H

3 TOPOLOGY
AND ITS
APPLICATIONS
ELSEVIER Topology and its Applications 98 (1999) 67-80

www.elsevier.com/locate/topol

Openness of induced mappings

Janusz J. Charatorit®*, Wiodzimierz J. Charatoni®1, Alejandro lllane$2

& Mathematical Institute, University of Wroctaw, pl. Grunwaldzki 2/4, 50-384 Wroctaw, Poland
b Instituto de Matematicas, UNAM, Circuito Exterior, Ciudad Universitaria, 04510 México, D.F., México
¢ Departamento de Matematicas, Facultad de Ciencias, UNAM, Circuito Exterior, Ciudad Universitaria,
04510 México, D.F., México

Received 28 May 1997; received in revised form 28 September 1998

Abstract

Openness of induced mappings between hyperspaces of continua is studied. In particular we
investigate continuX such that if for a mapping : X — Y the induced mapping'(f):C(X) —
C(Y) is open, thenf is a homeomorphism. It is shown that, besides hereditarily locally connected
continua, all fans have this property, while some Cartesian products do not have:iX Ik Y — X
denotes the natural projection, then opennes3(gf) implies thatX is hereditarily unicoherent. The
equivalence holds for dendrites. Some new characterizations of these curves are obtdioed.
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All spaces considered in this paper are assumed to be metrimappingmeans a
continuous function. To exclude some trivial statements we assume that all considered
mappings are not constant. dontinuummeans a compact connected space. Given a
continuumX with a metricd, we let 2 to denote the hyperspace of all nonempty closed
subsets o equipped with the Hausdorff metri¢ defined by

H(A, B) =max{sup{d(a, B): a € A}, supld(b, A): b € B}}

(see, e.g., [22,(0.1), p. 1 and (0.12), p. 10]). Further, we denof& Iy the hyperspace of

all subcontinua ofX, i.e., of all connected elements of 2and the symbot'2(X) stands

for C(C(X)). The reader is referred to Nadler's book [22] for needed information on the
structure of hyperspaces.
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Given a mappingf : X — Y between continuX andY, we consider mappings (called
theinducedones)

2/:2X 5 2Y and C(f):C(X)— C(Y)
defined by

2/(A)=f(A)  foreveryae2X and
C(f)(A)=f(A) foreveryA e C(X),

and the induced mappir@?(f) : C2(X) — C2%(Y) is defined correspondingly.

A mappingf: X — Y between space¥ andY is said to beopenprovided the image
of an open subset of the domain is open in the range. The following results concerning
induced mappings for the class of open mappings are known (see [11, Theorem 4.3];
compare also [10, Theorem 3.2]).

Statement 1. Let a surjective mapping : X — Y between continu& andY be given.
Consider the following conditions

(@) f:X — Yisopen

(b) C(f):C(X)— C(Y) isopen

(c) 2/:2X — 2¥ is open.
Then(a) and(c) are equivalent, and each of them is implied(by.

An example is known [11, Section 4] of open surjective mappifig¥ — Y between
locally connected continu& andY such that the induced mappidy f): C(X) — C(Y)
is not open. It is so because of the following result [7, Theorem 1], in whictoaotone
mapping means one with connected point-inverses.

Statement 2. If a continuumX is locally connected, and for a mapping: X — Y the
induced mappin@ (f): C(X) — C(Y) is open, thery is monotone.

As a consequence of this statement the following corollary has been shown in [7,
Corollary 2].

Corollary 3. Let a continuumX be hereditarily locally connected, and a mapping
f:X — Y be such that the induced mappigd f):C(X) — C(Y) is open. Thery is
a homeomorphism.

Therefore the following question seems to be of some interest.
Question 4. What (locally connected) continua have the property that if is a mapping
of X onto a continuunt such that the induced mappidy /) : C(X) — C(Y) is open,

then f is a homeomorphism?

As a more particular question one may ask the following.
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Question 5. For what locally connected continuéa every open and monotone mapping
on X is a homeomorphism?

If openness ofC?(f) is assumed in place of that @ (f), then the conclusion of
Corollary 3 holds with no assumption on the continudnisee [13, Theorem]).

Statement 6. For an arbitrary continuumX and a mappingf : X — Y if the induced
mappingC?(f): C?(X) — C2(Y) is open, theryf is a homeomorphism.

Thus a natural problem arises to find possible consequences of openness of the induced
mapping C(f):C(X) — C(Y) under some additional assumptions concerning either
continuaX and/orY, or the mappingf itself. The aim of the paper is to present further
results in this direction.

