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MONOTONE-OPEN MAPPINGS OF RATIONAL CONTINUA 

JANUSZ J. CHARATONIK AND WLODZIMIERZ J. CHARATONIK 

Abstract 

It is proved that each monotone-open nonconstant mapping defined on a 
rational continuum is a homeomorphism. As a consequence it follows that 
each rational continuum which is homogeneous with respect to monotone-open 
mappings is a simple closed curve. 

1. Introduction 

Very recently a number of new results concerning continuous monotone de­
compositions of continua appeared in the literature (see e.g. [8], [9], [10], [11], 
[12]). Existence of such decompositions, which is equivalent to the existence of 
a monotone and open mapping defined on the considered continuum, is related 
to homogeneity with respect to the class of monotone-open mappings. Recall 
that, given a class 9J1 of mappings between continua (which contains homeo­
morphisms and is closed with respect to compositions), a topological space is 
said to be homogeneous with respect to 9J1 provided that for very two points in 
the space there is a mapping in 9J1 of the space onto itself that maps one of 
the points to the other. In [2,Theorem 5, p. 131] the first named author has 
shown that the Sierpinski universal plane curve is homogeneous with respect 
to monotone mappings, and asked if it is homogeneous with respect to open 
ones ([2, Problem 1, p. 130 and Problem 3, p. 132]). An affirmative answer 
to this question was given even in so strong form that the curve is homoge­
neous with respect to mappings which are monotone and open simultaneously, 
[8, Corollary 25] and [12, Theorem 15]. Since open mappings between locally 
compact spaces do not increase Menger-Urysohn order of a point (see e.g. [14, 
Corollary (7.31), p. 147]), homogeneity of a continuum with respect to open 
mappings forces the continuum to have the same Menger-Urysohn order of a 
point at all points ofthe continuum, see [3, Proposition 2, p. 492]. It is an old 
result of P. S. Urysohn saying that if all points of a continuum are of the same 
order n, then this order can take only four values, namely n E {2, w, No, c}, 
see [13, Chapter VI, Section 2, p. 105] and compare [3, Proposition 4, p. 493]. 
If locally connected plane curves are under consideration, then the examples 
of such continua with the same order of all points are known. Namely, for 

1991 Mathematics Subject Classification: 54E30, 54F15, 54F50. 
Keywords and phrases: continuum, homogeneous, mapping, monotone, open, rational. 

313 



314 JANUSZ J. CHARATONIK AND WLODZIMIERZ J. CHARATONIK 

n = 2 we have the simple closed curve that is homogeneous (with respect to 
homeomorphisms) and which is known to be the only one homogeneous lo­
cally connected plane continuum. For n = c the Sierpinski universal plane 
curve is such, and - as it was recalled above - it is homogeneous with re­
spect to monotone-open mappings, [8, Corollary 25] and [12, Theorem 15]. For 
n E {w, ~o} locally connected plane continua X(n) having all points ofthe same 
order n have been constructed by Urysohn ([13, Chapter VI, Sections 6-8, and 
9-10, pp. 109-115]; compare [3, Example 5, p. 494 and Example 23, p. 496]; for 
n = w see also [7, Chapter VIII, Section 5, p. 279]), but neither their intrin­
sic topological characterizations are known nor homogeneity properies were 
investigated. In particular, questions asked in [3, Questions 47, p. 502] as to 
whether homogeneity ofthese curves with respect to monotone or to open map­
pins, remain unanswered. However, it follows from the main result obtained 
in the present paper that (contrary to the mentioned property ofthe Sierpinski 
universal plane curve) these two curves are not homogeneous with respect to 
mappings that are monotone and open simultaneously: the two curves are 
rational, and each monotone-open mapping defined on a rational continuum 
must be a homeomorphism. As a corollary it follows that each rational con­
tinuum which is homogeneous with respect to monotone-open mappings is a 
simple closed curve. 

2. Preliminaries 

All spaces considered in this paper are assumed to be metric, and all map­
pings are continuous. Given a point c and a number e > 0, we denote by B(c, e) 
the open ball (in the considered space) with the center c and the radius e. For a 
subset A of a space we denote by diam A its diameter. By a continuum we mean 
a compact connected space. A curve means a one-dimensional continuum. 

