+1
n

hn+1

Yn Yn+1
gn+1
n

is exact on the set(f n
j )
−1(fj (a)), thenh is domain limit exact at the pointa, and the

numberj is an index of domain limit exactness ofh at a.

Corollary 3.16. With the assumption of Theorem3.15we can conclude that the mapping
h is domain limit exact at every point of the setf−1

j (fj (a)).

It is not enough to assume in Theorem 3.15 that for eachn � j diagram (3.1:n,n+ 1)
is exact at the pointan only, to conclude thath is limit exact at the pointa, even if the
considered spaces are compact. This is because exactness of diagrams (3.1:n,n+ 1) atan
and of (3.1:n+ 1, n+ 2) atan+1 do not imply exactness of (3.1:n,n+ 2) atan. The next
example shows this.

Example 3.17. There are two inverse sequencesS = {Xn,f
m
n ,N} andT = {Yn,gmn ,N},

a mappingh :S→ T between them and a pointa ∈ X = lim← S such that for eachn ∈ N

diagram (3.1:n,n+ 1) is exact atan, while diagram (3.3: 1) is not exact ata1.

Proof. To see this consider an inverse sequenceS = {Xn,f
m
n ,N} of discrete spaces

X1 = {0,1} andXn = {0,1,2} for n � 2 and bonding mappingsf m
n determined by the

conditionsf 2
1 (0)= 0, f 2

1 (1)= 1, f 2
1 (2)= 0, andf n+1

n is the identity mapping forn � 2.
ThenX = lim← S is homeomorphic to{0,1,2}.

Define Y1 = {0}, Y2 = {0,1}, andYn = {0,1,2} for n � 3. Takeg2
1 as the constant

mapping,g3
2(0) = 0, g3

2(1) = 1, g3
2(2) = 1, and letgn+1

n be the identity forn � 3. Thus
all the bonding mappingsgmn are determined, and puttingT = {Yn,gmn ,N} we again see
thatY = lim← T is homeomorphic to{0,1,2}.

Define further a mappingh :S→ T as follows.h1 :X1→ Y1 is the constant mapping.
For h2 :X2→ Y2 put h2(0) = 0, h2(1) = 1, andh2(2) = 1. Finally hn :Xn→ Yn is the
identity forn � 3.

One can verify that for eachn ∈ N diagram (3.1:n,n + 1) is exact at 0, while dia-
gram (3.1: 1, 3) (and thus (3.1: 1,n) for eachn � 3) is not exact at 0, namely taking 1∈ Y3

we haveg3
1(1) = 0= h1(0), while (f 3

1 )
−1(0) = {0,2} and (h3)−1(1) = {1}, so they are

disjoint.
To see thath is not limit exact at the thread〈0,0, . . .〉 ∈X observe that diagram (3.3: 1)

is essentially the same as (3.1: 1, 3). The proof is finished.✷
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The next two theorems concern the implication from either domain or range limit
exactness to either domain or range exactness of a mappingh between inverse systems
S andT .

Theorem 3.18. Consider two inverse systemsS = {Xλ,f
µ
λ ,Λ} andT = {Yσ , gτσ ,Σ} with

compact spacesYσ for σ ∈Σ and with surjective bonding mappingsgτσ , and a mapping
h :S→ T between them. Let a pointa = 〈aλ〉 ∈X be given. Ifh is domain limit exact at
a, then it is domain exact ata, and every index of domain limit exactness ofh at a is an
index of domain exactness ofh at a.

Proof. Let σ0 ∈Σ be an index of domain limit exactness ofh at a. We have to show that
for everyσ, τ ∈Σ with σ0 � σ � τ diagram (3.1:σ, τ ) is exact at the pointaφ(σ). Take
any c ∈ Yτ such thatgτσ (c) = hσ (aφ(σ)). By compactness of all factor spaces ofT and
surjectiveness of the bonding mappings, the projectiongτ is surjective [2, Corollary 3.2.15,
p. 142]. Let a pointy ∈ Y be such thatyτ = gτ (y)= c. By exactness of diagram (3.3:σ )
at the pointaφ(σ) there is a pointx ∈ X such thath(x) = y andfφ(σ)(x) = aφ(σ). Then

xφ(τ) ∈ (hτ )−1(c)∩ (f
φ(τ)
φ(σ ) )

−1(aφ(σ )). The argument is complete.✷
Theorem 3.19. Consider two inverse systemsS = {Xλ,f

µ
λ ,Λ} andT = {Yσ , gτσ ,Σ} with

compact spacesXλ for λ ∈Λ and with surjective bonding mappingsf µ
λ , and a mapping

h :S→ T between them. Let a pointb = 〈bσ 〉 ∈ Y be given. Ifh is range limit exact atb,
then it is range exact atb, and every index of range limit exactness ofh at b is an index of
range exactness ofh at b.

Proof. Let σ0 ∈ Σ be an index of range limit exactness ofh at b. We have to show that
for everyσ, τ ∈ Σ with σ0 � σ � τ diagram (3.1:σ, τ ) is exact at the pointbτ ∈ Yτ .
Take anyc ∈ Xφ(σ) such thatbσ = gτσ (bτ ) = hσ (c). By compactness of all factor spaces
of S and surjectiveness of the bonding mappings, the projectionfφ(σ) is surjective [2,
Corollary 3.2.15, p. 142]. Let a pointx ∈ X be such thatxφ(σ) = fφ(σ)(x) = c. By
exactness of diagram (3.3:σ ) at the pointb there is a pointa ∈X such thath(a)= b and
fφ(σ)(a)= xφ(σ). Thenaφ(τ) ∈ (hτ )−1(bτ )∩ (f

φ(τ)

φ(σ ) )
−1(c). This completes the proof.✷

As a consequence of Theorem 3.18 and the equivalence (a)⇔ (b) of Statement 3.7
or of Theorem 3.19 and the equivalence (a)⇔ (c) of Statement 3.7 (the projections are
surjective, compare the proof of Corollary 3.12) we get the following corollary.

Corollary 3.20. Consider two inverse systemsS = {Xλ,f
µ
λ ,Λ} and T = {Yσ , gτσ ,Σ}

with compact factor spaces and with surjective bonding mappings. If a mappingh :S→ T

is limit exact, then it is exact.

The next corollary is a consequence of Corollaries 3.12 and 3.20.
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Corollary 3.21. Let two inverse systemsS = {Xλ,f
µ
λ ,Λ} and T = {Yσ , gτσ ,Σ} be

given with compact factor spaces and with surjective bonding mappings. Then a mapping
h :S→ T is exact if and only if it is limit exact.