Given a (metric) spac& we denote byly the metric onX, and byBx (p, ¢) the (open)
ball in X centered at a poing € X and having the radius. Given a subsef C X, we
define

Nx(A, &)= U {Bx(a,e): aeAl,

and we use the symbolsxdlA), inty A, bdy A and diamy A to denote the closure, the
interior, the boundary and the diameter4in X, respectively. The symb® stands for
the set of all positive integers.

To show a class of non-locally connected contitsuior which openness of the induced
mappingC(f):C(X) — C(Y) forces f: X — Y to be a homeomorphism (see Corol-
lary 3 above) some definitions are in order first. A continuum the intersection of every two
subcontinua of which is connected is said tohageditarily unicoherentA continuum is
called adendroidprovided that it is hereditarily unicoherent and arcwise connected. Given
pointsa andb in a dendroidX, we denote by the (unique) arc irX joining these points.

An end pointof a dendroidX is defined as a point of X which is an end point of each arc
containingp. By aramification pointof a dendroidX we understand a point which is the
center of a simple triod contained k. A dendroid having exactly one ramification point
v is called afan, andv is called itstop. A mappingf : X — Y between continuX andY

is said to benonotone relative to a point € X provided that for each subcontinuugnof

Y such thatf (p) € Q the inverse imagg ~1(Q) is connected. It is known that ¥ andY
are dendroids, theyi: X — Y is monotone relative tp € X if and only if the restriction
f1px is monotone for each pointe X (see [17, Corollary 2.10, p. 722]).

Lemma 7. Let X be a fan with the top, and let a mappingf : X — Y be monotone
relative tov and such that the induced mappiag f): C(X) — C(Y) is open. Thery is
a homeomorphism.

Proof. Since (b) implies (a) in Statement 1, it follows thgt is open. Thus by
Proposition 3.4 of [6, p. 12] we infer that the range sp#&ces either a fan or an arc.
So, by [17, Corollary 2.10, p. 722], the restrictigfwx is monotone for each pointe X.
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Since each monotone open mapping between fans is a homeomorphism, and since there is
no monotone open mapping of a fan onto an arc (see [6, Theorem 7.11, p. 39]) we may
assume thay is not monotone. Therefore, there is a poyjreé Y whose inverse image
f~L(y) is not connected. Choose two pointg x € X in two distinct components of
F~(y). Thusx1 ¢ vxp andxo ¢ vxy. Put K = vx1 U vxo. Let ¢ be a positive number
satisfyingdy (f (v), f(x1)) > 2¢. By local connectedness of (K) there is ang’ > 0
such that ifdy(y, f(x1)) < &’ for y € f(K), then the arcyf(x1) is contained in the
ball By (f(x1),¢). Let § > 0 satisfy the definition of continuity of for this ¢’. Take
n > 0 such that) < § and that the conditiongx (x1, x]) < n anddx (x2, x5) < n imply
that the arceyx, contains a point” with dx (v, v") < 8. By openness o€’ (f) the image
C(f)(Bcx)(K,n))isopen. Thenthere exisise C(f)(Bc(x)(K, n)) suchthatf (v) ¢ L.
Let K’ € Be(x)(K, n) be such thalf (K') = L. Sincev ¢ K’, the continuunX” is an arc
(or a point). Lete be an end point o such thatk’ C ve. Then by the assumption the
restriction f|ve is monotone, hence hereditarily monotone [18, (6.10), p. 53].

Take pointsxy, x5 € K’ that satisfydy (x1, x]) < n anddx (x2, x;) < n. Then the arc
x7x5 contains a point’ such thaily (v, v') < 8. Hence

dy(f(xp), f(xD) <&, dy(f(v), fFQ)) <&, dy(f(x2), f(xp) <¢.
Then

FODF(x) CBy(f(xp,e) and f(v) ¢ By(f(x),e).

On the other handf|x}x; is monotone, sof (v') € f(x}) f(x3) C By(f(x}),¢). This
contradiction completes the proofm

The following known result (see [6, Theorem 5.7, p. 21]) will be used in the next proof.
We rewrite it here for the reader’s convenience. Recall that a mappidg— Y between
continuaX andY is said to beconfluenfprovided that for each subcontinuughof ¥ each
component off ~1(Q) is mapped onta under f; monotone, as well as open mappings
are known to be confluent [6, Fact 3.0, p. 11].

Statement 8. Let a surjective confluent mapping: X — Y be defined on a faX with
the topuv. If Y is an arc, then for each end poiaf X either f|ve is constant, or there is a
finite sequence of distinct points= xo, x1, ..., x, = e in ve ordered fromw to e such that
foreachk € {0,1, ..., n — 1} the mappingf |xixk+1: xkxk+1 — Y iS monotone; ik # 0,
then f|xxxi+1 IS @ surjection onto the whole aic, and moreover, iff (v) is an end point
of Y, then alsof|xgx1 is a surjection.