The concept of the order of a point p in a space X, denoted by ord (p, X), 
is used in the sense of Menger-Urysohn (see [14, p. 28]; compare [5, §51, I, 
p. 274]). Roughly speaking, for a point p of a space X we write ord (p, X) = n, 
provided that n is the minimal cardinal number such that there is a local base 
at p whose elements have boundaries of cardinality n. If a point p has a local 
base with finite boundaries, and if the supremum of the cardinalities of the 
boundaries of elements of the base tends to infinity if their diameters tend to 
zero, we write ord (p, X) = w. A continuum X is said to be rational in the sense 
of the theory of order provided that ord (p, X) ::; ~o for every point p EX. Thus 
it follows from the definition of dimension that every rational continuum is a 
curve, [5, §51, I, p. 275]. 

A sUIjective mapping { : X ---7 Y between continua X and Y is said to be: 
- monotone provided that for each point Y E Y the set (-l(y) is connected; 
- open provided that images of open sets under { are open; 
- monotone-open provided that it is both monotone and open. 

3. Results 

The main result of this paper is the following theorem. 
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THEOREM. Each monotone-open nonconstant mapping defined on a rational 
continuum is a homeomorphism. 

Proof Suppose that there is a rational continuum X and a monotone-open 
nonconstant mapping { : X ---7 Y which is not a homeomorphism. Then there 
is a point q E Y such that (-l(q) is a nondegenerate subcontinuum of X. By 
openness of (the (monotone) decomposition {{-l(y) : y E Y} of X is continuous 
(see [14, Chapter 7, Theorem (4.31) and Corollary, p. 130]), and therefore there 
is an e > 0 such that for each point y E B(q, e) C Y the continuum (-l(y) 
is nondegenerate. Then ({-l(y) : y E B(q, e)} is an uncountable family of 
pairwise disjoint subcontinua of X, contrary to [5, §51, Iv, Theorem 5, p. 285]. 
The proof is then complete. 

Note that rationality of X is an essential assumption in the above theorem, 
since the projection of the square X = [0, 1]2 onto its side Y = [0, 1] is a 
monotone-open mapping which is not a homeomorphism. Moreover, even if X 
is assumed to be a curve, the conclusion does not hold without rationality ofthe 
domain continuum X since the Menger universal curve M can be mapped onto 
any locally connected continuum Y under an open mapping such that point 
inverses are homeomorphic to M, [15, Theorem 1, p. 497]. 

Let a space X be given and let 9J1 be a class of mappings of X onto itself 
that contains all homeomorphisms, and such that the composition of any two 
mappings in 9J1 is also in 9J1. X is said to be homogeneous with respect to 9J1 
provided that, for every two points p, q E X there is a mapping ( E 9J1 such 
that rep) = q. If 9J1 is the class of homeomorphisms, then X is said to be 
homogeneous. 

To conclude a corollary we need a lemma. 

LEMMA. Each rational homogeneous continuum is locally connected. 

Proof Suppose a continuum X is rational, homogeneous and not locally 
connected. Thus, by homogeneity, X is locally connected at no of its points. By 
compactness there is an e > 0 such that each open subset of X of diameter less 
than e is not connected. Let U be any open set with diam U < e. Consider the 
decomposition of cl U into components. Let D be the decomposition space, and 
denote by 7T : cl U ---7 'D the projection. Obviously, 'D is compact. It is known 
that it is zero-dimensional (see [5, §46, Va, Theorem 2, p. 150]). We claim that 
'D contains no isolated point. To this aim take y E D and consider two cases. 
If 7T- l (y) C cl U \ U, then let x E 7T- l (y) and let Xn be a sequence of points of 
U converging to x. Then 7T(Xn ) converges to 7T(X) = y, so y is not an isolated 
point ofD. If 7T- l (y) n U -=I- 0, take x E 7T- l (y) n U. Since there is no connected 
open subset of U containing x, there is a sequence Xn of points belonging to 
distinct components of cl U and converging to x. Then again 7T(Xn ) converges 
to 7T(X) = y, so y is not an isolated point of'D as previously. Thus the claim is 
shown. 

Thereby'D is a compact, dense in itself, and zero-dimensional space, so it is 
homeomorphic to the Cantor ternary set (see e.g. [4, 6.2.A (c), p. 370]). Thus 
cl U has uncountably many components. Since each of them intersects the 
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boundary of cl U (see [5, §47, III, Theorem 1, p. 172]), it follows that ord (p, X) > 
No, contrary to rationality of X. Thus the proof is complete. 