3.2. Openness of the limit mapping

Let X andY be topological spaces. A mappingf :X→ Y is said to be:
– open, if f maps each open set inX onto an open set inY ;
– interior at a pointp ∈X provided thatf (p) ∈ intf (U) for each open subsetU ⊂X

containingp.
Thus a mapping is open if and only if it is interior at each point of its domain [9, p. 149].
Given a spaceX and its subspacesA andB such thatB ⊂ A, we will write intA B

to denote the relative interior, i.e., the interior ofB with respect toA. Nevertheless, we
will use the symbol intX B in the sense of intB, to indicate the spaceX with respect to
which the interior ofB is considered, especially in the case when several spaces are under
consideration.

Theorem 3.22. Let h :S→ T be a mapping between inverse systemsS = {Xλ,f
µ
λ ,Λ}

andT = {Yσ ,gτσ ,Σ}, and letp = 〈pλ〉 be a thread inX = lim← S. If :
(1) for each neighborhoodU ofp in X there is an indexσ1 ∈Σ such that for eachσ ∈Σ

with σ1 � σ we have

(3.23) hσ (pφ(σ)) ∈ intgσ (Y ) h
σ
(
fφ(σ)(U)

)
,

and
(2) there is a neighborhoodV of p in X such that the mappingh is domain limit exact on

V ,
then the limit mappingh :X→ Y is interior atp.

Proof. Observe first thathσ (fφ(σ)(U)) = gσ (h(U)) ⊂ gσ (Y ), so the restriction
intgσ (Y ) h

σ (fφ(σ)(U)) in (3.23) makes sense.
To show the conclusion, it is enough to show that for a basic open setU ⊂ V containing

the pointp we have

(3.24) h(p) ∈ inth(U).

So, letU = f−1
λ (Uλ) for someλ ∈Λ and for an open setUλ ⊂Xλ. Let σ0 ∈Σ be an

index of domain limit exactness ofh onV , and letσ1 ∈Σ be as in assumption (1). Further,
let σ ∈Σ be such thatφ(σ) is greater than each ofλ, φ(σ0) andφ(σ1). Then (3.23) holds.
Put

Uφ(σ) = fφ(σ)(U),

and note thatU = f−1
φ(σ)(Uφ(σ)). Further, letWσ be an open subset ofYσ such that

Wσ ∩ gσ (Y )= intgσ (Y ) h
σ
(
fφ(σ)(U)

)= intgσ (Y ) h
σ (Uφ(σ)).
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By the choice ofσ , diagram (3.3:σ ) is exact on the setUφ(σ), and thus using Proposi-
tion 2.9 we have

h(U)= h
(
f−1
φ(σ)(Uφ(σ))

)= g−1
σ

(
hσ (Uφ(σ))

)⊃ g−1
σ

(
Wσ ∩ gσ (Y )

)= g−1
σ (Wσ ),

with h(p) ∈ g−1
σ (Wσ ) by (3.23). Thus (3.24) holds and the proof is finished.✷

Corollary 3.25. Let h :S→ T be a mapping between inverse systemsS = {Xλ,f
µ
λ ,Λ}

andT = {Yσ ,gτσ ,Σ}, and letp = 〈pλ〉 be a thread inX = lim← S. If :
(1) for each neighborhoodU ofp in X there is an indexσ1 ∈Σ such that for eachσ ∈Σ

with σ1 � σ the mappinghσ is interior atpφ(σ), and
(2) there is a neighborhoodV of p in X such that the mappingh is domain limit exact on

V ,
then the limit mappingh :X→ Y is interior atp.

Proof. Take any basic open setU ⊂X such thatp ∈ U . LetU = f−1
λ (Uλ) for some open

setUλ ⊂ Xλ, and letσ1 be such thatφ(σ1) � λ. Takeσ � σ1. Thenpφ(σ) is an element

of the open setUφ(σ) = (f
φ(σ)
λ )−1(Uλ). Note that, by interiority ofhσ atpφ(σ), we have

hσ (pφ(σ)) ∈ intYσ h
σ (Uφ(σ)), and thus to prove that condition (3.23) of Theorem 3.22 is

satisfied, it is enough to show that

(3.26) hσ (pφ(σ))∩ gσ (Y )⊂ hσ
(
fφ(σ)(U)

)
.

So, takeyσ ∈ hσ (pφ(σ)), and letxφ(σ) ∈ Uφ(σ) be such thathσ (xφ(σ))= yσ . By exactness
of diagram (3.3:σ ) there is a pointx ∈ X such thath(x) = y andfσ (x) = xσ . Since
f−1
φ(σ)

(Uφ(σ)) = U , we havex ∈ U . Thus yσ = hσ (fφ(σ)(x)) ∈ hσ (fφ(σ)(U)). This
shows (3.26) and finishes the proof.✷
Corollary 3.27. Let h :S → T be a limit exact mapping between inverse systemsS =
{Xλ,f

µ
λ ,Λ} andT = {Yσ ,gτσ ,Σ}, and letp = 〈pλ〉 be a thread inX = lim← S. If for each

neighborhoodU of p in X there is an indexσ1 ∈Σ such that for eachσ ∈Σ with σ1 � σ

condition

(3.23) hσ (pφ(σ)) ∈ intgσ (Y ) h
σ
(
fφ(σ)(U)

)
,

holds, then the limit mappingh :X→ Y is interior atp.

The next corollary follows from Corollary 3.25.

Corollary 3.28. Let h :S → T be a limit exact mapping between inverse systemsS =
{Xλ,f

µ
λ ,Λ} andT = {Yσ ,gτσ ,Σ}, and letp = 〈pλ〉 be a thread inX = lim← S. If for each

σ ∈Σ the mappinghσ :Xφ(σ)→ Yσ is interior at the pointpφ(σ), then the limit mapping
h :X→ Y is interior atp.

The above corollary generalizes the following result of Puzio [8, Theorem 4, p. 61].
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Theorem 3.29. If a mappingh :S→ T between inverse systemsS = {Xλ,f
µ
λ , Λ} and

T = {Yσ ,gτσ ,Σ} is limit exact, and if all the mappingshσ are open forσ ∈Σ , then the
limit mappingh :X→ Y is open.

Examples are known showing that limit exactness of the mappingh is essential in the
above results (see, e.g., [3, Section 3, p. 57]), however the spaces used in the examples are
not compact. We will construct a similar example for metric continua. By acontinuumwe
mean a compact connected space.

Example 3.30. There is a mappingh :S → T between inverse sequences of continua
S = {Xn,f

m
n ,N} andT = {Yn,gmn ,N} such that all mappingshn, fm

n , gmn are open, while
the limit mappingh is not.