Theorem 9. Let a continuumX be a fan, and letf : X — Y be such a mapping that the
induced mappin@ (f): C(X) — C(Y) is open. Thery is a homeomorphism.

Proof. Letv be the top of the faX. By Lemma 7 we may assume thais not monotone
relative tov. Since f is open by the implication from (b) to (a) of Statement 1, and since
each confluent (thus each open) mappiing — Y onto a fanY is monotone relative to
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(see[5,Lemma4, p. 32]; also [6, Theorem 4.1, (5), p. 14]), we infeithanhot a fan. Thus
by Proposition 3.4 of [6, p. 12} is an arc. Put’ = ab. We may assume that(v) # a.
Sincef is not monotone relative to, hence by Statement 8 there are two pointsc; € X
such thatv1 € vx2, f(x1) = a, f(x2) = b, and the restrictiong’|vx1:vx1 — f(v)a and
flx1x2:x1x2 — ab are monotone. Lete x1x2 be such thaff (r) = f(v), and putk = vr.
Let ¢ > 0 be such thatly (a, f(v)) > 2¢. By local connectedness & there exists an
¢’ > 0with e’ < ¢, and such that for eache f(K) if dy (v, f(v)) < ¢, thenthe argf (v)
is contained in the balBy (f(v), €). Letd > 0 satisfy the definition of continuity of for
this¢’. Taken > 0 such thaf) < § and that the conditiongy (v, v') < n anddx(¢,t') < n
imply that the ara’s” C X contains a point; with dx (x1, x7) < 8. By openness of (/)
the imageC (f)(Bc(x)(K, n)) is open. Then there exisise C(f)(Bcx)(K, n)) such that
a, f(v) ¢ L. LetK’ € Bc(x)(K, n) be such thaif (K') = L. Sincev ¢ K’, the continuum
K’ is an arc (or a point). Take' and:’ in K’ that satisfydx (v, v') < n anddx (¢, 1) <.
Then the ara’t’ contains a point; such that/x (x1, x7) < 8. Therefore

dy(f), f)) <&, dy(a, fxD) <e, dy(f@), f()) <€

Then f(v") f(¢') is contained in the balBy (f(v),¢) and f(x}) ¢ By (f(v), ). On the
other hand the restrictiogi|v’s’ is monotone, sgf (x7) € f(v') f(') C By (f(v),¢). This
contradiction finishes the proof.0

Recall that a continuum is called adendroidif it is hereditarily unicoherent and
hereditarily decomposable. Each dendroid is known to bedendroid, and the both
concepts are preserved under confluent (so under open) mappings (see, e.g., [18, Table IV,
p. 69; (7.30), p. 66 and (7.24), p. 64]).

Question 10. Let a continuun¥k be (a) a dendroid, or (b)&dendroid, and let a mapping
f:X — Y be such thaC(f):C(X) — C(Y) is open. Does then it follow thaf is a
homeomorphism?

Note that the answer to Question 10 is affirmativ(ifis additionally assumed to be
either adendrite(i.e., a locally connected dendroid, which is known to be hereditarily
locally connected) or a fan—see Corollary 3 and Theorem 9 above.

To formulate the next result we need two more definitions. A mapging — Y
between continuX andY is said to be:

— interior at a pointp € X provided that for each open sEt containingp the image
f(p) is an interior point off (U) (note thatf is open if and only if it is interior at
each pointp € X);

— atomicprovided that for each subcontinuukh of X either f(K) is a singleton or
F7Y(f(K)) = K (it is known [18, (4.14), p. 17] that every atomic mapping of a
continuum is monotone).

We describe more examples of open mappifigsetween continu& andY such that

the induced mapping@'(f) is not open, but with another reason of non-opennesg. of
Namely in case of locally connected continua or fans the mappi{g was not interior at
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some nondegenerate subcontinuXofvhile now we exhibit a mapping such thaiC (f)
is not interior at singletons.

Theorem 11. For an arbitrary continuum¥X if a mappingf : X — Y is atomic and such
that for each pointc € X the induced mapping (f):C(X) — C(Y) is interior at {x},
then f is a homeomorphism.

Proof. Suppose the contrary and take a poir¢ ¥ such that the continuuni—(y) is
nondegenerate. Lete f~1(y) and lets > 0 be such that2< diamy f~1(y). SinceC(f)

is interior at{x}, we havey} € intc(y) C(f)(Bcx)({x}, €)). Thus there is a nondegenerate
continuumL € C(f)(Bcx)({x},&)) such thaty € L. Let K € B¢(x)({x}, &) be such that
f(K) = L. By atomicity of f we havek = f~1(f(K)) > f~1(y), whence diamp K >

2¢, contrary to the conditiod/ (K, {x}) < e. The proof is then finished. O

As an example of the situation described in Theorem 11 one can consider a curve of
pseudo-arcs as constructed in [16, p. 93] (compare also the arc of pseudo-arcsin [3, p. 173],
where this continuum was named “a continuous snake-like arc of pseudo-arcs”). More
precisely, we have the following corollary.