COROLLARY. Each rational continuum which is homogeneous with respect 
to monotone-open mappings is a simple closed curve. 

Proof It follows from the Theorem that any such a continuum X is homo­
geneous. By the Lemma it is locally connected. Since every homogeneous, 
locally connected curve is homeomorphic either to a simple closed curve or to 
the Menger universal curve (see [1, Theorem XIII, p. 14]; compare [6, Theorem 
18, p. 96]), and since the Menger universal curve is not a rational curve, the 
result follows. 

Similarly as for the Theorem, the assumption of rationality of the continuum 
in matter is indespensable for the Corollary, too, even for locally connected 
plane curves, as it can be seen by homogeneity of the Sierpinski universal 
plane curve with respect to monotone-open mappings, [8] and [12]. 

J.J. CHARATONIK 

MATHEMATICAL INSTITUTE 

UNIVERSITY OF WROCLAW 

PL. GRUNWALDZKI 2/4 
50-384 WROCLAW 

POLAND 

jjc@hera.math.uni.wroc.pl 

INSTITUTO DE MATEMATICAS, UNAM 

CIRCUITO EXTERIOR 

CruDAD UNIVERSITARIA 

04510 MEXICO, D. F. 

MEXICO 

jjc@gauss.matem.unam.mx 

W.J. CHARATONIK 

MATHEMATICAL INSTITUTE 

UNIVERSITY OF WROCLAW 

PL. GRUNWALDZKI 2/4 
50-384 WROCLAW 

POLAND 

wjcharat@hera.math.uni.wroc.pl 

DEPARTAMENTO DE MATEMATICAS 

FACULTAD DE CIENCIAS, UNAM 

CIRCUITO EXTERIOR 

CruDAD UNIVERSITARIA 

04510 MEXICO, D. F. 

MEXICO 

wjcharat@lya.fciencias.unam.mx 



MONOTONE-OPEN MAPPINGS OF RATIONAL CONTINUA 317 

REFERENCES 

[1] R. D. ANDERSON, One-dimensional continuous curves and a homogeneity theorem, Ann. of 
Math. (2) 68 (1958), 1-16. 

[2] J. J. CHARATONIK, Mappings of the Sierpiliski curve onto itself, Proc. Amer. Math. Soc. 92 
(1984), 125-132. 

[3] J. J. CHARATONIK, On generalized homogeneity of curves ofa constant order, Rocky Mountain 
J. Math. 24 (1994), 491-504. 

[4] R. ENGELKING, General topology, Heldermann Verlag, Berlin, 1989. 
[5] K. KURATOWSKI, 'Ibpology, 2, Academic Press and PWN, New York-London-Warszawa, 1968. 
[6] W. LEWIS, The classification of homogeneous continua, Soochow J. Math. 18 (1992),85-121. 
[7] K. MENGER, Kurventheorie, Teubner Verlag, Leipzig-Berlin 1932 (reprinted by Chelsea Publ. 

Co., Bronx, N.Y. 1967). 
[8] J. R. PRAJS, Continuous decompositions of Peano plane continua into acyclic curves, Preprint. 
[91 J. R. PRAJS, A continuous circle of pseudo-arcs filling up the annulus, Preprint. 
[10] C. R. SEAQUIST, A new continuous cellular decomposition of the disk into non-degenerate 

elements, 'Ibpology Proc. 19 (1994), 249-276. 
[11] C. R. SEAQUIST, A non-trivial continuous decomposition ofthe Sierpinski curve (H. Cook, W 

T. Ingram, K. T. Kuperberg, A Lelek and P. Minc, eds.), Continua, with the Houston 
problem book, M. Dekker (1995), 315-342. 

[12] C. R. SEAQUIST, Monotone open homogeneity of the Sierpinski curve, Preprint. 
[13] P. S. URYSOHN, Memoire sur les multiplicites Cantoriennes, Partie II: Les lignes Cantoriennes, 

Verh. Konink. Acad. Wetenasch. Amsterdam, 1 sectie 13 (1927),1-172. 
[14] G. T. WHYBURN, Analytic topology, Amer. Math. Soc. Colloq. Publ. 28, Providence 1942 

(reprinted with corrections 1971). 
[15] D. C. WILSON, Open mappings of the universal curve onto continuous curves, Trans. Amer. 

Math. Soc. 168 (1972), 497-515. 