Proof. Forn ∈N let Xn be the cone over

Bn =
{−1,−1

2, . . . ,− 1
n
,0, 1

n
, . . . , 1

2,1
}

andYn be the cone over

B+n =
{
0, 1

n
, . . . , 1

2,1
}
.

Let h′n :Bn→ B+n be defined by

h′n(x)=
{
x, for x ∈B+n ,

0, for x ∈Bn \B+n .

Similarly, if m> n define(f m
n )′ :Bm→ Bn by

(f m
n )′(x)=

{
x, for x ∈Bn,

0, for x ∈Bm \Bn.

Finally, let mappingshn :Xn→ Yn, f m
n :Xm→ Xn andgmn :Ym→ Yn be understood as

the natural extensions ofh′n, (f m
n )′ and(gmn )′, respectively. Note that they are open. Then

X = lim←{Xn,f
m
n ,N} is the cone over{−1,−1

2, . . . ,0, . . . , 1
2,1}, andY = lim←{Yn,g

m
n ,N}

is the cone over the harmonic sequence{0, . . . , 1
2,1}. The mappingh :X→ Y projects the

left part ofX onto the limit segment ofY , so it is not open. ✷
Remark 3.31. Note that if we assume in (2) of Theorem 3.22 that the mappingh is range
limit exact onh(V ) instead of being domain limit exact onV , then the conclusion does
not have to be true. Indeed, denote in Example 3.30 byt = (0,1) the vertex of the coneX
over the set{−1,−1

2, . . . ,0, . . . , 1
2,1}. Takep = (−1,0) andV = pt \ {t}, wherept is the

straight line segment fromp to t . Since eachhn is open, assumption (1) of Theorem 3.22 is
satisfied. One can verify that diagram (3.3:n) is exact onh(V ) for everyn ∈N. Although,
h is not interior atp.
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4. Exactness and openness of the induced mappings

In the present section we will consider exactness of induced diagrams and openness of
induced mappings between hyperspaces. Some definitions are in order first.

Given a Hausdorff spaceX, we let 2X denote the hyperspace of all nonempty compact
subsets ofX equipped with the Vietoris topology (see [7, (0.12), p. 10]). The basis of the
Vietoris topology in 2X consists of sets of the form

〈U1, . . . ,Un〉 =
{
A ∈ 2X: A⊂U1 ∪ · · · ∪Un and

A∩Ui �= ∅ for eachi ∈ {1, . . . , n}},
where eachUi is open inX (see [7, (0.10), p. 9]). IfX is a metric space with a metric
d , then the topology on 2X coincides with the one generated by the Hausdorff metricH

defined by

H(A,B)=max
{
sup{d(a,B): a ∈A}, sup{d(b,A): b ∈B}}

(see, e.g., [7, (0.1), p. 1 and (0.13), p. 10]). Further, we denote byC(X) the hyperspace
of all subcontinua ofX, i.e., of all connected elements of 2X. The reader is referred to
Nadler’s book [7] for needed information on the structure of hyperspaces.

Given a mappingf :X→ Y between Hausdorff spacesX andY , we consider mappings
(called theinducedones)

2f : 2X→ 2Y and C(f ) :C(X)→ C(Y )

defined by

2f (A)= f (A) for everyA ∈ 2X

and

C(f )(A)= f (A) for everyA ∈ C(X).

The following results concerning induced mappings for the class of open mappings are
known (see [5, Theorem 4.3]; compare also [4, Theorem 3.2]).

Statement 4.1. Let a surjective mappingf :X→ Y between continuaX andY be given.
Consider the following conditions:
(a) f :X→ Y is open;
(b) C(f ) :C(X)→C(Y ) is open;
(c) 2f : 2X→ 2Y is open.
Then(a)and(c) are equivalent, and each of them is implied by(b).

An example is known [5, Example, p. 244] of an open surjective mappingf :X→ Y be-
tween locally connected continuaX andY such that the induced mappingC(f ) :C(X)→
C(Y ) is not open.

Pointed versions of the implications in Statement 4.1 are presented below.

Theorem 4.2. Let f :X→ Y be a mapping between Hausdorff spaces. If2f (if C(f )) is
interior at {a} ∈ 2X (at {a} ∈C(X), respectively), thenf is interior ata.
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Proof. We will argue forC(f ); the argument for 2f is the same. Assume thatC(f ) is
interior at{a} ∈ C(f ). LetU be an open set inX containing the pointa. By interiority of
C(f ) at {a} we have{f (a)} ∈ intC(f )(C(X)∩ 〈U〉). Thus there are open setsV1, . . . , Vn

in Y such that{f (a)} ∈ 〈V1, . . . , Vn〉 ⊂ C(f )(C(X) ∩ 〈U〉). PutV = V1 ∩ · · · ∩ Vn. Then
{f (a)} ∈ 〈V 〉 ⊂ 〈V1, . . . , Vn〉. To finish the proof it is enough to show thatV ⊂ f (U). Take
y ∈ V ; then{y} ∈ 〈V 〉 ⊂ C(f )(C(X) ∩ 〈U〉), whence there isA ∈ C(X) ∩ 〈U〉 such that
C(f )(A)= {y}. Takex ∈A. Thenx ∈U andf (x)= y. The argument is complete.✷
Theorem 4.3. Let f :X → Y be a mapping of a compact Hausdorff spaceX into a
Hausdorff spaceY , and letA ∈ 2X. If f is interior at each point ofA, then2f is interior
at A.

Proof. Let A ∈ 〈U1, . . . ,Un〉. By regularity of 2X (see [2, Theorem 3.1.9, p. 125, 3.12.27
(b), p. 244] and apply [2, Proposition 1.5.5, p. 38]) there are open setsV1, . . . , Vm in X

such thatA ∈ 〈V1, . . . , Vm〉 ⊂ 〈clV1, . . . ,clVm〉 ⊂ 〈U1, . . . ,Un〉. For eachj ∈ {1, . . . ,m}
putWj = intf (Vj ), and note that by the assumption of interiority off at each point ofA
we haveWj �= ∅. It is enough to show thatf (A) ∈ 〈W1, . . . ,Wm〉 ⊂ 2f (〈U1, . . . ,Un〉).
The first part is a consequence of the definitions. To verify the second one takeB ∈
〈W1, . . . ,Wm〉 and putC = (clV1 ∪ · · · ∪ clVm) ∩ f−1(B). ThusC is compact by the
compactness ofX. Then C ∈ 〈clV1, . . . ,clVm〉 ⊂ 〈U1, . . . ,Un〉 and f (C) = B. Thus
B ∈ 2f (〈U1, . . . ,Un〉). The proof is finished. ✷

Theorem 4.3 can be generalized from compact to locally compact spaces. Namely we
have the following corollary.