Corollary 12. LetY be a curve, and leX be the curve¥ of pseudo-arcgin particular,
X can be an arc of pseudo-aicdf f:X — Y denotes the natural projection, then the
induced mapping (f) is not open.

Proof. Really, the projection is both open and atomic, but not a homeomorphism, so the
conclusion follows from Theorem 11.0

The previous results, viz. Corollary 3, Theorems 9 and 11, and Corollary 12, as well as
Example 3.2 of [9, p. 4] indicate that there are various types of continua, simple ones and
having more complicated structure, admitting an open mappingto a continuum such
that the induced mapping(f) is not open. So, one can ask if this phenomenon occurs
always when the considered open mappjhgs not a homeomorphism. Our next result
shows that this is not the case: there are open mapyirgglocally connected) continua,
having nondegenerate pointinverses, and such that the induced mégpinig also open.

Proposition 13. For arbitrary continuaX andY let f: X x ¥ — X denote the natural
projection. Then the induced mappiy f):C(X x Y) — C(X) is interior at every
K € C(X x Y) such thatf (K) is a singleton.

Proof. The mappingf is defined byf((x,y)) = x. If f(K) is a singleton, therk =
{xo0} x Yo for somexg € X and some continuurdp C Y. If a continuumQ C X satisfies
H ({x0}, Q) < ¢, then puttingL = Q x Yo we haveH (K, L) < ¢ and f(K) = Q. This
means that the image &cx«y)(K, ) underC(f) contains the balB¢(x)({xo}. €), SO
C(f) is interior atK. The argument is complete.
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Recall that if P and Q are subspaces of a metric spa€ewith a metricd, ande is
a positive number, then a mappigg P — Q is called ane-translation provided that
d(p, g(p)) < ¢ for each pointp € P.

Proposition 14. Let a continuumX and its nondegenerate subcontinuutmsatisfy the
following condition.
(15) For eache > Othere is a3 > 0 such that for each subcontinuugnof X satisfying
H(P, Q) < 8 there exists a surjectivetranslationg: P — Q.
For an arbitrary continuunt’ let f: X x ¥ — X denote the natural projection. Then the
induced mapping’(f):C(X x Y) — C(X) is interior at each continuunk for which
f(K)=P.

Proof. Take anye > 0, and letd > 0 be as in condition (15). Take anball B =
Bcxxy)(K, €). Itis enough to prove that (f) () contains &-neighborhood of the point
C(f)(K) = P in the range hyperspage(X). So let a subcontinuun® of X be a point
of the ball Bc(x)(P, §). This means thatf (P, Q) < é. Therefore by (15) there exists a
surjectives-translationg: P — Q. DefineL = {(g(x),y) € O x Y (x, y) € K}, and note
that L is a continuum withH (K, L) < & and f (L) = Q. The proof is finished. O

Propositions 13 and 14 imply the following theorem.

Theorem 16. Let a continuunX satisfy the following condition.

(17) For each nondegenerate subcontinu&noef X and for eache > Othere isas > 0
such that for each subcontinuug of X satisfyingH (P, Q) < § there exists a
surjectivee-translationg: P — Q.

ThenX has the following property.

(18) For each continuunt, if f: X x ¥ — X denotes the natural projection, then the

induced mapping@’(f):C(X x Y) — C(X) is open.

Note that every arc (in particular the closed unit inteif@all]) satisfies condition (17).
Thus we have the following corollary.

Corollary 19. Let Y be a continuum and lef : [0, 1] x Y — [0, 1] denote the natural
projection. Then the induced mappiag /) : C([0, 1] x Y) — C([0, 1]) is open.

There are continuX which do not have property (17). Such is, for example, the square
[0, 1] x [0, 1], because ifP and Q are its subcontinua such th&tis locally connected
while Q is not, then there is no mapping frof onto Q. The next results give more
information about it.

Theorem 20. Let X and Y be nondegenerate continug, be a subcontinuum of, and
f:X x Y — X denote the natural projection. & ( f) is interior at every subcontinuuii
of C(X x Y) for which f(K) = P, thenP is unicoherent.
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Proof. Assume the contrary. L&? andR be two subcontinua oP such thatP = Q U R

andQ N R is not connected, i.e) N R = AU B, whereA and B are nonempty disjoint

closed subsets a@?. Using Kuratowski—Zorn Lemma we can chod®én such a way that

it is minimal in the sense that no proper subcontinukinof Q intersects boti andB.
Choosez € A andb € B, and lety; andy; be two distinct points of . Define

K=(0x{y1})U({a} x Y)U (R x {y2}).
We will show thatC (f) is not interior atk .
Let U andV be open subsets of such thatA c U, B c V and ck(U) Nclx (V) = @.