Corollary 4.4. Let f :X→ Y be a surjective mapping between Hausdorff spaces, with
the domainX being locally compact, and letA ∈ 2X. If f is interior at each point ofA,
then2f is interior atA.

Proof. For each pointx ∈ A let U(x) be a compact neighborhood ofx. By compactness
of A there are pointsx1, . . . , xn ∈ A such thatA ⊂ U = U(x1) ∪ · · · ∪ U(xn). Then
U ∈ 2X andA ⊂ intU . Let V = 〈V1, . . . , Vm〉 be an open neighborhood ofA such that
V1 ∪ · · · ∪ Vm ⊂ U . Then 2f (V)= 2f |U(V) is a neighborhood off (A) because of Theo-
rem 4.3. So, the conclusion holds.✷

Answering a question of the authors, Professor Alejandro Illanes has constructed the
following example which shows that the local compactness ofX an essential assumption
in Corollary 4.4.

Example 4.5. There is a metric, not locally compact spaceX, and an open surjective
mappingf :X→[0,1] such that 2f : 2X→ 2[0,1] is not open.

Proof. The construction will be performed in the Euclidean planeR
2. Denote byQ the

set of all rationals in[0,1]. Let A andB be two subsets ofQ such thatQ = A ∪ B,
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A∩ B = ∅, and bothA andB are dense in[0,1]. PutX = (Q×A)∪ (([0,1] \Q)× B),
and letf :X→[0,1] be the natural projection on the first factor.

To see thatf is open we verify its interiority at each pointp ∈ X. To this aim letS
be a square with centerp whose sides are parallel to the coordinate axes. ThenS ∩X is
a neighborhood ofp in X. Since the setsA andB are dense in[0,1], the neighborhood
S ∩X projects onto an intervalf (S ∩X)⊂ [0,1] with p ∈ intf (S ∩X). Thusf is open.

Now we will prove that 2f : 2X→ 2[0,1] is not open. Leta ∈A. Then(0, a) ∈X. LetU
be any open neighborhood of{(0, a)} in 2X. Suppose 2f (U) is open. Since{0} ∈ 2f (U),
there isε > 0 such that[0, ε] ∈ 2f (U). Thus there is a compact setK ∈ U for which
f (K)= [0, ε]. DefineK(x)=K ∩ ([0,1] × {x}) for x ∈Q. ThusK =⋃{K(x): x ∈Q},
whence[0, ε] = f (K)=⋃{f (K(x)): x ∈Q}. By the Baire category theorem there exists
x0 ∈Q such that intf (K(x0)) �= ∅. Note that ifx0 ∈A, thenf (K(x0))⊂Q, and ifx0 ∈ B,
thenf (K(x0))⊂ [0,1] \Q. So, in any case intf (K(x0))= ∅, a contradiction that finishes
the proof. ✷

The inverse implication to that of Theorem 4.3 is not true. The next example shows this.

Example 4.6. There is a mappingf : [0,1]→ [0,1] such that the induced mapping 2f is
interior at[0,1], while f is not interior at a pointa ∈ [0,1].

Proof. The mappingf defined by

f (x)=




2x for x ∈ [
0, 1

3

]
,

1− x for x ∈ (1
3,

2
3

)
,

2x − 1 for x ∈ [2
3,1

]
has the needed properties fora = 2

3. ✷
Remark 4.7. An analogous result to Theorem 4.3 for the induced mappingC(f ) is
not true: so-called tent mappingf : [0,1] → [0,1] with f (x) = 2x for x ∈ [0, 1

2] and
f (x) = 2− 2x for x ∈ (1

2,1] is open, thus interior at each point of[0,1], while C(f )

is not interior atX = [0,1].

If spaces and mappings are given as in diagram (2.1), then one considers the diagrams

(4.8)

2X
′

2h
′

2X
2f

2h

2Y
′

2Y2g

and

(4.9)

C(X′)
C(h′)

C(X)
C(f )

C(h)

C(Y ′) C(Y )
C(g)

(called the diagramsinducedby diagram (2.1)).



J.J. Charatonik, W.J. Charatonik / Topology and its Applications 114 (2001) 235–260 251

4.1. Exactness of the induced diagrams

It is evident that if diagram (2.1) is commutative, then diagrams (4.8) and (4.9) are
commutative, too, and conversely. Concerning exactness of these diagrams we have the
following results.

Theorem 4.10. Let spacesX, X′, Y andY ′ be given. If, for some pointa ∈X′ (for some
point b ∈ Y ) the induced diagram(4.8), or the induced diagram(4.9), is exact at{a} (at
{b}), then the diagram(2.1) is exact ata (at b, respectively).

Proof. We will argue for the pointa and for the diagram (4.8). The argument for the
other three cases is the same. Let (4.8) be exact at{a} ∈ 2X

′
. Take b ∈ Y such that

h′(a) = g(b). By the assumption there existsP ∈ (2f )−1({a}) ∩ (2h)−1({b}) �= ∅. Thus
2f (P ) = {a} and 2h(P ) = {b}, whence it follows that ifp ∈ P then f (p) = a and
h(p) = b, so p ∈ f−1(a) ∩ h−1(b), and therefore the diagram (2.1) is exact ata. The
proof is complete. ✷
Corollary 4.11. If, for some spacesX, X′, Y andY ′ the induced diagram(4.9) is exact,
then diagram(2.1) is exact.

The inverse implication to that of Corollary 4.11 does not hold. The next example shows
this. We denote byC the set of all complex numbers.

Example 4.12. If X =X′ = Y = Y ′ is the unit circleS1= {z ∈C: |z| = 1}, the mappings
f :X→ X′ andg :Y → Y ′ are defined byf (z) = g(z) = z3, and mappingsh :X→ Y

andh′ :X′ → Y ′ are defined byh(z) = h′(z)= z2, then diagram (2.1) is exact, while the
induced diagram (4.9) is not.

Proof. Takez1 ∈ X′ andz2 ∈ Y such thata = z2
1 = z3

2. We have to find such a number
z ∈ X that z3 = z1 andz2 = z2. It follows that z6 = a, so these numbersz cut the unit
circle S1 into six equal parts. We label themc0, . . . , c5 assuming that they are ordered
cyclicly on S1. Those of them which satisfy the equationz3 = z1 are each second, while
those withz2= z2 are each third. Thus there is exactly onecj for somej ∈ {0, . . . ,5} such
thatc3

j = z1 andc2
j = z2. Thus diagram (2.1) is exact.