Then(Q\ (U UV)NR=0=(R\ (UUV))N Q. Thus there exist two open subséts
andT of X such that

OQ\(WUUV)cScclx(S) C X\R,
R\N(UUV)CTCclx(T)cCc X\ Q,
clx(S)Nclx(T) =4¢.

Let Wy and W» be open subsets df such thaty; € W1 and y> € W2 and ck(W1) N
C|y(W2) ={.
Let

M=[SUUUV)x W1]U[U x YIU[(TUUUV) x W2,
and let
M={DeC(XxY): DCM}.

ThenM is an open subset @ (X x Y), andK € M.
In order to prove tha€ (/) is not interior atk it is enough to show that

P=QUR=C(f)(K) ¢intcx) C(fHM).

Suppose the contrary. Then there exists a proper subcontiRgwihR such thab € Rg
andQ U Rg € intc(x) C(f)(M). We may assume also thRg N U # . By the minimality
of R we see thaRpN A = 0.

Let Ko € M be such thai (Kog) = Q U Rp. Define

Ki=Kon([clx(VUQ) xcly(Wp]U[(QNnclx(U)) x Y]) and
K2=KoN ([clx(V URg) x cly(W2)] U [(RoNclx(U)) x Y]).

We will show thatKg = K1 U K2 is a separation oy which will contradict the
connectedness &y. Clearly, K1 andK> are closed.

Take p = (x,y) € Ko. Thenx € Q U Rp. If x € clx(U), then clearlyp € K1 U K».
Suppose then that¢ U. Sincep € M, we may assume thate (SUU U V) x W1 (the
case wherp € (T UU U V) x W is similar). If x € V, then clearlyp € K1. So we may
assumethat € S C X\ R. Thenx € Q. Thusp € K;. We have proved thdty = K1 UK>.

Since ck(U) Nclx(V) =¥ and Q9 N RgNclx(U) C AN Ry =@, it follows that
KiNKy=0.SinceQNU # @ +# RyoNU, we see thaK1 # § # K». Therefore we have
obtained a separation &fy. This contradiction concludes the proofa
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The next result is a consequence of Theorem 20.

Theorem 21. Let X andY be nondegenerate continua, and fetX x ¥ — X denote the
natural projection. IfC(f) is open, therX is hereditarily unicoherent.

The converse implication to that of Theorem 21 is not true. The next example shows
this.

Example 22. There exists a hereditarily unicoherent continuximsuch that for each
nondegenerate continuumif f:X x Y — X denotes the natural projection, thén )
is not open.

Proof. Given two pointsp andg in the plane or in the three space, we denotephy
the straight line segment havingandgq as its end points. Put = (0, 0), a = (—1, 0),
b=(0,1),c=(1,0), and letT = va Uvb Uvc. ThenT is a simple triod. For eache N
putp, =(=1/n,1/n),b, = (0,14+1/n),q, = (1/n,1/n), c, = (1, 1/n). Thus the unions
L, =ap, U ppb, Ub,q, U q,c, are broken lines in the upper half-plane that approximate
the triodT . DefineX =T U |J{L,: n € N}. HenceX is a dendroid.

Let y1 and y2 be two distinct points off. In the productX x Y we distinguish a
continuumK defined by K = (ac x {y2}) U ({c} x Y) U (ve x {y1}) U (vb x {y1}).
We will show that C(f) is not interior atK. Indeed, observe thdf = f(K), the
continual, tend toT, and (for sufficiently great) they are not projections of continua
close to K. Really, for sufficiently smalle > 0 and sufficiently greak € N the sets
(Lp xY)N Bxxy((a, y2), &) and(L, x Y)N Bxxy((c, y2), €) are in different components
of (L, x Y)N Nxxy(K,e). O

In the light of Theorems 16 and 21 the following two questions are natural.
Question 23. What continuaX have property (17)?
Question 24. What continuaX have property (18)?

Our next results give some partial answers to these questions. To formulate and prove
these results we recall some auxiliary concepta.id a subset of a hereditarily unicoherent
continuumX, let I (A) denote the minimal continuum containidg i.e., the intersection
of all subcontinua ofX that containA. It is well known that for hereditarily unicoherent
continual (A) is uniquely determined [4, T1, p. 187].