To show that diagram (4.9) is not exact takeA=X′ and letB ∈ C(Y ) be an arc of the
length 2π/3. ThenC(h′)(A)= S1 = C(g)(B). Each of the two elements of(C(h))−1(B)

is a subarc ofS1 of lengthπ/3, so its image underC(f ) is an arc of lengthπ , and therefore
(C(f ))−1(A)∩ (C(h))−1(B)= ∅. The argument is complete.✷
Remarks 4.13.
(a) Note that all mappings in diagram (2.1) of Example 4.12 are open. Thus openness of

the mappings in diagram (2.1) and its exactness do not suffice for exactness of the
induced diagram (4.9).
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(b) The exponents 2 and 3 in the definitions of mappingsf , g, h andh′ of Example 4.12
can be replaced by any pair of relatively prime positive integers.

Note that, in the next results, according to Definition 2.5, ifA ∈ 2X
′
thenA is a subset

of X′ in (2.1), and is a point of 2X
′
in (4.8) (a point ofC(X′) in (4.9)).

Theorem 4.14. Let spacesX, X′, Y andY ′ be given, and letA ∈ 2X
′
(let B ∈ 2Y ). If the

diagram(2.1) is exact onA (onB), then diagram(4.8) is exact atA (atB, respectively).

Proof. We will argue for exactness on/atA. The other case is symmetric. TakeB ∈ 2Y

such thath′(A)= g(B). PutP = f−1(A)∩ h−1(B). We will show thatP ∈ (2f )−1(A)∩
(2h)−1(B), i.e., thatf (P ) = A andh(P ) = B. The inclusionsf (P ) ⊂ A andh(P ) ⊂ B

are consequences of the definitions, and because of the symmetry it is enough to prove that
A⊂ f (P ). So, take a pointa ∈ A and choose a pointb ∈ B such thath′(a)= g(b). Then
f−1(a) ∩ h−1(b) �= ∅ by the exactness of diagram (2.1). Letp ∈ f−1(a) ∩ h−1(b). Then
p ∈ P andf (p)= a, whencea ∈ f (P ). The proof is finished. ✷

The following is a consequence of Theorems 4.10 and 4.14.

Corollary 4.15. Let spacesX, X′, Y andY ′ be given, and letA ∈ 2X
′
(let B ∈ 2Y ). Then

the induced diagram(4.8) is exact at every compact subset ofA (of B) if and only if
diagram(2.1) is exact onA (onB, respectively).

Corollary 4.16. Let spacesX, X′, Y andY ′ be given. Then the induced diagram(4.8) is
exact if and only if diagram(2.1) is exact.

The inverse implication to that of Theorem 4.10 in case of diagram (4.8) is a
consequence of a stronger result, namely of Theorem 4.14. We will show that it is not
true in case of diagram (4.9). Precisely, we have the following example.

Example 4.17. There are metric continuaX, X′, Y andY ′, a pointa ∈X′, and mappings
f , g, h andh′ as in diagram (2.1) such that diagram (2.1) is exact, while the induced
diagram (4.9) is not exact at{a}.

Proof. Let C⊂ [0,1] be the standard ternary Cantor set. In the planeR2 (equipped with
the Cartesian rectangular coordinates(x, y) of points) letX be the cone with the vertex
v = (1/2,1) over the Cantor set of points{(c,0): c ∈ C} located in the closed unit interval
of thex-axis. For each elementc ∈ C let Lc stands for the straight line segment joiningv

and(c,0). Thus

X =
⋃
{Lc: c ∈ C}.

PutX′ = [0,1] and letf :X→ X′ be the projection defined byf ((x, y)) = y for each
point (x, y) ∈ X. Further, letϕ :C→ [0,1] be the well known Cantor–Lebesgue step
function that mapsC onto[0,1] (see, e.g., [6, §16, II, (8), p. 150]; compare [9, Chapter II,
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§4, p. 35]). TakingY as the triangle with verticesv = (1/2,1), (0,0) and(1,0), we define
a mappingh :X→ Y such thath(v)= v and for eachc ∈ C the restrictionh|Lc mapsLc

linearly onto the straight line segment fromv to the point(ϕ(c),0). Definingh′ :X′ →
Y ′ = [0,1] as the identity, andg :Y → Y ′ as the projection defined byg((x, y)) = y for
each(x, y) ∈ Y , we see that diagram (2.1) commutes just by the definitions, because ify

means the second coordinate of a pointp ∈ X, then we haveh′(f (p)) = y = g(h(p)).
Since the functionϕ :C→ [0,1] is a surjection, for each point(x, y) of the triangle
Y there is a numberc ∈ C with ϕ(c) = x. Then g((x, y)) = y = (h′)−1(y), whence
(c, y) ∈ f−1(y)∩ h−1((x, y)). This means that diagram (2.1) is exact.

Puta = 0∈X′. To see that the induced diagram (4.9) is not exact at{a} it is enough to
note that there is no subcontinuum ofX that is mapped onto[0,1] × {0} underh. ✷

The next example shows that the converse to Theorem 4.14 is not true. In other words,
it shows that the phrase “on every compact subset ofA" cannot be replaced by “atA" in
Corollary 4.15.

Example 4.18. There is a spaceX and a self mappingf :X → X such that putting
X = X′ = Y = Y ′ and f = g = h = h′ in diagram (2.1), the induced diagram (4.8) is
exact atX′ and atY , while diagram (2.1) is not exact.

Proof. Consider the one-point compactificationC ∪ {∞} of the complex planeC. Put
S1= {z ∈C: |z| = 1} andR = {∞}∪ {(1+ 1/t)exp(it): t ∈ (0,∞)}, and letX = S1∪R.
Define f :X→ X by f (z) = z2 for z ∈ S1, f (∞) = ∞, and f ((1 + 1/t)exp(it)) =
(1+ 1/(2t))exp(2it) for t ∈ (0,∞). Thenf (S1)= S1 andf (R)=R.

Observe thatf is one-to-one onR, whence(2f )−1(X) = {X}. This implies that
diagram (4.8) is exact atX′ and atY . To see that diagram (2.1) is not exact it is enough
to take 1∈X′ and−1∈ Y . Theng(−1)= 1= h′(1), while f−1(1) ∩ h−1(−1)= ∅. The
proof is complete. ✷
4.2. Exactness of the induced mappings

Let, as previously,S = {Xλ,f
µ
λ ,Λ} be an inverse system. We denote by2S the inverse

system{2Xλ,2f
µ
λ ,Λ}, and byC(S) the inverse system{C(Xλ),C(f

µ
λ ),Λ}. It follows

from [7, Theorem (1.169), p. 171 and Remark (1.170), p. 174] that ifX = lim← S, then
2X is homeomorphic to the inverse limit lim← 2S andC(X) is homeomorphic to the inverse
limit lim← C(S) (see also [2, 3.12.27 (f), p. 245 and 6.3.22 (f), p. 380]).