A metric spaceX equipped with a metrid is said to beconvex(and therv is called a
convex metrion X) if for every two distinct points andy of X there exists a pointe X
different fromx andy and such thaf (x, y) = d(x, z) +d(z, ). Itis well known that each
locally connected continuum admits a convex metric (that is equivalent to the original one;
see [1, Theorem 8, p. 1109], [2, Theorem 6, p. 546], [20, Theorem 4, p. 1119], and [21]).
Thus, in particulareach dendrite admits a convex metricis fact can also be deduced
from an earlier resultin [15, p. 324].
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The following lemma is a consequence of the definitions.

Lemma 25. Let A and B be closed subsets of a dendrkelet H stands for the Hausdorff
metric induced by a convex metric afy and lete > 0 be given. IfH(A, B) < ¢, then
H(A,I(AUB)) <.

Lemma 26. Let A and B be dendrites witld C B, and let H stands for the Hausdorff
metric induced by a convex metriton B. For eache > 0 if H(A, B) < ¢, then there
exists a3e-translationf : A — B of A onto B.

Proof. Lete > 0 be given. By the Sierfiski characterization of locally connected continua
(see, e.g., [14, 850, Il, Theorem 2, p. 256]) the dendtitis the union of finitely many,
sayn, nondegenerate subdendritgswith diamg A; < ¢ for eachk € {1, ..., n}. We may
assume caidi; N A;) < 1 for every two distinct indicesand j. For each poinb € B let
L(b, A) stand for the unique arc that joihsvith A, i.e., suchthat N L (b, A) is a singleton
being the other end point of the arc ffe A, thenL(b, A) = {b} by the definition). For
eachindex € {1,...,n}putB, ={b e B: Ay NL(b, A) #¥}. ThenBy are dendrites, and

ArC B, diamgBi<3e,  B=|J{Bike(l....n}}.

Since for eaclt € {1, ..., n} the setsA; and By are absolute retracts [14, 853, Ill, Theo-

rem 16, p. 344], hence absolute extensors [12, Chapter 3, Theorems 3.1 and 3.2, pp. 83 and
84], there exists a surjective mappinig: Ay — By such that the restrictionfy | bds Ay is

the identity mapping. Note that since digr; < 3¢, the mappingf; is a Z-translation.

Define f: A — B as the union of the mapping4, for k € {1,...,n}. Thenf is a 3-
translation ofA ontoB. O

Theorem 27. Each dendrite has proper{iL7).

Proof. Let X be a dendrite equipped with a convex metficFor each subdendrit®

of X and eachs > 0 we takeé = ¢/4. Let P and Q be subdendrites ok such that
H(P, Q) < §,whereH is the Hausdorff metric induced by the (convex) medrian X . Put
C=I1(PUQ). ThenH(P,C) < by Lemma 25. By Lemma 26 there exists a surjective
3é-translationf : P — C. Letg: C — Q be the monotone retraction [8, Theorem, p. 157].
Then by Lemma 25 we hav (Q, C) < 8, and by the convexity of the metriton X, the
mappingg is ad-translation. Then the compositi@o f: P — Q is a 4 = e-translation,
and soX has property (17). The proof is finishedo

Theorem 28. Consider the following conditions that a continurand its nondegener-
ate subcontinuun® may satisfy
(15) For eache > Othere is a3 > 0 such that for each subcontinuugnof X satisfying
H(P, Q) < § there exists a surjectivetranslationg: P — Q.
(29) For each nondegenerate continuumif f:X x ¥ — X denotes the natural
projection, the induced mapping(f):C(X x Y) — C(X) is interior at every
continuumk satisfyingf(K) = P.
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(30) There exists a nondegenerate continudiisuch that iff : X x ¥ — X denotes the
natural projection, then the induced mappi@gf) : C(X x Y) — C(X) is interior
at every continuunk satisfyingf (K) = P.
(31) P is unicoherent.
Then the following implications hold

(15)= (29)= (30)= (31).

Proof. The implication from (15) to (29) is shown in Propositions 13 and 14. The one
from (29) to (30) is trivial. And (30) implies (31) by Theorem 20

The next result is a consequence of the previous one.

Theorem 32. Consider the following conditions that a continulfrmay satisfy
(17) For each nondegenerate subcontinuénof X and for eache > Othereisas > 0
such that for each subcontinuug of X satisfyingH (P, Q) < § there exists a
surjectivee-translationg: P — Q.
(18) Foreach continuuny if f: X xY — X denotes the natural projection, the induced
mappingC(f):C(X x Y) — C(X) is open.
(33) There exists a nondegenerate continudiisuch that iff : X x ¥ — X denotes the
natural projection, then the induced mappi@gyf): C(X x Y) — C(X) is open.
(34) X is hereditarily unicoherent.
Then the following implications hold

(17)= (18)= (33)= (34).

Moreover, if the continuunX is locally connected, thef84) implies(17), and therefore
all four conditions are equivalent.

Proof. The implication from (17) to (18) is shown in Theorem 16. The one from (18) to
(33) is trivial. And (33) implies (34) by Theorem 21.

If X is locally connected, then assuming (34) we seeXhista dendrite [19, Chapter X,
82, Theorems 1 and 2, p. 306], whence (17) follows by Theorem 2i.

Corollary 35. For locally continuaX every one of condition§17), (18) and (33) is
equivalent toX be a dendrite.

The authors do not know whether the implication from (18) to (33) in Theorem 32 can
be reversed. So, the following question is open.

Question 36. Are conditions (18) and (33) equivalent?
Further, Example 22 shows that (34) does not imply (33), and (18) does not imply (17)

by the example below. Recall thatstands for the real line, arjid || denotes the Euclidean
norm in the plandk?.
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Example 37. The sin1/x)-curveX defined by
X={0,y) eR*% ye[~1,11} U {(x,sin(1/x)) € R% x € (0,1]}
has property (18) while it does not have property (17).

Proof. In fact, X does not have property (17) sincesit= 1 we can takeP as the limit
segmen{ (0, y) € R2: y e [—1,1]} of X. Defining, for anys > 0, a subcontinuun® of
X by O={(x,y) e X: xe[0,3/2]}, we see thaH (P, Q) < §, and there is no surjection
from P onto Q becauseP is locally connected, whil@ is not.

In order to prove (18) it is enough to verify interiority 6f(f) at eachA € C(X x
Y). Equivalently, we have to show that for eaeh> O there exist a > 0 such that
Bex)(f(A).8) € C(f)(Bexxr)(A. €)).

SinceX c R?, for i € {1,2} we can consider the ordinary projectipn: X — R. For
eachn e N putg, =1/(m(n — 1/2)). Let A € C(X x Y) be fixed. If O p1(f(A)), then
we can use Proposition 13 or 14 to show tldatf) is interior atA. Thus we need to
consider two significant cases only.

Casel. p1(f(A)) = [0,¢] for somer € (0,1]. Fix M € N such thatgy, gy+1 €
(0,7) and gy < ¢. Chooseé > 0 so that if D € C(X) with p1(D) = [u,s] and
H(f(A), D) < §,thengy, gu+1 € (u, s) and|| (s, sin(1/s)) — (¢, sin(1/1))]| < €. Fix some
D € Bex)(f(A), &) with p1(D) = [u, s].

If u =0, thenitis easy to show that there is a surjective mapping(A) — D such that
llg(z) —z|| < ¢ foreachz € f(A). Inthis subcase, defing={(g(z),y) e X xY: (z,y) €
A}.ThenB e C(X x Y), f(B) =D andH (A, B) <e&. ThusD € C(f)(Bc(xxy)(A, &)).

If u>0,letm =maxn € N: g,41 € [u, s]}. Define D1 = ,ol_l([u,qm+l]) and D, =
pl_l([qm+1,s]). Then D = D1 U Dy. Define furtherA; = ,ol_l([O, gm+1]) and Ap =
pl_l([qm+1, t]). ThenA = A1 U A». ProjectingA; OntOpl_l([qm+1, gm]) and sendini,
onto D it is easy to verify that there exists a surjective mapging (A) — D2 such that

(@) llg(z) — zll < & for eachz € f(A) = p; *([0, 1]);

(0) g((gm+1,SIN(L/gm+1))) = (gm+1, SINL/Gm+1))-

SinceX is obviously an arc-like continuum, and since each mapping from a continuum into
an arc-like continuum is weakly confluent (see, e.g., [18, Theorem 6.16, p. 56]), it follows
that the restrictiory |A: A — X is weakly confluent. Sinc®; C A1 C f(A), there exists

(by weak confluence of |A) a subcontinuunBg of A such thatf (Bg) = D;.

In this subcase, define = BoU {(g(z),y) € X x Y: (z,y) € A}. Leta point(z, y) € Bo
be such that = f((z, y)) = (gm+1, SiN(L/gm+1))- Then(z, y) = (g(z), y), which implies
that B is a subcontinuum o x Y. Observe thatf(B) = D and H(A, B) < ¢. This
completes the analysis of Case 1.

Case2. p1(f(A)) = 0. Assumef(A) = {0} x [—1,1]. Other cases can be treated
similarly. Lets = ¢. Take D € C(X) such thatH (f(A), D) < ¢. Here we only analyze
the caseD = le([O, s]). The case whel is not of this form can be treated with similar
ideas.