Given a mappingh :S→ T between inverse systems, we define theinduced mappings
2h : 2S→ 2T andC(h) :C(S)→C(T ) as systems of induced mappings

2h
σ

: 2Xφ(σ)→ 2Yσ and C(hσ ) :C(Xφ(σ))→ C(Yσ ),

correspondingly. Recall that, for everyσ, τ ∈Σ with σ � τ we have

2h
σ ◦ 2f

φ(τ )
φ(σ) = 2g

τ
σ ◦ 2h

τ

and C(hσ ) ◦C(
f

φ(τ)
φ(σ )

)= C(gτσ ) ◦C(hτ ),
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respectively, and that, by a result of Segal, see [7, Theorem 1.169, p. 171, and
Remark 1.170, p. 174], we have

2h = lim← 2h and C(h)= lim← C(h).

Theorem 4.19. Let h :S→ T be a mapping between inverse systems. Then the following
implications hold:
(4.20) if 2h is domain(limit) exact at{a}, thenh is domain(limit) exact ata;
(4.21) if C(h) is domain(limit) exact at{a}, thenh is domain(limit) exact ata;
(4.22) if h is domain(limit) exact onA⊂X, then2h is domain(limit) exact atA;
(4.23) if 2h is range(limit) exact at{b}, thenh is range(limit) exact atb;
(4.24) if C(h) is range(limit) exact at{b}, thenh is range(limit) exact atb;
(4.25) if h is range(limit) exact onB ⊂ Y , then2h is range(limit) exact atB;
(4.26) h is (limit) exact if and only if2h is (limit) exact;
(4.27) if C(h) is (limit) exact, thenh is (limit) exact.

Proof. Implications (4.20) and (4.21), as well as (4.23) and (4.24) are consequences of
Theorem 4.10. Conditions (4.22) and (4.25) follow from Theorem 4.14. Finally (4.26)
and (4.27) are implied by Corollaries 4.15 and 4.11, correspondingly.✷

Now we will consider the inverse implications to ones discussed in Theorem 4.19. The
inverse implication to (4.20) holds even in a stronger form, which is (4.22). Similarly, the
inverse implication to (4.23) holds in a stronger form, which is (4.25). To see that the
inverse implication to (4.21) is not true the following two examples are presented.

Example 4.28. There are two inverse sequences of metric continuaS = {Xn, f
m
n ,N} and

T = {Yn,gmn ,N}, and a mappingh :S→ T between them such that it is exact (and thus
limit exact), whileC(h) is neither domain exact nor domain limit exact at some singleton.

Proof. As in Example 4.17 letC ⊂ [0,1] be the standard ternary Cantor set. For each
n ∈ N let Xn be the cone overCn andYn be the cone over[0,1]n. Therefore points of
Xn can be written in the form(c1, . . . , cn, t) with cj ∈ C for j ∈ {1, . . . , n} andt ∈ [0,1],
as well as points ofYn can be written in the form(x1, . . . , xn, t) with xj , t ∈ [0,1] for
j ∈ {1, . . . , n}. We assume that the valuet = 1 corresponds to the vertices of the cones, i.e.,
that we have(c1, . . . , cn,1) = (c′1, . . . , c′n,1) in Xn, and(x1, . . . , xn,1) = (x ′1, . . . , x ′n,1)
in Yn. Let, as in Example 4.17, the mappingϕ :C→ [0,1] be the Cantor–Lebesgue step
function. For eachn ∈ N definef n+1

n :Xn+1→ Xn, gn+1
n :Yn+1→ Yn andhn :Xn→ Yn

by the conditions

f n+1
n

(
(c1, . . . , cn, cn+1, t)

)= (c1, . . . , cn, t),

gn+1
n

(
(x1, . . . , xn, xn+1, t)

)= (x1, . . . , xn, t),

and

hn
(
(c1, . . . , cn, t)

)= (
ϕ(c1), . . . , ϕ(cn), t

)
,
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respectively. We will show thath :S → T is exact. In diagram (3.1:n,n + 1) take
two pointsp = (c1, . . . , cn, t) ∈ Xn andq = (x1, . . . , xn, xn+1, t

′) ∈ Yn+1 with hn(p) =
gn+1
n (q). Then ϕ(cj ) = xj for j ∈ {1, . . . , n} and t = t ′, or t = t ′ = 1. Take cn+1 ∈

ϕ−1(xn+1) ⊂ C. Therefore(c1, . . . , cn, cn+1, t) ∈ (f n+1
n )−1(p) ∩ (hn+1)−1(q). So, h is

exact, thus limit exact (see, e.g., [8, p. 58] or Corollary 3.12).
Let X = lim← S, and take a threada = 〈a1, a2, a3, . . .〉 ∈X with an = (0, . . . ,0) (i.e., the

sequence ofn+ 1 zeros). We will show that the induced diagram

(4.29)

C(Xn)

C(hn)

C(Xn+1)
C(f n+1

n )

C(hn+1)

C(Yn) C(Yn+1)
C(gn+1

n )

is not exact at{an}. To this aim for eachi ∈N let si be a sequence ofi zeros, and putBi+1=
{si}×[0,1]×{0}⊂ Yi+1. Note thatgn+1

n (Bn+1)= {hn(an)}. The set(hn+1)−1(Bn+1) is of
the form{sn}×C×{0}, and all its subcontinua are singletons, so(C(hn+1))−1(Bn+1)= ∅,
and therefore the induced diagram (4.29) is not exact at{an}. It is not limit exact at{an} by
Theorem 3.18. The proof is finished.✷

As it has been seen in the very final part of the previous proof, diagram (4.29) is not
exact becauseC(hn+1) is not surjective, i.e., becausehn+1 is not weakly confluent [7,
Theorem (0.49.1), p. 24]. However, one can have a similar example with all mappingshn

being weakly confluent.

Example 4.30. There are two inverse sequences of metric continuaS ′ = {X′n, (f ′)mn ,N}
andT ′ = {Y ′n, (g′)mn ,N}, and a mappingh′ :S′ → T ′ between them such that it is exact
(and thus limit exact), all induced mappingsC((h′)n) are surjective, whileC(h′) is neither
domain exact nor domain limit exact at some singleton.