Letm =min{n € N: ¢, € [0, s]}. For eachm > m consider the mapping, : [—1, 1] —
pl_l([qn+1, gn)) defined as the inverse 0fg|p1_1([qn+1,qn]). Theng, is continuous and
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lg(#) —tll < & for eachr € [~1,1]. Let go: p2(p; *([gn.51)) — p; *(Ign.s]) be the
inverse of the mapping2|pl*l([q,,,s]). By the argument quoted in Case 1 the mapping
p20 flA: A — [—1, 1] is weakly confluent, and thereby there exists a subcontinBuad

A such thatoo(f (B")) = p2(p; *(Ign. s1). Define Bo = {(go(p2(2)). y): (z,y) € B’} and,
for each integen > m let B, = {(g,(02(2)), ¥): (z,y) € A}. Put

B=AUB0UU{B,,: neNandn > m}.

Since|g, (p2(z)) — z| < g, for eachn € N andz € f(A), it follows that the continua
B, tend to A. Thus B is compact. Further, for each even integel m take a point
of the form ((0, —1), y) € A. Then (g,(02((0, —1)), y) = (g, (=1), y) = (gn, y). Since
(gn—1(p2((0, =1)), y) = (gn, y), it follows that B, N B,,_1 # @. Similarly, B,, N Bg # @,
and ifn > m is odd, then agai®, N B,_1 # ¥. HenceB is connected. ThuB € C(X x Y).
Finally, it can easily be shown thgt(B) = D andH (A, B) < ¢. This finishes the analysis
of Case 2, and completes the proof of interiority@(ff) at A. ThereforeC(f) is open,
i.e., condition (18) is satisfied. The proof is finishedz

Remark 38. There are mapping$ quite different than ones described in Theorem 16
such thatC(f) is open. Namely in Example 3 of [7] it is shown that there is a mapging
of a solenoid onto itself such tha&t( ) is light and open, while not a homeomorphism.

References

[1] R.H. Bing, Partitioning of a set, Bull. Amer. Math. Soc. 55 (1949) 1101-1110.
[2] R.H. Bing, Partitioning continuous curves, Bull. Amer. Math. Soc. 58 (1952) 536-556.
[3] R.H. Bing, F.B. Jones, Another homogeneous plane continuum, Trans. Amer. Math. Soc. 90
(1959) 171-192.
[4] J.3. Charatonik, Two invariants under continuity and the incomparability of fans, Fund. Math.
53 (1964) 187-204.
[5] J.3. Charatonik, On fans, Dissertationes Math. (Rozprawy Mat.) 54 (1967) 1-37.
[6] J.J. Charatonik, W.J. Charatonik, S. Miklos, Confluent mappings of fans, Dissertationes Math.
(Rozprawy Mat.) 301 (1990) 1-86.
[7] W.J. Charatonik, Openness and monotoneity of induced mappings, Proc. Amer. Math. Soc., to
appear.
[8] G.R. Gordh Jr, L. Lum, Monotone retracts and some characterization of dendrites, Proc. Amer.
Math. Soc. 59 (1976) 156—-158.
[9] H. Hosokawa, Induced mappings between hyperspaces, Bull. Tokyo Gakugei Univ. (4) 41
(1989) 1-6.
[10] H. Hosokawa, Induced mappings between hyperspaces Il, Bull. Tokyo Gakugei Univ. (4) 44
(1992) 1-7.
[11] H. Hosokawa, Induced mappings on hyperspaces, Tsukuba J. Math. 21 (1997) 239-250.
[12] S.T. Hu, Theory of Retracts, Wayne State University Press, Detroit, MI, 1965.
[13] A. lllanes, The openness of induced maps on hyperspaces, Collog. Math., to appear.
[14] K. Kuratowski, Topology, Vol. Il, Academic Press, New York, 1968.
[15] K. Kuratowski, G.T. Whyburn, Sur les éléments cycliques et leurs applications, Fund. Math. 16
(1930) 305-331.
[16] W. Lewis, Continuous curves of pseudo-arcs, Houston J. Math. 11 (1985) 91-99.



80 J.J. Charatonik et al. / Topology and its Applications 98 (1999) 67—80

[17] T. Matkowiak, Confluent mappings and smoothness of dendroids, Bull. Acad. Polon. Sci. Ser.
Sci. Math. Astronom. Phys. 21 (1973) 719-725.

[18] T. Matkowiak, Continuous mappings on continua, Dissertationes Math. (Rozprawy Mat.) 158
(1979) 1-95.

[19] K. Menger, Kurventheorie, Teubner Verlag, Leipzig and Berlin, 1932; reprinted by Chelsea
Publ. Co., Bronx, NY, 1967.

[20] E.E. Moise, Grille decompositions and convexification theorems, Bull. Amer. Math. Soc. 55
(1949) 1111-1121.

[21] E.E. Moise, A note of correction, Proc. Amer. Math. Soc. 2 (1951) 838.

[22] S.B. Nadler Jr, Hyperspaces of Sets, Marcel Dekker, New York, 1978.