Proof. Consider the two inverse sequencesS and T of Example 4.28. For eachn ∈
N let X′n be the one-point union ofXn and Yn with the vertices identified. Define
(f ′)n+1

n :X′n+1→X′n by

(f ′)n+1
n |Xn+1= f n+1

n and (f ′)n+1
n |Yn+1= gn+1

n .

ThenS′ is defined. Then putT ′ = T , and for eachn ∈N define(h′)n :X′n→ Y ′n = Yn by

(h′)n|Xn = hn and (h′)n|Yn is the identity.

Since(h′)n is a retraction, the mappingC((h′)n) is a surjection. The argument used in the
proof of Example 4.28 shows thatC(h′) is not domain exact. The reader can verify thath′
is exact. ✷

Examples 4.28 and 4.30 show that the converse to implication (4.27) of Theorem 4.19
is not true.
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The converse implication to that of (4.22), i.e., a stronger form of (4.20), in which the
singleton{a} is replaced by any setA ∈ 2X, and to that of (4.25), i.e., a stronger version
of (4.23), in which the singleton{b} is replaced by any setB ∈ 2Y , are not true by the next
example.

Example 4.31. There are two inverse sequences of metric continuaS = {Xn, f
m
n ,N} and

T = {Yn,gmn ,N}, and a mappingh :S→ T between them such that the induced mapping
2h : 2S→ 2T is domain exact and domain limit exact atX∞ = lim← S, and range exact and
range limit exact atY∞ = lim← T , while h is neither domain exact nor domain limit exact
onX∞, and it is neither range exact nor range limit exact atY∞.

Proof. As the reader has observed, we have changed our usual notation for lim← S from
X into X∞. This is because we will use the symbolX to denote the continuum of
Example 4.18. The same change fromY to Y∞ is just to keep the symmetry of notations.
Further, letf :X→X be the self mapping defined there. With this meaning ofX andf
for eachn ∈ N put Xn = Yn = X andf n+1

n = gn+1
n = hn = f . Thus the needed inverse

sequencesS, T and the mappingh :S→ T are defined. We will show that2h is domain
exact atX∞ ∈ 2X∞ . According to Definition 3.5 we have to verify that the (induced)
diagram

2Xn

2hn

2Xm
2f

m
n

2hm

2Yn 2Ym
2g

m
n

in whichn � m, is exact atXn ∈ 2Xn . By Example 4.18 the only pointP of 2Ym satisfying
2gn(P )= 2hn(Xn)= Yn is P = Ym, and thereby we are done.

Note thath is not domain exact at the threadp = 〈1,1,1, . . .〉 ∈X∞, and it is not range
exact ath(p) = 〈1,1,1, . . .〉 ∈ Y∞. Further,2h is domain limit exact atX∞ by Theo-
rem 3.8, and it is range limit exact atY∞ by Theorem 3.10. Note thath is neither domain
limit exact atp by Theorem 3.18, nor it is range limit exact by Theorem 3.19. The argument
is complete. ✷

The next example shows that the converse implication to (4.24) is not true.

Example 4.32. There are two inverse sequences of metric continuaS = {Xn, f
m
n ,N} and

T = {Yn,gmn ,N}, and a mappingh :S→ T between them such that it is exact (and thus
limit exact), whileC(h) is neither range exact nor range limit exact at some singleton.

Proof. As previously defined, letC⊂ [0,1] be the Cantor set. For eachn ∈ N let Xn be
the cone over[0,1]×C×C, andYn = [0,1]. Thus points ofXn can be written in the form
(s, c1, c2, t) with s, t ∈ [0,1] andc1, c2 ∈ C.
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As in Example 4.28, we assume that the valuet = 1 corresponds to the vertices of the
cones. Let again the mappingϕ :C→[0,1] be the Cantor–Lebesgue step function, and let
ψ :C→ C× C be a homeomorphism. For eachn ∈N define

f n+1
n (s, c1, c2, t)=

(
ϕ(c1),ψ(c2), t

);
hn(s, c1, c2, t)= t and gn+1

n (t)= t .

To show exactness and limit exactness ofh it is enough, by equivalence (a) and (c) of
Statement 3.7 and by Theorems 3.14 and 3.19, to prove that diagrams (3.1:n,n+ 1) are
exact for eachn ∈ N. So, takexn ∈Xn andyn+1 ∈ Yn+1 such thatgn+1

n (yn+1)= hn(xn).
Thenxn = (s, c1, c2, t) andyn+1= t for somes, t ∈ [0,1] andc1, c2 ∈ C. Takec ∈ C such
thatϕ(c)= s. Then(

0, c,ψ−1(c1, c2), t
) ∈ (

hn+1)−1(
yn+1)∩ (

f n+1
n

)−1(
xn

)
.

This finishes the proof of exactness ofh.
Take a threadq = 〈0,0, . . .〉 ∈ Y = lim← T . We will show thatC(h) is is neither range

exact nor range limit exact at{q}. Again by Theorem 3.19 it is enough to show that
for eachn ∈ N diagram (4.29) is not exact at{0} ∈ C(Yn+1). PutB = [0,1] × {0,0,0}.
Then hn(B) = 0 = gn+1

n (0) and (f n+1
n )−1(B) = [0,1] × C × {ψ−1(0,0)} × {0}. Note

that the image underf n+1
n of any subcontinuum of(f n+1

n )−1(B) is a singleton, whence
(C(f n+1

n ))−1(B) = ∅. Consequently, diagram (4.29) is not exact at{0} ∈ C(Yn+1). The
proof is complete. ✷
4.3. Openness of the induced limit mapping

We prove the following result.

Theorem 4.33. Consider two inverse systemsS = {Xλ,f
µ
λ ,Λ} and T = {Yσ , gτσ ,Σ}

with locally compact factor spacesXλ. LetX = lim← S andY = lim← T , and let a mapping
h :S→ T be domain limit exact on some compact neighborhoodU of A ∈ 2X . If there
exists aσ1 ∈ Σ such that for eachσ ∈ Σ with σ1 � σ the mappinghσ :Xφ(σ)→ Yσ is
interior at every point of the setAφ(σ) = fφ(σ)(A), then the induced mapping2h is interior
at A.

Proof. By (4.22) of Theorem 4.19 the induced mapping 2h is domain limit exact at each
P ∈ 2U , i.e., it is domain limit exact on 2U . On the other hand, Corollary 4.4 implies that
2h

σ
is interior atAφ(σ) for eachσ ∈Σ with σ1 � σ . Thus Corollary 3.25 can be applied

with 2S , 2T and2h in place ofS, T andh, respectively, andA ∈ 2U ⊂ 2X in place ofP ,
to get the conclusion. ✷
Corollary 4.34. Consider two inverse systemsS = {Xλ,f

µ
λ ,Λ} and T = {Yσ , gτσ ,Σ}

with locally compact factor spacesXλ. LetX = lim← S andY = lim← T , and let a mapping
h :S→ T be limit exact and such that the mappingshσ :Xφ(σ)→ Yσ are open for each
σ ∈ Σ . Let h :X→ Y be the limit mapping. Then the induced mapping2h : 2X→ 2Y is
open.
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5. Applications

To illustrate how the theorems considered in the previous sections work we will show
that the induced mappingC(h) is open for some mappingsh from a solenoid into itself.
We start with the necessary definitions. For a given sequenceξ = {k1, k2, . . .} of positive
integers, define the following inverse sequence. For eachn ∈ N let Xn be the unit circle
S1 = {z ∈ C: |z| = 1}, and definef n+1

n (z)= zkn . PutS = {Xn,f
m
n ,N}. Then the inverse

limit X = lim← S is called asolenoiddetermined by the sequenceξ . In particular, if the
sequenceξ is constant from some place on, withki = k for almost all i ∈ N, then the
solenoid is calledk-adic. It is known that if all termski for i ∈ N are bigger than 1, then
the solenoidX is a homogeneous indecomposable continuum. The reader is referred, e.g.,
to [1, pp. 222 and 223] for more information on other definitions and characterizations of
solenoids known from the literature.

Example 5.1. For eachn ∈ N put Xn = Yn = S1, f n+1
n (z)= gn+1

n (z)= z3, andhn(z) =
z2. Let h :X→ Y be the limit mapping between the inverse limits (being the same triadic
solenoid). Then for eachn ∈N the induced mappingsC(hn) are not open, whileC(h) is.

Proof. To see thatC(hn) is not open for anyn consider the familyU of subarcs ofXn with
length greater thanπ . ThenU is an open subset ofC(Xn). The imageC(hn)(U)= {Yn} is
not open inC(Yn).

To show thatC(h) is open we will prove its interiority at each elementA ∈ C(X). We
consider the casesA �= X andA= X separately. In the caseA �= X we will apply Theo-
rem 3.22. PutAn = fn(A). The whole proof will be divided into four claims.

Claim 1. For eachA ∈ C(X) \ {X} and for each neighborhoodU of A in C(X) there is
n0 ∈N such that for everyn � n0 we havehn(An) ∈ intC(hn)(C(fn)(U)).

Proof. To show Claim 1 letn1 ∈ N be such thatfn1(A) is a proper subset ofXn1. Let
V n1 be a subarc ofXn1 satisfyingAn1 = fn1(A) ⊂ intV n1. For everyn > n1 defineV n

as the component of(f n
n1
)−1(V n1) that containsAn = fn(A). Then An ⊂ intV n and

hn|V n is a homeomorphism, soC(hn)|C(V n) is also a homeomorphism, and the image
C(hn)(C(V n)) is a neighborhood ofhn(An) in C(Yn).

Let U be a neighborhood ofA in C(X). Then there is an indexn2 ∈ N and an open
setUn2 in Xn2 such thatf−1

n2
(Un2)⊂ U . Let n0 =max{n1+ 1, n2}. For eachn � n0 put

Wn = (f n
n2
)−1(Un2) ∩ V n. ThenWn is an open subset ofXn andAn ⊂Wn. Moreover,

C(hn)|C(Wn) is a homeomorphism withC(hn)(C(Wn)) open inYn. Thereforehn(An) ∈
C(hn)(C(Wn))⊂ intC(hn)(C(fn)(U)). This finishes the proof of Claim 1.✷
Claim 2. For eachA ∈ C(X) \ {X} there exists a compact neighborhoodV ofA such that
C(h) is domain exact onV .

Proof. To show Claim 2 letn0 ∈ N be such thatfn0(A) is a proper subset ofXn0. Let
V n0 be a subarc ofXn0 satisfyingAn0 = fn0(A) ⊂ intV n0 �= Xn0, and denote byV n0+1
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the component of(f n0+1
n0 )−1(V n0) that containsAn0+1. ThenV n0+1 is an arc inXn0+1

of length less than 2π/3. PutV = {P ∈ C(X): fn0+1(P )⊂ V n0+1}. ThenV is a compact
neighborhood ofA in C(X). We will show thatC(h) is domain exact onV , andn0+ 1 is
an index of domain exactness ofC(h) onV . To this aim consider the induced diagram

C(Xn)

C(hn)

C(Xm)
C(fm

n )

C(hm)

C(Yn) C(Ym)
C(gmn )

for n0+ 1 � n � m, and a continuumV ∈ V . LetWm be a subcontinuum ofYm satisfying
gmn (Wm) = hn(Vn), whereVn = fn(V ). By the choice ofn0 the continuumhn(Vn) is
a proper subcontinuum ofYn, and thereforeWm is a component of(gmn )−1(hn(Vn)).
Choose a threadv = 〈v1, v2, . . .〉 ∈ V andwm ∈ Wm such thathn(vn) = gmn (wm). By
Remark 4.13(b) diagram (3.1:n,m) is exact, and thus there is a pointvm ∈ (f m

n )−1(vn) ∩
(hm)−1(wm). Let Vm be the component of(hm)−1(Wm) that contains the pointvm. Then
Vm ∈ (C(fm

n ))−1(Vn)∩ (C(hm))−1(Wm). This finishes the proof of Claim 2.✷
Claim 3. For eachA ∈ C(X) \ {X} the induced mappingC(h) is interior atA.

Indeed, it follows from Claims 1 and 2, using Theorem 3.22.

Claim 4. The induced mappingC(h) is interior atX.

Proof. To show Claim 4 for eachn ∈N putUn = {A ∈C(X): fn(A)=Xn}. We will prove
that the family{Un: n ∈N} is a local base ofC(X) at its elementX. To this aim define

U = {
exp(it): t ∈ (0,3π/2)

}⊂Xn+1

and

V = {
exp(it): t ∈ (−π,π/2)

}⊂Xn+1,

and note thatUn contains the basic open set〈f−1
n+1(U),f−1

n+1(V )〉. The property
⋂{Un:

n ∈ N} = {X} is obvious. To complete the argument it is enough to observe thatUn+1 ⊂
C(h)(Un). Thus Claim 4 is shown. ✷

By Claims 3 and 4 the induced mappingC(h) is interior at each elementA of C(X),
whence it is open, as needed. The proof is complete.✷
Remark 5.2. Observe, similarly as in Remark 4.13(b), that the exponents 2 and 3 in the
definitions ofhn, f n+1

n andgn+1
n of Example 5.1 can be replaced by any pair of relatively

prime positive integers.
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